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The Motion of a Solid in Infinite lAquid under 

no Forces. 

By a. G. Gbebnhill, P. R. S., Wooltmch, England. 




The theory is sketched out in Thomson and Tait's " Natural Philosophy," and 
a complete solution for a solid of revolution is given in Kirchhoff's ** Vorlesungen 
uber Mathematische Physik," IX; the treatment is developed at length in the 
"Motion of a Solid in a Liquid," by Dr. Thomas Craig (Van Nostrand, 1878), 
and in Halphen's **Ponctions elliptiques," t. II, chap. IV, and the subject in 
general has attracted the attention of a large number of writers, for which the 
Portschritte der Mathematik may be consulted. 

The object of the present paper is to examine closely the elliptic function 
expression of all the dynamical quantities involved, and to explore the analytical 
field by working out completely the simplest Pseudo-Elliptic cases to serve as 
landmarks, utilizing for this purpose the analysis developed in the paper on 
** Pseudo-Elliptic Integrals and their Dynamical Applications," Proc. London 
Math. Society, vol. XXV, and carrying this out in continuation of the manner 
employed for a similar purpose in the papers on the ** Dynamics of a Top ^' and 
on the "Associated Motion of a Top and of a Body under no Forces," Proc. 
London Math. Society, vols. XXVI, XXVII. 

The lectures delivered last year by Professor Klein at Princeton University 
have placed the analytical treatment of the motion of the top, and of Jacobi's 
two allied motions h la Pomaot^ in a much clearer light and in a more elegant 
manner ; a similar treatment of the present problem will certainly prove equally 
valuable, but meanwhile the special cases, developed at length here, will serve 
as oases, so to speak, in the infinite region of the general elliptic function 
solution. 

Simple experimental illustrations of the motion can be observed in the 
evolutions of a plate or coin or bubble in water, or of a disc of paper or card- 
board in the air, as well as in the motion of a projectile or torpedo. 
1 



2 Gbeenhill : Motion of a Solid in Liquid. 

1. The notation employed is that given in Basset's "Hydrodynamics/' vol. 
I, Appendix III, and also in the ** Applications of Elliptic Functions," p. 342; 
the body may for simplicity be taken as a smooth homogeneous solid of revolu- 
tion, having component linear and angular velocities u, v, w and p, g, r] and 
now the total kinetic energy T of the body and of the surrounding infinite fric- 
tionless liquid stirred up by the motion of the body is given by an expression of 
the form 

T=i^ P{u' + v') + i^ Rv^ + i A{p^ + (f) + ^Gr^, (A) 

where P, B, A, (7 are constai^ts depending on the shape of the body and on the 
density of the solid and liquid. 

The more general form of T assumed by Halphen, due to certain modifica- 
tions in the shape of the body, which still leads to Elliptic Function solutions, 
may be considered separately in its modification of the results, as also the efi^ect 
of the circulation of the liquid, which may exist with a ring-shaped or perforated 
body. 

To realize practically the condition that no external forces act upon the 
body, even in a field of gravity, we may make the density of the body and of 
the liquid the same, so that the buoyancy and weight cancel, and the apparent 
weight is zero, as in the case of a fish and a submarine boat or torpedo ; and now 
the Hamiltonian equations of motion lead to 

p^-rPv + qRw = 0, (1) 

P^—pBw+rPu=0, (2) 

R^-qPu + pPv = 0, (3) 

A^ — rAq + qGr — wPv+ vRic=0, (4) 

A^—pCr + rAp — uBw + wPu=0, (6) 

Cut 

G^—qAp+pAq — vPu + uPv=0; (6) 

some of the equations being capable of obvious simplifications. 
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2. To make the memoir complete, it will be advisable to repeat to a certain 
extent the ordinary treatment; thus, multiplying (1) by Pu, (2) by Pv, (3) by 
Ew, and adding, 

P^u^+P^v^ + B^w^^O, ( 7 ) 

dt dt di ^ 

and integrating, 

P'iu^ + v')+ P?v^ = F^, (B) 

where the constant F represents the resultant linear momentum of the system. 
Similarly it can be shown that 

AuPp + AvPq + GwRt = (? , (C) 

where (? is a constant, representing the resultant angular momentum of the 
system. 

From equations (A) and (B), 

A {p^ + q^) = 2T— Cr^ — Rw^ -P{u^ + v') 

= 2T- (7/^-^ + JT^J^^ __J^.)(/^_ i?^^), 

and from equation (3), 

= P* (rf + »")(/ + 4>) — P" (tij> + >^)' 

+ (_,T- O^ - ^) ^ - «y - («^^y, (D) 

thus determining w or Rw as an elliptic function of ^. 

3. By the Principles of the Conservation of Energy and Momentum, T will 
remain constant, while F will represent a constant linear momentum in a fixed 
direction, Oz suppose; so that denoting by y^, yj, y^ the cosines of the angles 
between Oz and the axes OA, OB, OG fixed in the body, 

Pu=Fyi, Pv = Fy^, Rw^Fy^] (8) 
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and, iDtroducing Euler's angles 0, ^, '4^, 

yi = — sin cos 4) , y^ = sin sin ^, y, = cos 6 ; (9) 

jp = sin ^ — sin cos ^ •J'. 

g' = cos ^ ^ + sin sin ^ 4^1 

r= <^ + cose 4., (10) 

so that 

P {up + vq) = ^sin 6 ( — p cos ^ + 5 sin ^) 

or d^ _ G—GrF cose 

dt AF%m*B 

Split up into two partial fractions, 



= Fsm*B^, (11) 

(12) 



dt ~ dt '^ cU ' ^ ^ 

where d^ _ G—GrF 1 

dt 2AF 1 — cos ' 

^_^-h_^__l__. ^14, 

dt ~ 2AF 1 + cos ' ^ ' 

and then <^ _ a <^ 

___r — coso-^ 

= 0-x)'-f+t- ("' 

4. Writing z for cos 6, or Fz for Bw in equation (D), then 



where • F* 

an* — 



and according as the body is prolate or oblate, so is P^B or P <C -B , or an^ is 
positive or negative. 

To distinguish these two cases, we take a= + 1 for prolate bodies and 
a = — 1 for oblate bodies ; so that 



80 that 
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and now ^^^^z, (19) 

at 

where ^ — 

and 

d^ _ G— Grz /2|\ 

dz " AnF{l — ^)^Z' ^ '' 

Following the notation employed in the dbcussion of the motion of a top, it 
is convenient to put 

2T— Cr»-^ = ArfD , (22) 

Z = «(«»- !)(«»- 1 -aD)-(^r^^)', (24) 

Z = a(«»- !)(«»- l-„^)_(^ZI^*. (25) 

5. Starting now with the general elliptic integral of the first kind, 

»=/^. (^) 

where the quartic 

Z= az* + 4&s» + 602* +4dz + e, (27) 

and ti denotes the elliptic argument (a different use of the letter u to that 
employed previously to denote a component velocity ; these two meanings will 
not however be found to clash) ; we make use of a theorem, supposed to be due 
to Weierstrass, but first employed by Biermann in his Dissertation, " Proble- 
mata qusddam mechanica functionum ellipticarum ope soluta," 1866, which 
asserts that we can put 

P(u.±«,)=£(?li^^^^^, (B) 

where 

F{z^, z,) = as^?i + 2bz,z,{z, + z,)+c{7i + 4z,z, + 4) + ^{^i + ^)+e, (28) 

the second polar of Z; u^ and u^ denoting the elliptic arguments corresponding 
to Zi and z%. 
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6. When the roots c^, e^, e^ of the discriminating cubic 

^ — gie—gs=0 (29) 

are known, in which g^ and g^ are the quadrinvariant and cubinvariant of the 

quartic Z, given by 

g^ = ae— Abd + 3c*, (30) 

g^ = ace+ 2bcd —ad? — eb^ — (?, (31) 

the above theorem (E) can be replaced by 

p(%±t^j) — e. 

— ^f V(gi— gi)'gi— ga)V(2^— gg-ga— gY)=^V(g^— 2^-g»— OV(gi— g3-g|— gy) /32\ 
1 2(21-2,) j'^ ^ 

where Zq, z^, Zp, Zy denote the roots of the quartic Z= 0, so that 

Z=a(2— 2o)(g — ga)(g — g^)(g — g,). (33) 

With the form of Z in (20), 

go^-ga + g^^-g,= 0, (34) 

a (go + ga)(g^ + Zy) + a{z^, + ZpZy) = — 2« — ^— ^^ ' ^^^^ 

azogag^gy = a +Z) — ^,^,^8 . (36) 

Thence, denoting by Vi and v^ the values of the elliptic argument correspond- 
ing to 

Zi= +1 and 22 = — 1 , 

Z^Z,-- ^,^,^, , (37) 

p(t?i±v,) — e. 

= S a{ 1 — (Zo + ga)(g^ + gy) + goga + gpgy + gl^agpgy } =t | J2^i^2 

°' P(^i + t'«)-«.= ia(ao + 2.)'-43^. (39) 

p(«i-t',)-«. = i«(2o + 0'-^,; (40) 
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i « (go + Za)' = ^^t^tp% + 9{v^+ v^) — e„ (41) 



_ (7V 
4^V 



+ P(^i-^2)— ^.. (42) 



7. It is convenient to employ the notation of Darboux in the corresponding 
motion of the top (Proc. London Math. Society, vol. XXVII), and to put 

Q _ 2Z CV _ ^ .^v 

AnF~~M ' An~ M ' ^ ^ 

«^t*^^* Z=a{^-l){^-\-aD)-4.(?^)\ (44) 

= a (2» _ 1)(3« _ 1 _ aJ5) _ 4 (-"-)', (46) 

and ^ — 9 L — Bz , .^^ 

rfz ~^af(i — zV^' 

Also 5 — «a /.-v 

»^-^-=-^^» (47) 

where if is a homogeneity factor to be determined in the sequel, and » is a new 

variable defined by 

u _ p ds _ \ p dz , V 

ir-J vs--wJvz' ^^^^ 

where aS= 4«(« + a:)* — ](y + 1)« — iry}^ (49) 

» and y being the quantities defined by Halphen in his ** Fonctions elliptiques," 
t. I, p. 103 ; and when resolved into factors, we put 

S'=4l{8 — 8^{8 — 8^{8 — 8^ , or 4 (» — «i)(« — s^){s — 8^. (60) 

8. Now putting 

t?i + i?,= t;, (51) 

(again a different signification of v to that employed at the outset) and denoting 
by (T or 5 (») the value of « or 8{u) corresponding to w = «, equation (41) becomes 

iaif(zo + aJ» = i» + (T — 5. 

= aNl, (62) 



suppose ; so that 



iJlf(2^, + z,) = JV;, 

iif(zo + 3,) = iVi. (53) 



8 Gbeemhill : Motion of a Solid in Liquid. 

Taking «i>«t!>«>> <^<1 employing relation (34), we find that when a = +1 , 
as for a prolate solid, 

Msi = — N^-N,-N,i (54) 

while for a = — 1 , and an oblate solid, 

Mz,= -^N, + N,-N„ 

Mz^ = — N^ — Nt — N,. (55) 

9. Now, rewriting the expressions for Z, in this new notation, 

Z= O (z — 8,)(2 — Z.)(2 — Zp)(2 — Z^) 

=a|.-2§z4.^-(^r^->'H-'+--§^ ^"^r^- n 

so that, putting z= ± 1 in (56) and (44), (45), 

«ri ^ N^ + Nj + N, , ^ N,N,N, ■ iy;«+....-2^?^?.... ^ 

/ N^ + Nj+Nj . N,N,N, N} + ....-2NiNi.... \ 

"v~^ — ^s ^-55- + 54 ; 

Subtracting, ^ji^^y, ^ .. BL 

or BLM=aNiN^„ (59) 

so that ^_ 25 _ iv;j\r,jy, . . 

->*»» A=^. (61) 

AnF M ^ ' 
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Multiplying equations (67) and (58) by a, and adding, 

1-2 jp + jp 

--4a— g,- 

UM* —2{N^ + Ni + Ni— 2aU) DM* 

+ (JV,«+ . . . . - 2NINI— . . . .)L' + iaN^NiNi = 0, 
L*{JiP-2f^ — Ni-NI + 2aL'f = 4 (X* - aiV?)(X' — aNi){L* — aNi) 

= 4(«i — <t)(»,-<t)(«,-<t) = — 2, (62) 

where "S denotes the value of S in (50) when » = a ; and thus 

M*=:N?-\.Ni + Ni — 2aL* — ^^^ , (63) 

thus determining the homogeneity factor M. 

10. Equating the coefficients of 2?, 

ia + D + 4^ = ia + E+4^ 

= ^R+§±M., (64) 

so that E=2a ^ + ^ + ^— ^^* — ^ 

^-^iLM^ + ^-W-' ^^^^ 

But otherwise, equating the coefficients of z®, 



« + ^-^:^ = '' + ^~^:^ 



^__ JS\ "f" • • • • — ^JS^ JS^ • • • • 



(67) 



g-l- J- 4Z»(iy?+jy/+^?— 2aX')— 4ZV— S+a(iV?+ .... -2NiNi. . . .) ^ggj 



10 OftRBWffrw,: M<j*.i/M of a Mid in Liq'tid. 

fff^f^tjf.!q= ML* + Zn^, (69) 

^/ -f 2A^|^ = _ ;iX» — «X2jr^ + » jry «r — 2jrV'ff ; (70) 



nti thftt. 



J/* 



nn ft>fprftMiori ftnaloji^oiw to that in er|nation (214), p. 581, Proc. London Math. 
Hoci^y, vol. XXVII, 

ftn^l thf^n hy analogy, 

/>= 2^^'^, (73) 

IS 

wh^FfO 7/; = «?, — t?, , (74) 

ftj/airi a djfTf!rent ib« of w. 

It, Another rof»(;ltJtion of the qnartic Z can be given, by means of the 
elliptic fiifiction« of the argument t?g, which corresponds to the infinite value 
of»f fjamdy, 

V(</)(«-«o)= -•^^^-, (75) 

V«(«-0= "*^''^- ^"~'". (76) 

fu — ipv, ipv,— e, 

= p(m — i»,) — F(M + t>,), (77) 

V(«) « = C (»* + w») — C (« — »8) — ^2», 



l)ilformitinilnK, 



Attd itiipi^rniing, 



iviut iit|(mrii)g, 



__ . P'(m — r,) — I/2C, 
* f(« — ws) — P2», 

-*F(«-t;,)-F(« + t;,)' ^'''^ 

a 8» = l» (m — 1>,) + 1» (tt + «,) + p2», . (79) 



Grgenhill : Motion of a Solid in Liquid. 11 

1 2. Putting »! = tx, = u in formula (E) leads to Hermite transformation 

P2u = — ^, (80) 

where H is the Hessian of the quartic Z, namely, 

H= {ac — lf') 2*+ 2 {ad — be) !^+ (oe +2hd —Sc>);^-\-2{he — cd)z + ce — d?. (81) 
Since 6 = in our form of the quartic Z {20), then corresponding to z = oo, 

f2Vs= — c, (82) 

or 6p2t;8 is the coefficient of — is* in Z; so that 

»2Vs=ia-{-^D + i^ 



= ;^-+P(«i + »,), (83) 

'''' P{vi + v,) = ip2v, — ^; (84) 

and, by analogy, 



D2 

9{Vi — v,) = p2v3 — ^; (86) 

°'' P(fi + i',) = i« + *^-*^l. (86) 






P(fi-»,) = ia + ii>-^; • (87) 



while from (72) and (73), 



2M 
So also Hermite's formula 



^ (*!-««)= IS (90) 



p'2«=-g., (91) 
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where O denotes the sextic covariant of Z, leads for the infinite value of 2 to 

E-3 = coefficient of 42 in Z, 

p'2t,3=2Va^. (92) 

We notice that v^ is a fraction of the real or the imaginary period, according 
as a is + 1 or — 1 , or as the body is prolate or oblate ; and, sometimes, by 
retaining a, we are able to state the results in a general form, suitable for all 
cases. 

13. The annexed diagrams are intended to illustrate the various cases which 
may arise, and to exhibit to the eye the separation of the roots of the quartic Z] 
the curves on the left hand are the typical graphs of the fimction Z, while the 
concentric circles on the right show the correspondence of z on the outer circle 
with the elliptic argument u on the inner circle, the shaded portion representing 
the limits of the actual variation of z. 

Case I applies to the prolate body for which a = + 1 ; and all four roots of 
Z are real, and arranged in the order 

«>>20>1>2J8>«>22>-I>2;i> — 00, 

SO that Oj, G)8 denoting the real and imaginary periods of pw, and the letter/ 
being employed to denote generically any fraction, 

V or t(? = t?i zfc i?2 = (i)i +/Q3, 

Case II, an oblate body, a = — 1 ; all four roots of Z real and arranged in 
the order 

«*> 1 >2s > 2> 2»>«i> 2 >2o> — !> — «>, 

^11 V2, v^, V, W=fQ^, 
^ = co8+/wi or /wi. 

Case III, an oblate body, a = — 1 ; two real roots of Z and two imaginary : 

oo>l>Zo>2>Z2>— !> — «>, 

Vi, t?j, V,, V, W= f(4y 





— 1 
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Cases IV and V represent the conditions for an oblate body when the 
kinetic energy assumes the more general form discussed by Halphen and others, 
in consequence of which Z takes the more general form, with o = — 1 , 

^=— (2'-i)(2»— 4fe-i +i>) -4( ^^~^ y 

= -{^-l){^-4bz-l + E)-4 (^^^^J; (93) 

and now in 

Case IV, «>Zo>2i>l>z,>2>23> — 1> — 00, 

ri = c*i+/(jj, t?, and v^ = /<^, 
V and ti? = c^i +ybs- 

CaseV. 00>l>23>2>22>-l>2i>2o>-«>, 

v^ and t73 = /tt3, r, = 6)i+/(j„ 
V and ti? = (ji + ^>j. 

The term 6 may arise from the external shape or firom circulation in the 
liquid when the body is perforated or ring-shaped (Basset, Hydrodynamics, 
I, §193), but the absence of 6 simplifies considerably the elliptic-function expres- 
sions. 

14. Putting 2= zb 1 in (77) and (79), 

W(-a)^^^=^-^^ = p(r,_t,3)-p(t,, + t,3), (94) 

W(-a)^ = ^^^ = ,(^-^)-,l,. + ,.). (96) 

« = *» (»i — f s) + F (», + «,) + |»2w, , (96) 

« = f(»8 — »,) + F(«» + »3) + p2»,. (97) 

Thence p(„^_„,)= ^a- 4^2^, + V(- a)^^, (98) 

F(t»i + »,) = ia-jF2t>,-V(-a)^^, (99) 

F(r, — »,) = ia — 4f2», + V(— a):^±^, (100) 

F(fi + ».) = ia-iF2t;,— V(-a)^±^. (lOl) 



and 
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Again, putting z= ±: 1 in (78), 

F' (»i — Vs) — p'2Vi = Wa \p («i — Vs) — F2V3}, (102) 

t/{v,-v,)=2Va\^ +ia-ip2v,+ V{-a)^^} 

= 2Va^-iVaE-2Va^ + 2i^^, (103) 

f' (Vi — Vs) + fpf {vi + V3) = 2Va{p(»i — 1>8) — p(w, + »,)} 



M 



p' (i;, + »,) = -2Va ^ + i \/«^ + 2 Va-^ + 2* 



Similarly 



Thus 



I?' (»8 — f s) = Wa ^ + i V«^ + 2 Va ^2 — 2i 
P' (»8 + 1>3) = — Wa ^ — i VoJS?- 2Vrt ^, — 2i 



BL 

P (»i — »s) — P (»2 + Os) = 2^ (— a) -^ , 

P' (»i — Vs) — f** (»2 + »8) = 4 Va -^ + 4i -^- ; 





(104) 


5-i 

* M ' 


(106) 


B + L 

M ' 


(106) 


B + L 

M ' 


(107) 




(108) 




(109) 



SO that 



P(»l — Vs) — P(«« + »8) if ' ^ ' 



P(»i + f8) + P(wi — «s)+.P(»» + »s) = — ;^— 2V(-a)A-Ka. (m) 

^"* P(wi-»s) + p(t», + «s) = a — f2?Jj — 2V(— a)~; (112) 



SO that , t \ c% L^ /^ - *>\ 

F (», + »«) = p2t>, ~ -^ , (113) 

agreeing with equation (84). 
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Similarly, 

P (^1 + tJs) — fp (^2 + t^s) = 2V(— a) -^ , 

jDjr r 

IP' {vi + Vs) + P'{v2+Vs) = — Wa jp- — 4* -^ , 

^P^i^hp^^^ (114) 

SO that, squaring, 

TP B 

l?K — «'»)+ f>(«i + «3) + FC^'a +»») = — ^^—W(— a) -g: +a. (116) 

^"' P (t>i +, Wg) + P (tJ,+ t;s) = a — p2t;, - 2V(- a) J- , (116) 

^°^** F(«x-t',)=«'2.,-^. (117) 

agreeing with equation (86). 

15. Again, from (110), 

^-p'(t>i + t>,)-P'K-t>3)3^_^^^^^, (118) 

p(«i + »,) — 1> (t>i — ©s) M 

and 

P(^i + «») - ^(wi- ^s) = P2«,- -^- ia 4- * p2»8- V(-a) — ^^ 

= i^-V(-a);^^, (119) 

therefore 

ff (ri+ »,) = 2 (i A _ Va)]p(t7i + t?,) — f(», - ©s)}- P' (»«- "s) 

-2Va§f + WaJ^+2Va^-2i^^ 

= ii^, (120) 

as before in (89). 

So also, from (114), 

, ^{Vl—Vi) — V'{Vi + V») — 1 — |/(t>i + P8) — t/(t>8 + t>,) 
*F(fl — V«) — P(»8 + »8) F (tJl + »») - P (t>8 + »8) 

= -i^+Va. (121) 



Gbeenhill : Motion of a Solid in Liquid. 17 

and 

f>(wi — ©a) — !»(«,+ »,) = f>2»8— -^ — ia + iF2p,+ V(— «) ^ 

= iZ)+V(-a)^^; (122) 

therefore 

-2Va^-WaZ?-2Va^-2i^^=-i*^. (123) 

agreeing with (90). 

These verifications are useful in fixing the signs of the various expressions, 
in the ambiguous cases, of frequent occurrence in these calculations. 

16. Returning to (75) and putting in it m = i?i, and z= 1, 

Va (1 - 2o) = -^^^^ , (124) 

»^\ — »v^ 

«othat va(i_,)=^ -^vA9u-^,) 

and similarly, 

Va(-l-^)= ^ -t>S(P«-t>,) (126) 



Also, from (24), (26), (44), (46) and (77), 

G—GrF _L — B_ 1 p'vi f'vg 



2AnF M 2V(— a) {fVi — pvs)*' 

G+ CrF _ L + B _ 1 f^'VjP'va 

2AnF M 2V(— a) (jjc^ — p»,)*' 

so that in (14) 
^= ' <y - GrF 1 

_ , t/t>i (yw — ypg) 

(f>»l— »W3)(FM — fW,) 



(127) 
(128) 



= i?(^i + »3) + i?(»i — »8) — ?»i 

- ia« -^'i) +iaw + »i) + ?t'i. (129) 

3 
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Similarly 

d4ii_ . G + OrF 1 
dM 2AnF 1 + z 

{|Wg— fWsXFt*— |w,) 



peg— fw, j»u— ffw, 

— 4?(« — »«)+K(« + «'«) + ?«»• (130) 

Integrating (129) and (130), 

4i»'=iK(»i + t;,) + ar,-t;.)}n<+*log|^±^, (131) 

4«»-=iK(t;« + t,,)+f(«,-t;,)}n< + ilog||^±^; (132) 

and adding, 

where G = ?(»i + ««) + ?(«'i—«'») + ^(»« + »») + ?(». — fa). (134) 

By a theorem of Elliptic Functions, 

g(« + t>0g(« + .3) = ^ I ^(«±r) 

where t^j + i?^ = i? , (5 j) 

and ^ _ ^^j^_i ^ (ftv- 1^2) *>''^ 



BO that vfQ can put 



ijS^v^ {pu — pt?i) — itf'vi {pu — fpvo) 

~"° \^ u*^ — p^odi*" — tw«)(j»« — pw) r ^* 



^•=ig«. + ^ + *iog|^. 



(137) 



and we have now practically added the parameters Vx and v, of two Elliptic 
Integrals of the third kind into a single parameter v. 
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17. We now introduce the Elliptic Integral of the third kind, with elliptic 
parameter v, in the standard form we shall employ and denote by I{v), namely, 

^^'')-*J {8-aWS 

= i i log f i-«^, e('^"-' y)- ^°- "", (138) 

with 

/ds U nt /ion\ 

V^=-M '' M' (^'^^ 

where P{v) or P is a certain function of v, to be defined hereafter, bo chosen as 
to cancel the secular term when the integral I{y) is pseudo-elliptic, in conse- 
quence of the parameter v being an aliquot part of a period. 
Now from (138), 

i log ^l!i±^) = il{r,) _ nt^^ -\i^ nt, (140) 

and thus 
^» = i k(»i + »») + ?(«a—»8) — ^ («! + »») 

+ a«8 + «s) + KiVv - «s) -?(«! + v^) - i^] nt + il{v) + ^i. (141) 
But, from (99) and (100), 

^{Vi + V,) + ^(«, — •»,) — ?(»! + »2) 

= V I J»(»l +«8) + *» (»3 — Ws) + *> («! + »«) } 

= v{a+2V(-a)A--^[ =i-^ + Va, (142) 

and similarly, 

? (^»+ ^3) + ?(vi— V3) — ?(^^i + ^») = i jf^ 

To settle the ambiguity of sign, we may also employ the formulas 



nt;,+ ^8) + f(^i-«8)-?(t'i + «.) = »4-Va. (143) 
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and thus 



^^ = ^1— —^i —J nt + il(v) + ^i, 



and, dropping the factor i , 



^^L-^P{v)^^^j^^,^^^^ (145) 



or '^-pt = I{v) + ^, (146) 

where p^ _ L — ^P{v) 

It M • 



(147) 



a different^ to the component angular velocity about OA in §1. Without this 
preliminary determination of jp<, the secular term in '4', the consideration of 
the pseudo-elliptic solutions would be hopeless. 

18. The next chief object of the present paper is the discussion of the 
Pseudo-Elliptic cases which arise when the parameter v is made an aliquot part, 
one /^*^ of a period, so as to be of the form 

« = 6., + ^,or^, (148) 

n n 

according as the body is prolate or oblate ; and when P (v) is at the same time 
so chosen as to make I{v) an inverse circular function ; the preliminary analysis 
will be found in the paper on ** Pseudo-Elliptic Integrals," Proc. London Math. 
Society, vol. XXV, from which the results required in the sequel will be taken. 
In such cases it will be found that we must take 

""> .■/W = ilog|^«", (.50) 

where 2w 2yi /iri\ 

i;=-— , 8=-^] (161) 

n n 

and now il{v) is the logarithm of a function, analogous to the sn, en or dn function, 
which is considered in Halphen's " Ponctions elliptiques," I, p. 224, the function 
being the n^ root of a rational function of ^ and ffu. 
Further, by taking 

Z = iP(t?), (152) 
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the secular term pt is cancelled in the equations and all trace of elliptic trans- 
cendentalism is eliminated, so that the various curves described by points in the 
axis of the body are, relatively to the moving origin 0, purely algebraical 
curves ; these special cases are interesting to discuss and to represent diagram- 
matically and stereoscopically, like the analogous algebraical Spherical Catena- 
ries and Gyrostat Curves, investigated in the Proc. London Math. Society, vol. 
XXVII, and drawn by Mr. T. I. Dewar. 

19. The curve described by the projection of the moving origin on a 
plane perpendicular to Oz is intimately associated with the cone described by 
the axis of figure OG round Oz) for, denoting the coordinates of the projection 
of by a, j3, and the advance of parallel to Oz by y, then, according to the 
equations given in Kirchhoff 's ** Vorlesungen," p. 240, 

IPO- dT dT dT I,... 

j.dy_ dT , dT , dT ,.... 

where u, v^ w again denote the component velocities of in the directions 
OA, OB, OG] and ai, a,, ag denote the cosines of the angles between Oa 
and OA, OB, OG] and /?i, /?g, (3^ the cosines of the angles between O/? and 
OA, OB, OG] (7a, 0(3 J Oy being three fixed axes in space, drawn through a 
fixed origin O, Oy being drawn parallel to Oz . 
Expressed by means of Euler's angles d, ^, '4'» 

ai = cos cos ^ cos '^ — sin ^ sin '4', 
02 = — cos sin ^ cos 1^ — cos 4> sin ^'i 
as = sin cos^' ; (166) 

j3i = cos cos ^ sin 4^ + sin ^ cos '4', 
/?2 = — cos sin ^ sin '4' + cos ^ cos '4', 
j38= sinUsinni.; (157) 

while jp = sin ^0 — sin cos ^n^, 

q = cos ^ + sin 6 sin (p-^, 
r— i + 00664; (168) 
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80 that, after redaction, 

Fa= A cos lis •{- {Gr — A cos $4') sin d sin ■4'. 

F^=A sin ii^ — {Or—A cos H) sin dcoB^, (159) 

F -J- = aAn* sin d cos 6 cos 4', 
at 

F-§-- = aAtf sin d cos d sin '4', 
at 

F^= ^+ aAn* cos* 0. (160) 

at r" 

20. Changing to polar coordinates p, m in the plane Oafi, so that 

a = pC08a7, jd = |>sinar, (161) 

then 

i?'(a + ^i) = J?'p«'«= ]^0 — isin d(Cr— il co8 4)f«**, (162) 

•^"^ J^pcos(^-«,) = 40=-^^, (163) 



^p sin (i^— w) = ( Cr — ^ cos dj/) sin $ 
GrF— a cos d 



(164) 



i?'sine 
Thus, squaring and adding, 

^ , _ A*n^F'Z-\- {GrF— Gzf 

P J?^(l— z») 

= ii«n''a (a^ + 1 — 2«) ; (166) 

and, dividing, 

tan(4-n>)=- ^^^^^^ , (166) 

1 _t_ * -I GrF— Gz 
'^ = ^+**^ AnF^Z 

, , . _i Ori^— (7 cos 6 
= ^ + "^ —F\^J- 

= ^ + — -^^-^^^;^^^-^^^ ; (167) 

BO that, from equation (146), 

. I r/ \ 1 r I • -1 CV^ (Scosd /-^Qv 

«,=^< + /(i;) + f + 8in i_-_j_g_, (168) 

and m and '4' depend upon the same elliptic integral I{v). 
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We find in fact, by di£ferentiation of (167), 

da^_d^,d^ • -1 CfrF—Ghs 

dz ~ dz '^ dz AnF*/ \a{l— ^){aE + 1— !*)\ 

_ Q —GrFz 1 
AnF{l—7^ »/Z 

OrF— Qz / —& . z z \ 

_^ AnFA/{a{l—;?){aE + l—!?)\\GrF—Gz'^ l^^'^ aE+ 1—sfJ 



s^\a{l—!?){aE+l—i?)\ 

_ f (? — OrFz _ Q GrFz—Qf? . OrFz—Gh? \ 1 

\AnF{\ — ^) 2nP "*" AnF{l - z») "*" AnF(aE-\- 1 — ^)) V^ 

_ GrFz—Q^ 1 

iin^(a^ + 1 — s?) -v/^ 

Now if toi, tOg denote the values of the elliptic argument u corresponding to 

a^+1 — z» = 0, (170) 

it follows by Abel's theorem and the theory of elliptic fVmctions that 

tOl+ tt>8=Ci + », = ». (171) 

So also if ^1 , tt denote the values of u corresponding to 

aZ) + l — a» = 0, (172) 

then <! — ^ = t>i — », = «». (173) 

21. From equations (126) and (126), 

(fWi — J»w,)(fWg — 9V3){9U — ipvaf 

— /7 g(t« — «i)<5(t« + gi)(5(« — t?,)g(w + Pg) ,,. 

-'^ (3»(„_t,,)S« (« + «,) ' (''''> 

and from (133), 

^^ <5{u + v,)&{u + v,) ^ (175) 

S (W — Vi) S (W -^2) 

SO that by multiplication, 

sinee^=VC- ^i" + ^');i" + ^') a*^. (176) 
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Or, in Klein's manner, with the stereographic projection, 

tan 
Similarly we find 



tan i 06**= C g (« + ^.)| (ji± j^ e*'-'. (177) 

6 (it — Vi) 6{u — v^) 



^i =(7" <5(« + «>0g(« + tr,) ^^ (^^g) 

^ 6 (w — Vj) S (w + Vs) 

so that the expressions in Halphen's equations (52), F. B. II, p. 164, appear to 

require correction ; however, the curve of (a, ^) is intimately connected with the 

cone of (0, '4'), and the two are pseudo-elliptic, and even algebraical, at the same 

time. 

As for u,v and 2>,5, they depend upon the same elliptic functions as 

Euler's angle ^ ; for 

P{u + vi) = — i^sin 0e-**, (179) 

jp + ji = (— sin 4 H- i^) e-^* 



2^^' + *^^ 



= — Tl T-rz 5x e 



-** 



(180) 



which are pseudo-elliptic together with <^; and this is the case when 

Vi — i;3 = <i — <, = U7 (181) 

is an aliquot part of a period ; but these cases are not so interesting from the 
dynamical point of view. 

22. In the pseudo-elliptic case of the motion of a prolate solid, when the 
parameter 

v = o, + ^, (182) 

where n is an odd integer, the expressions for '«^ and m must be of the form 

•4' — i><= — cos (l-?)*» ^^—^W(zo-z.z — Zi) 

= — sin » (1 — z*)*" — V(a,-z.2-z,), (183) 

= T sin-^ '^^-^+^;^^;^~;+ — +'^'-' V(^-^.. -^). (184) 



and 
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But with a parameter 



Oi 



v = Oi + -?^, (185) 



n 



where n is an integer, the Zi and z^^ or Z2 must change places, as well ais the 

cos-^ and sin-\ taking -^ as positive at the start. 

With an oblate body the parameter t? is a fraction of the imaginary period, 
and when 

v=-^, (186) 

n ^ ^ 

where n is an integer, we must have 

= -I sin- ^'- + %'+/f ■ + ^- V(^ ^), (187) 

with a similar expression for w — pt. 

When, in the motion of an oblate body, the parameter 

v=^, (188) 

n 

where n is an odd integer, the quartic Z will not be divided into quadratic fac- 
tors, and we must have 



^-pt=± cos-' ^^^ + ^f"t\:" ^ ^' 

^ n (1 — a«)*» 



(1 
= -lsin-' ^--' + Y:+^;--+^>-V Z, (189) 

with a similar expression for m — pt. 

23. Having now chosen a simple numerical value of w, for a case worked 
out in the paper on *' Pseudo-Elliptic Integrals," and having expressed the 
«i, «2> *8 iDi (60), or Halphen's x and y in (49), in terms of a single parameter c, 
as well as <T, \/ — 2 and P{v), and having chosen an arbitrary value of Z, the 
quickest practical procedure for the determination of the coefficients H, K and 
4 
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L J. appears to be efiected from the identical eqaations obtained by sqoaring 
and tAii::!^ aiid also from the differentiation of the two equivalent forms for 

V uid m. 

Thu« in or»nfeqtienoe of the relations 

^ = n^Z, (19) 



dy_ G — CrFz 
di ~ AF{1—!?)' 



(12) 



we hare t'^ _ « X — Bz 1 , .„» 

<fe ~ Jf(l— 2») V^' ^ 

and patting 

i'—pt^X. (190) 



(l-.«)Vzf = 2^^-^(l-z^) 



_ X-iP(.) ^ X+|P(^) .jgj. 

So also 

= -^^-±^^+2^z-^^^j^{aE+l). (192) 

24. Begin with the simplest pseudo-elliptic case of all, in which 

w = o. and ffv = 0; (193) 

so that, from (72), i = 0, (194) 

or E=0. (195) 

WhenX = or G — 0, 

dw _ 2j^ ? ^197'V 

dz ~ M {aE+l—!?)^Z' ^ ^ 
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where Z is a quadratic in 2*, so that taking z* as independent variable, 'J' and w 
are non-elliptic, and integrating, 

where A denotes the discriminant of Z. 
For a prolate body, a = + 1 , 

Z=i4-^){4-^), (200) 

"^•^ ^ = co8-V (^-^)^^-^\ 

V'-cos V(2j_^)(i_22)' 

= sin-V(^r=i-K^-^) (201) 

-,^„-i,/ (^!- 1-^0(4-^) . .202) 

which may be written 

V(^ — ^)Bin0e** = V(l-^)V(2f-z*) + iV(^-l)V(^-2^), (203) 

V(^-^)-£p^^^=V(z!-l-^V(^-^) + V(J? + l-^)V(2^-2^),(204^ 

and these equations prove that the cone described by the axis OG round the 
fixed direction Oz is a quadric cone, while the curve of (a, ^) is a conic section, 
an ellipse. 

For an oblate body, a = — 1 ; and in Case II, 

Z=(^-2^)(2»-^) (205) 
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or 



.^{4 — ^) sin 06^=V(1 - 4W{^—4) + V(l - ^V(zg - z»), (208) 

^(^-2j)^p^°'*=V(^-l + J?M2^ — 2!)+*V(2?-l + ^M2«-2»), (209) 

so that 0(7 describes a quadric cone, and (a, (3) describes an ellipse, as before. 
In case III, with Z = , we must put 

Z={^, + ^{4-^), (210) 

and now 

V{^ + 4)Bmde^=s/{l — 4W{^, + 9?) + is/{l + z\W{4 — ;^), (211) 

^(''^ + ^^1^ pe°^*=V(^-l + ^)V(^ + ^)+tV(-e!-l + ^)V(4-^). (212) 

The curve of (a, j3) is still a conic section, and OG describes a quadric 
cone relatively to Oz, but the azimuth 4^ oscillates between 

obtained by putting 2=0. 

Next, with ^ = , we have 

Z=«(^_l)»-4(^^y. (214) 

With an oblate body, a = — 1 , and Z is always negative, so that no solu- 
tion exists. 

But with a prolate body and a = + 1 1 
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and 



..yo-^-i+^5-^) 



yo+^4-^^-^) 

_COB VW(i-i^) 

where ^^L^^^^^ ^^^^ (21g„) 

n ill (it 

as may be verified by differentiation. 
Also, with E= 0, 

dm _ ^ Bz— h? 1 ,oT7\ 

so that dm ,d/^ _ ^ L 1 — c)^ dt . . 

«r + 4=2/>< + -5-; (219) 



and thus 



= i8in-^j^. (220) 

25. With r = or jB = 0, the case of no rotation round OG, 

w — o,, (221) 

*^*^ Z=a(z^-1)(2»— 1— aD)-4-^ 

= a(a» — l)(z» — 1— a^) — 4-^2», (222) 
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and now equations (19) and (12) can be integrated by means of the ordinary 
Jacobian elliptic functions of the second stage. 

When jB = , then either Ni or JVi = , according as the body is prolate 
or oblate ; so that 

Z = V(»i — <t), or — V(«3 — <t), 
and M= s/{a — s^ — ^{a — s^), or \/(«i — <t) + \/(«2 — <t) ; 



l+aE- W^^"-' ^) + ^(^ - '^) y or W{si-<y)-^/{s,-a) ]\ 
\^/{o-8,)-^{a-s,)] ""^ W(5i + (T) + V(«,-(T)r 

z— v^_ f \/(gi — ^s) -\/(^i - ^2)] 'ir^ [ \/(gi — ^3) + ^/(gi— ^2) lh 

L \^{a-s,)-^{a-s^)] M"^ lV(<T-^8)-V(<T-«2)i J 

__ r j8 ^ f V(g3 — ^3) — V(g2 — ^3) I hr^ ( v(g^ _ ^3) + v(g3 — gg) |»i 

L 1V(5^_CT)+V(^, — 0)) JL |V(«i-<t)+V(*» — CT) J J 



and 



or 



With an oblate body we shall find that this makes fi^= 0,Jr=l,^i=0,...., 
while in the case of a prolate body the parameter must be of the form (182) for 
similar reductions to take place ; and for the parameter in (186) we shall have 
H= K=\^/2, when 5andiVi = 0. 

26. Passing on to the next simplest pseudo-elliptic case of bisection of 
a period, by taking a parameter 

t? = Q^+ Jog (223) 

for a prolate body, and writing x ^^^ '^—pt throughout, the result must be of 
the form 

X = h cos-^ _1±_J ^(2^, — z.z^ — z) 

= isur'^^-pV{z-z,.z-z,) (224) 

with ir»H-^=l. (225) 
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The solution must be built up from the associated pseudo-elliptic integral 

= i ,i„- V|(l+o)'-..c'-.| 

C + C* — 8 

in which 

»i = (1 + c)», «g = c», «8 = ; (227) 

P(v) = l, <7=c + c», V— 2=2(c + c*). (228) 

Then, with the preceding notation of (54), 

Ni = L'-l—c, 
i^ = Z» + + c, 
Ni = L' + + c + <^, (229) 



so that 



and from (59) and ^63) 





m + m 


- fJ? 1; 


B 
M 







(230) 
(231) 
(232) 

(233) 



Li 
LM* =2L' — L+{L- 2)^?, 

Mz^ = — Ni — Nt — Ns, (235) 

arranged in the order 

<»>«!0>l>2s>2>2»>— l>2l> — »; 

with Ni<N,< Ns. 

To determine the coeflBcients H, Hi, K, K^ in equations (224), differentiate 
with respect to z ; then since 

N 

(20 — 2)(«» — «) = «*— 2-^2 + Zo^S. 

(z_2g)(a_z,) = 2»+ 2^2 + 2^2,, (236) 
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da 



— t 



&^E. ^ - - " * 



% 2*— 2^2-^sA 






rKz -H A' / . , -V. 



-^ . 



1— ^ 

j^- 2 + ZiZ, 



T \ M Vv J ^ M J >|^ M^ ^ 

^ J ^ __ ^ ;^ ^^ , 



eaudk of wiiicfa. caa be equated to 1 191). so that 

= 0.^-\-(—H, + ^Ey + {—(2 + z^)H+Z^H,^^^ + (238a) 

= - Jr(^+2^z + z,z^^ ^-l)-(z+ ^yKz + K:{^-1) + 2. Kr+ k/^^ + i^ z + z^z^^ 

= 0.2*+(-^,— ^'^)z» + jt2 + 2A)^+3^ijr.Jr+....; (2386) 

and eqaating the coeflEcients in these identities gives us equations enoudi. and to spare, to determine 
Bf Bij K, Ki- 
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Putting z = ± 1 , gives the relations 

2 (ir+ K,) ^-^ =-{H+ fli)(l -2^ +z^), 

2i,K-K,)^J^= {H-H,)(l + 2-^- + z^), 
2{H-H,)^+-^ = -iK-K,)(^l-2^ + z,z,), (239) 

which are useful forms to serve for verification. 



Working in this manner we find after considerable reduction that 



K - N, ' H- 


" N, 


and, equaring and adding in (224), 




K*-\- EP=\, 




BO that 1 K , H 

HK~ H ^ K~ 


2U 


^^ 2ffK=^l, 




and K H ^N^N, 




BOthat ^_^_^^B. 




^ - 2V • 




~ 2r? • 




Also H^ (L-lf- 

K M 




K, __(i_i)»- 
H ~ M 


1 


BO that 5i . Ki ^NiNt 





(240) 
(241) 

(242) 



(243) 
(244) 

(245) 
(246) 
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as is verified by sqoaring and adding ; and all other relations are also fiDund to 
verify. 

27. In the case of the oblate body with parameter 

r = l«,. (247) 

we must take 

"^ '^--^-'V(z — zi.z — z.) 

= i8m-»^^±^'V(2, — 2.2-2,), (248) 

and baild up apon the pseudo-elliptic intend . 

n\i^\-\ Al + 2g) ' > + c -t- c*) — 2(1 + ac)(c -h c») , 

, . _,v:» — (n-c)».»— c*;- 

= 5 8in * 3_L ^ ' / ■ '- 

H -^^ e -^^ <r 

= ico8->(l±M^. (249) 

so that, with the same «|, Ag, ^, we take 

P(i7) or P = l + 2c, cT = — c — c^, V-2 = 2(l + 2c){c + c»); (250) 
and now, with (52), 



(261) 

(252) 
(253) 
(254) 

(265) 



= i* + ^?— 2 ^ (iV? + Z»). (266) 











1 + 3C+ 2c« 
c+ 2c» 






SO that 






Nf+Ni = 

A7JS? i* - 


F*—2D, 






and from 


(59) 


and 


(63), 

B 

M ~ 


XiP • 












M*=:l + 5c4-5c? 


, „ 2(l + 2c)(c 


+ -) 
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Proceeding as before, we now find 



(257) 



K PNs ' H PNs ' 

and ^ — ^ = 1 , (258) 

2HK=^, (259) 

En + ]P=^, (260) 

2L* ' 



'» - N,N, - L* 
~ 1U 
H, _ {L-Pf+N,N, 
K ~ PM 

^1 _ (L-Pf-N,Nt 
H ~ PM 

and now all the conditions are found to be satisfied. 



^^'= ^^W^' (261) 



(262) 



28. Both results for the prolate and oblate body with parameter 

t? =:(i)i + iog, or iog, (263) 

can be incorporated in the form 

X — ^ 008-^ ^_y V(25 — zo . 2 — Zs) or \/(z — z^,z—z^) 

= i sin-^ i — ^ '^^^ — 2i • 2 — Zj) or ^/(zs — z.z — z^), (264) 

with H^ + aK^ = l, (265) 

H* — aE^=:-a^, (266) 

2HK=^. (267) 

If we try to cancel the secular term pt by putting 

i = iP=i, or i(H-2c), (268) 

wefind Nf=— % — c, or Ni= — i, (269) 

thus leading to imaginary results. 
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As verifications we may take the numerical case for a parameter t?=(i)i+iG>3, 
worked out on p. 534 of *'Les fonctions elliptiques et leur applications," Green- 
hill-Griess, 1895. 

For a parameter ^7 = 1^0)3, take, as a special case, 

5=0, iVi = 0, iVi=l + c, iVi=c, 

i = _ V(c + (?), M= V(l + 2c){ V(l + c) + Vc}, 

p _ X-iP __ v/(l + c) + Vc. 
n M 2V(l + 2c) ' 

and now 

>v/(l+c) + >v/c 
= i sin-i -^^^L±J^-v/[(l + 2c)]-v/(l +c) -Vc}'— <1 . (269a) 

29. Proceeding to the next case where the parameter 

» = % + i«»s. or Jca,, (270) 

both results for the prolate and the oblate body can be incorporated in the form 

= isin-^^ + 5''^+^V (g,-z.g-g,) or ^z,-z.z-z,). (271) 

With a parameter 

» = (a,H-f(03 (272) 

we should have to interchange the suffixes 3 and 0, in the first form. 

In the associated pseudo-elliptic integrals (Proc. London Math. Society, 
XXV, p. 218), corresponding to the parameters in (270), 

*x = (l — c)», *, = c», «,= (c-c»)^; (273; 

P = |(2 — c)(l-2c), or f(H-c)(2-c), (274) 

<T = 2c(l — cf, or — 2c + 2c», (275) 

*/— 2=2c(l — c)«(2 — c)(l — 2c), or 2c(l — c)(l + c)(2— c). (276) 

Differentiating as before, and equating coefficients, will serve to determine 
the unknown coefficients H and K', the work, which is very long and laborious, 
has been carried out for me by Mr. T. I. Dewar, and he has found that 
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IP-aH^ = ^^^' or §^^, (277) 

while squaring and adding in (271) gives 

K^ + aH'^l, (278) 

whence K and H being determined, the other coefficients readily follow. 
Thus, for the prolate body, t? = Ui + i<>>8) 

^ _ X" - (2 - c)(l — 2c) N,Ns 

E*-. ^^^ (2- c)(l - 2c) N,N, . (27gj 

2// 
80 that 

2HK = X^-(l-o)-(^^^o)(l-2e) ^^. (230) 

while for the oblate body, t> = Jco,, 

m- (i +c)(2— c ) iy,i\r^-x' 

^ 2U ' 

jp_ {\^-c){2-c)N,N,-U , (23J) 

so that 2^^^ (i + c)(2-e)-X'' ^^ ^282) 

If we try to cancel the secular term by putting 

X = iP = i(2-c)(l-2c), or t(l + c)(2 — c), (283) 

we find 

9iV?=(l— 2c)(l— c)(— 5 + 2c + 2c2), or 9iV| = — 2(1+ c)(2— c)(l— 2c)^ (284) 

and these are negative for the region <C c <1 1 , so that algebraical cases cannot 
be constructed. 

As a numerical verification with a parameter v = cjj + ^os, we may take 
the case worked out in the ^'Applications of Elliptic Functions," p. 348, in which 

^ - „, = t c.- ^ ^ - ^+ f ./(- ^ - W7. + 5) 

, . _i (— a* + 2-v/7z — 3)» /„„^ , 

= *«''^ ^ 2>v/2(l-^)' • (2^^«) 
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With 5 = and a parameter w = Oi + 1 oa, 

N, = 0, N, = ^{l-2c), iV3 = (l-e)-v/(l — c»), 
Z = a/(1 — 2c.l — c*), if=cV(l — c«) — c^/(l — 2c), 
P=|(l+c)(l — 2c), 

in which fl"=0, K=l, Ki=:0, Ei = 0, 

n --i P - (1 + c)V(l-2c) + (l-2c)V(l- c) 

With 5 = 0, and a parameter v = i u,, 

iVi = 0, 2/=— ^/(l— c«. 2c — c«), 
J\?=(l-c)^(l + c), Ni=<^{2c-<*), 
if= V(l-c») + ^/(2c-c«), 

in which 

H=0, 5i= — 3^ = (2 — c)V(l — c») + (l + c)-v/(2c — c»), fi", = ; 

ft 

30. These algebraical calculations are too long and complicated to be 
inserted here, and the complexity compelled us, as in the corresponding work for 
the Spherical Catenary, in the Proc. London Math. Society, XXVII, to turn 
elsewhere for some clue to the values of the leading coeflScients H and K, upon 
which the remainder depend by simple linear relations. 

As in the Spherical Catenary, we turn to the degenerate form assumed 
when we take 



/- 
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The preceding cases enable us to infer that the general form of the solution 
for a parameter 

v = o,+ ?^, or 6)1+-^ or -^, (285) 

n n n ^ 

where n is odd, can be written 
1 77^* — ^ -U 

^ — ^^^^"^ (1 _"^)Vn' V (go— g-g — gl)> or V(23 — 2J.2J — 2l)i 

or \/(z — Zi.z — %) 
1 fT^^"^ -I- 

~ir^^^^^ (l_glUn' V (Z8 — g'g — g2)> or >v/(Zo— g.g — 22), 

or V(23— 2- g — 2<))» (286) 

but for parameters 

v = o, + -^, or -^, (287) 

and n even, we must take 

;|r = _C08-^ (1 — z«)Vn' ' ^(^ — Z . Z3 — g). Or -v/(z — 2i • « — Zj) 

= -i- 8in-> ^"^^ J-,j;„- V (z - z, . 2 - zi). or V(z, - z.e - «,). (288) 

Squaring and adding in (286) and (288) shows that 

iP + ^= 1, or jff'— Z«=(— 1)», (289) 

according as the body is prolate or oblate ; and putting a; = oo, 
X=— tan-^ ^^ = -i- 8in-» 2fiffv'a 

= -^ cos-* {H* — JP), or -i- COS-' (fl» + £?){— 1)". (290) 



(291) 



2n ^ . ■" 2« 

But, by means of the formula 

t> (tt — t?i) — y (« — Vj) _ 6{2u—vi~ Vj) <5' {u + Vj) & {u + v^ 
f> (« + t>i) — I? (tt + »,) <3(2tt + t>i + ©g)6»(u — Wi)<3*(u — «j)' 

we may write equation (133) 
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thus adding the amplitudes and parameters of the two Elliptic Integrals of the 
Third Kind in i^^ and i^,. 

Putting 2 = 00 and li = t?3 in this last relation, then from (96), (97), 

while /(2t>8, v) is the value of the pseudo^Uiptic integral when « = 2t;s or 

l=5? = ,,2t;,-p(t;,+ t;,)=-^, (294) 

8 — a=:D, (295) 

8 — s, = aNl. (296) 

The form of I{v) being given by 

r, s 1 • -iF*/(8 — O 

/(^) = -Bm^ (.-<r)^» 

= J-co8-^ Q'^^(f-^^; f^, (297) 

n (s — <t)** ^ ' 

therefore, when z = oo and '^ — ptin replaced by x^ 

X = h I{2vs, v) + ii log (- 1) ; (298) 

or, disregarding for a moment the ambiguities of sign, 

1 sin"^ ^^-/^ = -L. sin-i 2HKVa, (299) 

_^ cos-^ ^^ = -i- cos-^ (J?« - aJP) , (300) 

2n Z^ 2n ^ ^ ^ ^ 

^^ 2HK=^ (301) 

fi^« — air»=±.^!S, (302) 

Xi 

and these equations, together with (289), determine the leading coeflBcients 
H and Ky upon which the other coeflBcients depend by simple linear relations. 

Since z = oo in (167) makes m = '4^, we see that the leading coefficients 
/and Jin (184) are determined at the same time, by taking /= K and /= H 
or /= jy and J=z K, according to circumstances. 

31. To make quite sure of the plus and minus signs, which are apt to be 
baflBing, it is well to make a recapitulation of all the various cases which may 
occur, according as the body is prolate or oblate, and n is even or odd. 
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When the body is prolate, and the parameter of the form 



then, when n is even, we must take 



v = o^ + ^, (303) 






and when n is odd, 



^ = _ cos ll^Jf* -^ ^/(Z, - 2 . Z - Z,) 

= -^sin (T3r5)T» V (2t)- z. 2 - z^). (305) 



But with a parameter 

20)3 
f/ — ^ u#i —I— — 

where n is an odd number, 



« = o, + -^ (306) 



1 _i52"-^+ ,, . 

;^ = -- cos _^_-^^j-- V (Zo - Z . Z — 2i) 

= i-"^^"'- 0"-V"" ^/(z3-z.2-2,), (307) 

obtainable from the preceding case (306) by an interchange of Zq and 23, or 
Zy and z^. 

In all these cases of the prolate body 

23>2J>Z2, (308) 

and W- + E? = \. (309) 

Putting z = 00, 

y = ± tan-i -5 = -7^- sin-^ 2HK= J~ cos^^ (H^ — E?), (310) 

and at the same time 

X = 4 /(2.S, v)=^ sin- 4^ = J - cos- ^ ; (311) 
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■°**^** 2HK=l^, (312) 

J5P— jr = ^^. (313) 



32« When the body is oblate and the parameter is of the form 
we must take 



1,= ^. (314) 



;,.= _C08 Ji-^fn V (a>-z.2 — a,) 

= T '^^"' ^""'^ 'li-'^) ^^^^^^ -^-z-zi) (316) 

and ^— iP=(— 1)». (316) 

Putting z = 00 and t< ^ vt, 

;C = ^tan-'§ = ^8in->2fl-Jri(-l)»=-i^co8->(^» + i^)(-l)», (317) 

BO that, allowing for the effect of the i i log ( — 1) in (298), we may put 

2HK=^, (318) 

B» + K'=z^. (319) 

33. Finally in the case of an oblate body, when the parameter 

v = ^, (320) 

and n is an odd number, we must take 

with JP — H*=1; (322) 

and proceeding to z = qo, 

;K = -1 tan-^ ^ = A- coB-H^ + ^) . (323) 
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At the same time the associated pseudo-elliptic integral 

I(2v^, v) = — cos ^ -jT- = — sm ^ V/ ^ , (324) 

^ n li^ n IT 

'°*^** ^ + ^ = -^, (3251 

2gjr= ^-^y . (326) 

In such cases it is generally simpler to take a parameter 

V = ^ (327) 

80 as to make <t = in (294), and now, when z = oo, 

« = i», Nl=i8,-L\ (328) 

The resolution of the cubic S in (50) is not required now, because symmetric 
functions only of the roots «i, «,, «, occur; thus from (63), 

= «i + »» + «8 — U — ^ 

= i(y+l)*-2x- D-^, (329) 

Xif = — ^y + i{(y + 1)* - 8x} Z - i' 

= if V« + SZiPfJt; — i», (330) 

as in Lamp's equation of the second order. 

34. With« = Z^, 

-S=\^-\-{y^ \)U\^-AD{x-^Uf = S,8„ (331) 

where S^=. sey + 2xX + (y + 1) i» + 2L\ 

;^ = ay - 2xZ + (y + 1) U — 2Z». (332) 

At the same time we shall find that we can put 

iJ(2tj3, tj) = --8in ^^ -^j^i V/Si 



n 21,*' 

± „^„-i A — BL+ 01/ -v//Sj 

n 



= _L cos-' ^~^Mn •••• ^* ; (333) 
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while with z = oo, 

r = - sm-'K= ^ co»-^l! , (334) 

so that ., „ A + BL + OL' + .„ 

^^°^^= 2Z*«,or2(-XV" ^'^- 

^- ^= ^ Iz^^ot 2';-Ir-- V^3. (335) 

thus determiniug the leading coeflBcients, when the parameter v = 403/71. 

35. For instance, with n = 3, and taking the corresponding pseudo-elliptic 
integral, with P = J , 



sin" 
we have j^_ ^{c + L^ + 2X») 



^co«-'*-il^=l«n'-^-^f. (336) 



2Z' 
^^ v:(o + Z^- 2Z3) ^33,j 

Then XJP = c + i Z - i», (338) 

B __ N,N,Ns _ W\{c + L'f- W\ 
M LM' ~ c + fL — L'~ 

and the result is of the form 

i/. — i>< = icos 1 _ —H --l-— ^ ^^-^I^ 3 _ 1 g,n »— -_; ,VZ. (340) 

By squaring and adding, and by differentiation, we find 
„_ 1 — 6Z g. 
^•- -2¥-^' 

D- _ 1 + 6Z ij. _ 1 — 36Z« „ 

^»- — ^-^ — 2F-^+^ir^- 
= ?^i=3Pir+24^, 

2ilf if 

- _ 1—2^ /r _ 4 '>/\{c + L'y— 4U\ 1 — QL rr 
~ 2M 4C + L—4L' M 

— — P — 2Z , c + X' — 2Z '' 1 — 6Z | p. 
~ j if "•" 4c + i— 4Z; if ) 

= -(l-2L+4(l-6i)^-=^:| ^. (341) 
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If we cancel the secular term by putting 

Z = iP = i, (342) 

then ^1 = 0, Zi = 0, 11^ = 0, 

and _ , K 

H= V(54c+1), 

K= V(54c+2), 
9AP=5ic + 2= K\ 
3if = — K, Hi =1 — 1, 

W^^IT' -M^2K' ^^^^^ 

and now 

^ = , cos ' -^|izr?)i — 

= isin-^ _^ V]— "(540+ 2)z* + 32»+2x/(54c + l)2 — 3}. (344) 

This can also be written, with H for V(54c + 1), 

(1 — 2»)«e»**=^z'— 1 +iz^\-{W+l-)z*-\-Z^-\-2Hz — S\, (345) 

which by differentiation will be found to verify the relation 

<^ _ o L — Bz , . 

and thus (345) represents an algebraical case of the motion of the axis OG of 
an oblate body, relatively to a line Oz fixed in direction. 

At the same time the curve of (a, /?) or (p, m) will be given by a relation of 
the form 

where 1= K=V{E^+l) and J— H, (348) 



or 



(sP^°')={s(«+^'»)}' 



= /z» + /,2» + liZ + It+i {Jz + J^WZ, (349) 
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and we shall find that with 

the differential relation of (169) can be satisfied. 
The discriminant of 

Zi= — (£r* + l)2^+3z«+ 2iTz— 3 (351) 

is _|^(fl^_ 1)8(^+1). (352) 

If ^< 1, all four roots of this quartic are imaginary, and Z is always 
negative, so that no real solution exists. 

But if J5P > 1 , the discriminant is negative, and Z has two real roots, so 
that real cases of motion can be constructed. 

36. Making use of the results of the pseudo-elliptic integrals of higher 
orders, we find for w = 5 , putting Halphen's y = ar , 

iTor R" {^-LW\^+^L + {1 + x)L'+2L^ 

^^""^ 2X«, or 2(-Z)« ' 

Hot K- (^ + LW \^- 2xZ + (1 + x ) Z^- 2X^ [ . . i 

according as L is positive or negative, and to make the solution algebraical by | 

cancelling the secular term, put 

X = iP(«)=?^. (364) 

This makes 

E- IT_ (— 1 + 13a;V (3 + 33g + 12 1a* -I- 9a:») i 

A or ^ (T^Sa:)' or (3x - l)« 

(1 — 3a;)*or (3a; — 1)« ' ^ ' 
N,N^, = VU*i - i*)(«« - L')(s, - U) \ 

_ \/]2(l — 18a)(l — llx — a»)(3 + 33g+121a:' + 9a:')} ,^^q. 

1000 ' ^ ' 

LIP = 24(l+2x)(l-llx-«») .357. 

1000 ' '' ' 

and putting 

^ = *«°»^ (1-^). 

= i 8in-» ^J±^±^±^^Z, (358) 
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where Z= -{if - l){^ - 1 + E) - 4 (^^~ -)*, (369) 

the differential relation (46) shows at once that 

fii = and ^1=0, (360) 

As the result of an algebraical verification, it will be found that with 
3x — 1 



Z= — 



10 



7Jf»- 24(2a; + l)(x'+llx — 1) 
1000 ' 

j^__ 24(2a; + l)(a»+llg— 1) 
100(3»— 1) 

i^_ (3g — 1)« 

if 24(2x + l)(a^+ 11a— 1)' 

BL__ NjN^, 

_ 1 (3x— l)Vj2(18x— l)(9x» + 121g' + 33g + 3)} 

24-V/6 (2x + l)« (x»+llx— 1) 

5^_ J_ V]2(18x— l)(9y'+ 121x»+ 33x + 3)} 
M 12 (2x + l)V(x*+llx — 1) 

L^_ 1 (3x— 1)« 

M 2n/6 ^/{(2x+l)(x»+llx— 1)} ' 

g, 2x* 260x» 

LIP 3(2x + l)(x«+llx— 1)' 
«_, F_ ex'— 181x»+27x — 3 . , 

^-^~^-3(2x+l)(x»H-llx-l)' ^^^^^ 

and then 

^_ ^ (3x— l)(x»+66x— 11) ^ 
6(2x+ l)(x»+llx — 1) 
1 (3x — l)VJ2(18x — l)(9x''+ 121a^+ 33x+3)f 



z 



(362) 



3V6 (2x + l)» (x» + llx— 1) 

1 (3x — l)*(26x* + 21x — 21) 

18 (2x+ l)'(x»H- llx— 1) 

We must now take 

„ _ (13x — l)V(9x» + 121x* + 33x + 3) 

(3x - 1)» 
K - (7«+l)V]2(18x-l)(x«+llx-l)i . , . 
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and tbenoe we find 

R —A. { '^x—\ )»y(93? + 1 21a:? + 33j: + 3) 
•~ 3 (2a;+i)(3x-T)' 

^_Jl (1 2a;+l )V|2(18j— l)(a^+ng — 1)[ 
*~ 3 (2x+l)(3x-l)» " ' 

^__5 (7.tH-1V|2(18x-1) 

' 3V6 (2x+l)»(3«— 1) ' 

^ _ . 4_ »^9t^-^\2\3?±ZZx -\-Z)-^{3?+\\x—\) 

' 3V6 """ " (2x+'l)'(3a-— 1) " ' 

/7 — 22. 'V ^C^.c — I M^^ + 1 21aM^ 33x+_3) 

*~ 9 ' '""(2x+l)2 

„_ 1 (22x» + 42a; + 3V{2(18x-l)f .„„.x 

^»~9V6 (2x+l)' ' ^ ^ 

A numerical verification is obtained by taking a; =: 2 ; this makes 

^ = 1, A»=l — ^=- I; (365) 



and then 



Z=-2*-^z^-^9^.-A; (366) 



and H = SV'S , K — 3Vl4 ; 

5, = |V2i, ir3 = |v/30; 

Ht = ^^/5, ir5 = ^V21. (367) 

37. With n = 7 and a parameter 

« = 4o«, (368) 

we take, in (49), 

x= — c{l+cy, y = -c(l+c); (369) 

and now we find 
KoT H 
]c^(l + c)»+(l+c)'Z — Z'fV] c» (J + c )»-2c (1 +c)'X+(l +c— c»)Z»+ 2Z»} 

2X'or2(— Z,)' 
fl^or^ 

_ {c(l+c)'—{l+cyL-mV\<? { l+cy+2c{l+eyL+il+c-(f)r-2L'\ . ,„-„x 
2i?or2(-X)* ' ^"*^"^ 
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and the solution is made algebraical by taking 

Z = iP(t;) = ?-±^J^. (371) 

With n = 9 and a parameter 

tj = ioj, (372) 

take ("Pseudo-Elliptic Integrals," p. 232) 

x = p'{l-p){l-p+2^), 2/=i>»(l— i>); (373) 

and now 

JTor fl^= 

\p'{l—p){l-p + l^-p*{l-I> + 2^)L—^{l-2p)L'+L'\ 
^\p*{l—p){l—p+jr^) + 2pHl-p){l-p+r^L+{l + 0+p^—]jflyL+2 L» \ 

2Z»or2(— Z)« ^" • 

Hot K= 

\p* {i-p)(i-p+p^)+p* {l-p+jj^) I^f (l-2i>) B-U\ 

'^\ p\\-p){\- p-\-f)-2i?{\-p){\ -p-Yf)L-^{.\-^^-f-f)V-2U\ (375) 

2Z,'lor 2(— X)» ^ ^ 

aind so on for the higher values of n, but the complexity increases very rapidly. 

38. Making use of the theorem in §30 that !=■ Kox HvaA J=. Hot K, 
according as the body is prolate or oblate, in the associated pseudo-elliptic 
expressions of » in (184), we can now write down the corresponding formulas, 
and determine the remaining coefficients by means of the differential relation 

dz {l + aB—;f)s/Z 

Thus with the parameter t) = ©j -f i u, , 

vB—pt = i cos-J ^-^^-+-J^-v/(2, — z .2s— z) 

= i sin-' _A+A_V(z -z,.z-z,); (376) 

with ri_ j^t_ D + N^N^ 

^ -^ W ' 

p^Ip^R:=^^%. (377) 



(192) 
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and then 

J "M 

The relation (376) may also be written 
{^ P«*'°'~'"'} = (^2 + ^iM^o -z.z-Zs) + i{Jz + J,W(z -z,.z-z,). (379) 



With a parameter « = J (jj, 

k COS"' — 

/« + J, 



m—pt = ^ cos-i -^:^jhA_v'(z - z, . z - a,) 



i sin-' -~_Y_^ ^^{z, -z.z-zo), (380) 



or 



[-J-pe'''^-'''y={Iz+I,y{z-z,.z-z,) + i{Jz-^-J,Wiz,-z.z-Zo), (381) 



wi 



th 



J^=K'= -''^Vt-'^' ; (38 2) 



and then /j (Z -fP)' + N^N^ 

J' PM 

I LM 



(383) 



So also with a parameter 

w = Oi + |<j8, oiOi + J(j„ or J ©8, (270) 

the expressions take the form 

= (/z^+ 7,2 + /,)\/(z,— a . a - 2,) + i (Jz* + J,2 + Ji)\/(2,— z . z — z,) , (384) 
or = (/2» + 7,2 + 7s)V(2,— 2 . z — 2,) + 1 {Jt?+ J^z + JtW{z^— Z.Z — Zt), (386) 

or =(72'+7iZ+7,)\/(2 — 2,.Z — 2j) + f(Jz»+Ji2+/8)V(z,— Z.2 — J!,). (386) 
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Thus, in completion of the preceding special cases of §§28, 29, we find for 
a parameter v = % 4- ^ (^ > ai^d, in addition, with 
5 = , iV, = 0, Z = -v^Cl + c), 
ilfrrVc + c* — Vc; Nt = >/{\-\- 2c), N^=l-\- c, 

Nl-Ni_ _ _v^(14-c) + l_. 
«-p.= icos-^2^+^y(2^-2-f z + *) 

with a corresponding 

_ V(l + c) - 1 

=*"'- ^2(1-"^) A'^+'4'+^)- ("^'* 

For the parameter v^^iog, with 

«, - ^« = ^ cos-^ , 3 ,^,^ ^ — ^v^r^ - iv(i + «w^-r-i 

-^ z*— ]V(H-c)— Vc}*^ L 1 + 2c J 

jV(l +c)— ^/cP 
= isin-»^-^lljL^L_^^[(l+2cO]^(l+ c)-^cP-<l . (386c) 

In the numerical case of the parameter » = ©x + J 0)3 in §29, we find 

«;-«< = * C08-> ~ "^"^l^y ^^V (- 2»- 2V72 + 5) 

= isin-'^^2^^^-J^-^V(-2^+ 2V7Z-3). (386c£) 

Or, in the algebraical case, with 

B=0, Ni=0, Z = (l — c)V(l — 2c), 

if = V(2c — c»){ 1 — c — V(l — 2c) [, 2^8 =V(1 — 2c) , JVi = (1 - c)^/(l — c»), 



^2 Greenhill : Motion of a Solid in Liquid. 

we find 

and 

ll— V(l-2c))' 
and now the result can be written 

+-^=ico»-?^+-fi+.^V(-^-24^+*) 

= *»"-^f^#V(-^ + 24^ + *), (386/) 

^(20 — c*)' '" • l+v(l — 20) 

With a parameter n = a, 4-}u„ and, as in (284S), 

=*»'■"- ^F^v/{(^^)'-^}, (3se,) 

where j 3£ + (l +c)(i - 2c) j _ j, M 

So also with a parameter i? = J Wg, and J? = o, iVg = 

IV(l-c«)+V(2c-c«)) ®^- 



where 
and then 

where 
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The expression for m in the algebraical case, when the parameter 17 = ^0)3, 
has been given already in (347) and (349). 

So also, corresponding to the algebraical case in (358), we shall find 



or 



= (/z» + V +....+ /b) + i (J^ + V + ^«2 + Jg) V^, (387) 

where 

T—K— (7g + lV]2(l8g — l)(a;»+llg— 1)} 

(3x-l)« ' 

r- IT- (13g — l)V(9!g ' + 121a» + 33x + 3) . ,„_. 

j_ti (3^r:ri)i ' (388) 

and then 

J _,^L_j_ 5_ (1 3.g — l)V(9a ^ + 1 213^ + 33a; + 3) 

ij-iu ^ J- ^g (3a; — l)V{(2x+l)(a;2+iiaj — l)]• 
J _ ,0 ^ /- _ -5- (7g + l)V| 2(18x-i)f 

'~ ir -s/6 (3x — l)V(2x + l) ' 

y _ 3 (31a;» + g— l)V]2(18x— l)f 

" 5 (3x — l)V(a!* + lla; — 1) ' 

/ = i (I8g — l)(31a' + X — 1) V(9ar' + 121a;' + 33z + 3) 

* 3 "(2x + l)(x» + llx — l)(3x— 1)' 

, _. _ 10 (122x^ + 309x» — 367a^ + 66x — 3) V (9 x' + 1 2lx' + 33x + 3) 

' 3V6 (2x + l)»(x* + llx — iy'(3x — 1) 

J \_ (Six* + « — l)(26x^ + 21x — 21)/v/]2(18x — 1)} 

'~ 3V6 (3x — l)(x»+ llx — l)(2x+ 1)' 

h--\h{\-E)-'i.^J^ (389) 

= o^fi'ltu?\l'^f'^^? (S812x« + 31956x»- 29655x* 
9V6 (2x + \)% (x* + 1 Ix — 1)K 

+ 37830x»— 13495x*+ 1596x— 57). (389) 
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Tbe f|>e«r.^ cuiaerical case of jc = 2 makes 

y= o^'o. /; = — o^^21 . 7j= — - V, = ^ — - 

wiii Z v^6 J? _ %/"'^ 

IT" 12' ^T 12"" 

an J ibese numbers will be found to Terify. 

S*, In dome cases a factor of Z. sav z — 5, . can b^ ob^ned ; and with 

wi^ caa take Weierstrasa s formula 

9H = i ,...4 -r 2?.;, + - -r 'i^r^JT--'^'^^ • ^*'^^ 

and now we put 

-~-=»^~l^- •391) 

when? <pr has the expreasiou giren ia »Sdi. 

The more g«ieral form of T. iiiTolTinz cin.'^-Llirion. etc, ciat now be 
employed* without iutroduciug additional cc:n:lica:::n. 

It is conTeaient to put 

1 + aE = ir. ^392i 

so that 

Z= 1 i^z^ - 1^ I* -- i^) - 4 ^^ ~ ^j': 435*3) 

thus ; ::f 1 is * factor of Z if £ = nt Z. ani 5 ^ i 15 a rVror if ^ = dt ZX-- 

The case of B =^ Z may be suppvve-i :o be produced when the body, pro- 
jecteil originally as a perfectly centred j rvYe-^ti'e fr?r-i a rld-e*! ^un. has struck 
aa oWtacle. thus setliag up gyradocis ia which :he ax:> OC periv>i:cally passes 
thi»ugh Ch. as in the ivrr^jKniding nititre' ciirre> de:s:r{:ei ry the axis of a top 
di^nis^ed iu Profetssjor Kleiu s paper oa *^Tae S::ibr..:y of a Sleeping Toa~ in the 
BuUetiu of the American Mathematical Society, J^n. IS §7. 
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40. Now, with B =z L, and z — la factor of Z in equation (390), 

pu = i(a + c) + ^-ti^. (394) 

Z — 1 

""•^ c = -ia-i^-l4r' (395) 



M'- 



BL „ D 



d=2^^=2^; (396) 

so that p, _ p„ = J ^ + _M_ , (397) 



or from (65), 



(T — 8 _ a 1+z 



V— 2 2Z 1 — z' 

<r — g. a^ 1 + z» 

^/— 2 2X 1 — z.' 

« — »- _ a z — z^ 



V-2 X (l-z.)(l-z)' 



or 



But from (393), 



if " (1 - z.)(l - z) 



so that 



so that, as in (48), 

r < 



(399) 
(400) 
(401) 



= *^M--:TT7f--T^• (^02) 



a (z - z^){z - z,){z — z,)=a{z+ l)(z» — A:») _ 4 -^ (z — 1) . (403) 
a (1 — z.)(l — z^)(l - z,) = 2a (1 - F) = - 2^, (404) 



and ij? = i ^8 :? 

= ^^^(^' 



Tif ds _ dz /^^-x 

^77^=77^- (407) 
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With Z = J? in equation (59), 

M M~^ LM* ' 

or nM=aNiN,N„ (408) 

80 that, from (63), 

aL*M^ = L* fl" + ZiPvv - n ^^^^) 

= aJV?iV?iV| = (X» + <T - «0(^« + (T - «,)(X» + <7 - *3) 

= L* + ZDM^vv + i DMYv + i 2 , (409) 

or aZV— 2 + iZ*ifV'» +i2 = 0, (410) 

80 that L mu8t be determined from this cubic equation in a very similar manner 
to that required in the Spherical Pendulum, as discussed in the Proceedings of 
the London Math. Society, vol. XXVII, p. 607. 

Having determined L, or, in a pseudo-elliptic case, having expressed 
L, a, V — 2, fW) V^'v and P in terms of a single parameter, 



«4' = 2nEr 



M l+z »/Z 

_ 2X ds 

1 + 2 -v/zS" 

and 2 + l_of — 8 _ L 



(411) 



z — 1 i^if' iaV— 2 
2L{ a — 8) 



(<r — «), 



80 that 



jL(<t — 8) — iav — 2 
,1 Z(g — s) — jaV — 2 ds 

-(^-*^^v^ + * ^^8 VS' ^*^^^ 

^ = k=^nt + I{v), . (414) 

and similarly for w, which can be made to depend upon the same integral I{v). 

The case of B= — L is the same as the preceding, with z changed 
into — z, so that this case does not require separate treatment. 

A reference to equation (14) shows that, with B=: ± L, 

^ = or ^ = 
dt ' dt ' 
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and ^ is now pseudo-elliptic with ■>//, as also u + vi and p + qi, on reference to 
(179) and (180). 

41. A numerical case will serve to elucidate the preceding theory. 
Take v = 4tt3. and in (410), a = — 1, y =z x= — i, when 

-v/— 2 = x* = i, MYv = a^ — x^ = i, (416) 

and then — ii» + tVX» — ,V = 0, (417) 

which is satisfied by i = — i; and now, in (353), 

5^=2^2, ir=— 3. (418) 

Also in (329), 

M* = ^{l + xy — 2x — L' — ^=2, (419) 

LM* = ^^, -^ = _iV2; (420) 

and in (65) and (69), 

^'=-^, = 1. (421) 

BLM= - N,N,N, = - g;^ , (422) 



1 L 



and now in (147), 



(423) 



M W2- M ' 

and Z = — 2^(2?— 1)— i(«+l)» 

= (z+lj(— z» + z»--j2-i). (424) 

We therefore take, from (398) and (405), 



-£- = -JV2; (428) 
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so that 

Taking the pseudo-elliptic integral (Proc. L. M, S, XXV, p. 214) 

- i oos-i (l-3x)^ — (2z«-x»)g + g* 
_tcos —^ 

= i8in-ii^V/S', (431) 

with y = X = — i, and making use of (425), we find that 

I , s _i2\/2z' — iV22 + fV2 ,, , ,, 
^ — i>« = I cos ' — /i_^xi - -^(^ + 1) 



(1 - z)i 
] 
(1 - z)* 



= isin-'^^^l^/{-^-{-z'-U-^), (432) 



and this, on differentiation, will be found to satisfy (430). 
As for equations (165) and (169), they become 

-O !^=W2±±^, (434) 

the integral of which, derived from the pseudo-elliptic integral (Proc. L. M. S. 
XXV, p. 213), 

- i oo«-i (3 + a;)^'— (1 — 4x-2g»)^ + a!' + x» 
-*°*'^ 2(« + x)» 
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by making use of (426), becomes 

w-pt = l co8-^ ^^'jF* ^(^ + 1) 

= |Bin-^^^^i^V(-^ + ^- (437) 

which will be found to satisfy (435) . 

Equations (432) and (437) can also be written 

l^pe^'^-'^'*}* =(2?-i3-iV(2 + l) + iv/2(2 + iM-2'+ »*-*''-*)• (439) 

Now, in (179), 

P{u + m) = — J?" sin ^-0-^)"*+'"*e<*-i'«*, (440) 

while 

{sin de'*-""'}* = V2 (22» — i z + i){z + If + i (— 3z + 1)(2 + 1) VZ. (441) 

But, while keeping Gr unchanged, G and r may be varied so as to make 

(i-x)'' = ^' (4^2) 

and now 

I -^ (u + tn)| '= -^2 (2z» - ? z + i)(z + 1)» + i (3z - l)(z + 1*W^, (443) 

with a similar expression for^ + g^ obtained from (180). 

42. With B — Lk = (444) 

*°^ l + aE=^, (445) 

Z=(z-4){a(z^-,)(z + -f-)-4^(z— f-)|. (446) 

A similar calculation shows that 

B 



<r — » 



M' 



=^<^-0— ^' (*^^) 



^-x 



and aiV— 2 — iXV'v— i2 = 0, (448) 

the same as (410), when L is changed into — L. 
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With z =- a factor of Z^ -^ = when z = -=r- , and the curve (a, ^) 

Jj az Jj 

has a series of cusps. 

But with z =5- a factor of Z, -^ = when z = -^ , and the cone des- 

1> az Jo 

cribed by OG round OG has a series of cuspidal edges ; and in this case we find 

z + — 
fm — ipw = ia (^ - 1) ^ . (449) 

43. The integrals are non-elliptic when the quartic Z has a pair of equal 
roots ; this will be the case if the body is projected in the direction of its axis 
OG, with a rotation about OG, as if fired from a rifled gun and perfectly 
centred. 

Denoting the velocity of projection by F, and the angular velocity by r, 
then in the preceding notation, 

F=RV] G= GrRV=GrF, or B = L, ^=0; 

2T= BV'+Gr' = ^ + Gr^i (450) 

Z=a{:f-iy-4^,{z-ir 

= {z-iy[a{z+iy-4^,y (451) 

ndt _ 1 

dz - ,, _ .A . ,, ^ ,x._ ^ ^ 1 (452) 



(l-zy[a{l + zy-i^] 



dz -^M ,, ,. ,f ,, _L ^, , L' \ (463) 



(l_^y{a(l + «)»_4^} 



If the body is oblate and a = — 1 , the only solution is z = 1 , so that this motion 
is stable ; but, at the same time, putting 

1—2 = 2^, (454) 



then 



^=„V(_l_^+2^_iy*), (465) 
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so that ^y -—n^fi+ ^* "^ « -U 

when y is small ; so that the number of complete oscillations in one second is 

But in a prolate body, with a = + 1 , then (i) with -^jf > 1 > 

dt 1 

n — 



and integrating, 



nt = / , ro r cos" 



7— — jT^ v^vrO / 



sin-' 1 ^^ ''^ ^, (469) 



A^-0 v/ 4('-') 



but this does not represent any real motion of the axis, since z oscillates 

between ±: 1. 

The only solution is therefore 2=1; and to find the period of a small 

oscillation, putting 

l — z=if (454) 

as before, 

^=„y(i-^-s/' + jy.), («8) 

W=-''*(f-0^+ (««) 

and the axis thus makes 
complete oscillations per second. 
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Thas to secure the stability of this elongated projectile in its flight we 
must make 

44, But (ii) with -^ < 1 , integrating 



nt= —, ^^rr ch 



.. /(-^)(-H'+4) 

v'O-y) v' 4<'-^) 



(459) 



so that the motion of the axis is unstable, and, after an infinite time, is given by 
the equation (469) above. 

P^"^^« A = co8a, (460) 

M 

, 2/ ^ • \ (1 — cosa)(l + a+ 2cosa) /vici\ 

chnn^Bma)= i 2cosa(l-.) '^ ^'"^ 

sh» (n« sm a) = (1 + cosa)(l + a;-2cosa) (^32) 

^ ^ 2cosa(l — 2) ^ 



V ,« . . V z — COS 2a 

ch(2n<sina)= rr— ; — r, 

^ ^ cos a (1 + 2) 



2; 



_ cos 2a + cos g ch (2n< sin a) 
1 + cos a ch (2n< sin a) 



(463) 
(464) 



1 I o COS a + ch (2n^ sm a) (AafC\ 

1 + 25 = 2 cos a —-. — TrTTT-T-- \ ; (466) 

1 + cos ach (2nt sm a) 

dr^ 2ncosa 

'di 1 +z 

_ 1 + cos ach {2nt sin a) 

cos a + ch {2nt sin a) 

, nsin'a tAi^ax 

= ncosaH 1 — , ,^ ^ . X, (466) 

cos a + ch (2n< sm a) 

,_ . ,1 _i 1 + cosach(2«< sina) 

^ = 7rf cos a + i cos-^ — ! — , .), ^ . r^ 

cos a + ch ( 2nt sm a) 

J 11 —1 2 cos a i Aon\ 

= w«cosa+*cos ^— . (467) 

1 + 2 ^ 
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dm ex L Z — 2? ft 2 

-T- =2n^jr -5 = 2n cos a — - — 

dt Ml — 2? 1 + z 



At the same time, from (169), 

= 2n^ 
A 

c os 2a + cos g ch {2nt sin a) 

cos a + ch (2nt sin a) 

= wco8a 1 .^ ^ . r, (468) 

cos a ch {2ffit sm a) ^ ^ 

- 1 ^^ _i 1 + cosach(2w< sina) 

tiy = w<cosa — ^ cos ^ — ! — , \ —-. ^ 

cos a + ch (2n< sm a) 

= w< cos a — i 008-^4^?^; (469) 

1 + z ^ ' 

so that, as in (167), 

I — ^^o-i 2cosa_ .^_i\/](l + 3)^ — 4 cos* a} ..^^. 

of/ — nr = cos --— — = sm — ^-^^ /— ^ . (470) 

1+2 1 + 2J ^^ 

Since E=0, a=l, 

S^=^-^' (471) 

so that the (a, ^) or (p, w) curve is given by 



1 -1 2 cos a 
xB'=znt cos a — i cos * 7-;; PO^ 



Prom equation (165), 



= )!< C08 o - 4 cos-> 5 __i £_»L£i . (472) 

A'n' 



^*=^+^nV 



or 



— ^ _i. J sii 28in«a |» ,,^,, 

c?y _ TT _ AtI^ sin^g 

dt ^ 1 + cos g ch {2nt sin g) 

An? sin* g 

^ j 1 + cos gch(2n< sin g) } ' 



, . -4w^ 8in*g 



and integrating, 

y. An sin 2gsh(2n< sin g) 

''" ~F 1 + cos gch(2w« sing)' ^^''^^ 
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thus determining a, ^, y as functions of the time t, an infinite time after the 
start. 

If X = 0, co8a = 0, a = \n, (476) 

as if the body was fired from a smooth-bore gun without rotation ; then 

dt "' dt "' 

''^"^ |^ = n(l + ^), (477) 

z=tanhn<, (478) 

p = ^sechn<, (479) 

and the motion is confined to one plane. 

45. When the body is projected sideways, in the direction OA, with velocity 

y, and with component angular velocities p and r about OA and OG, then 

initially, 

w=7, v = 0, 10=0, 9 = 0, (480) 

so that F=PV, G = PVAp, 

n AnF M ' ^ ^ 

2T— C7^ — ^ = PV+ Ap^ + Ct^— ^ V^—Cr^ 

ft a 

= — An'a + iAn*~g; (48 2) 

^=-« + 4;^. ^=-«+4;^; (483) 

Z= a («• - 1)» + a («?- 1) - 4 -^', (««- 1) _ 4 (^^y 
= ,|„,(^_l)_4^?^% + 8^}; (484) 

SO that this case comes under the head of those cases where a factor of Z is 
known ; and here we have to put 

<T — 8 

:=pv — fpu 



M^ ^ Mh 



= i«+^ +-;^^- (486) 
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When there is no rotation ahout OC, so that r = 0, 5 = 0, 

Z = Z^[a{^-l)-4^\, (486) 



nd^ 
dz 



;^|„(^_l)_4-g|. (487) 



and therefore z = is the only solution for a prolate body, with a = 1 , since 
2? — 1 is negative ; but 

V --"'(} + 'vh (^'" 

80 that the axis makes 

small oscillations a second. 

But with an oblate body, and a = — 1 , 

dt _ 1 



n 



* ../A_^-t'_^^' («») 



'V('-^^-^)' 



SO that the form of the integral is diflFerent according as 1 — 4 ^j^ is positive or 

negative. 

1} 

When 1 — ^^m ^^ negative, the only real solution is again 2 = 0, with a 

small nutation of the axis OG, making 



n 

oscillations a second. 

But, with 1—4 ^p- positive, 



"^ (*§>-') <"'' 



nt J- 7TTch ^ 
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Also 

^ = 2 — i 






2A 

Jf ^ ^(1 — 2*) 

-o^ .j_ -in^"*^""'*) (494) 

With B = 0, E=i, a = — 1, and in (165), 

^ = ^-l+E=^, (495) 

p = ^^ = ^V'(l_4^)8echV(l-4^)«^ (496) 

and from (169), 

w=2A„<, (498) 



M 

so that 






(499) 



a curve of the nature of a separating herpolhode. 
At the same time, in (156), 

|l=r-^(l-4-^>chV0-4^)-, (500) 

thus determining the motion of the body completely. 
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46. The discussion proceeds in the same manner when we put 

p — 0, G = 0, Z = 0, (502) 



and now 



Z=^{a(^-l)-4^^, (603) 



dnt 

dz 

z 



dz ~ M {1 — t?yz 



^ (l-««)^|a(2»-l)-4^[' 



(505) 



and since 



E= — a + 4-^, (506) 

dw ^ B z 



= 2 
= 2 



dz M (1 -\^E—^)'^Z 

B 
M 



Considering only the case of the oblate body, a = — 1 , with 1 — 4 -j^^ 



positivt*, 



2-^-z 
•4,=: cos * 



= «in- • -7^^ ^ — . (509) 



OT = cos" ^ 



v'0-^^)A^^+^) 



VO-^^)V(^^+^) 

s=^^+^^ (-) 
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80 that 



A>-^^)i--=^lVO-S). (-) 



or, putting -^ = c, 



a' 



a 



M* 



-?- + *-^-5r=l. (613) 

the equation of an ellipse. 

The expression for Fwill be of the same nature as in (475). 

This last state of motion can be illustrated experimentally by holding a disc 
of cardboard between the finger and thumb and flicking it sideways in the air. 

47. The analysis developed here for the motion of Solid of a Revolution 
under No Forces in Infinite Frictionless Liquid is also available for other 
dynamical problems ; for instance, in the exact treatment of the Precession and 
Nutation of the Earth's Axis, when, as in Poinsot's ** Addition a la connaisance 
des temps," 1868, the mass of the disturbing Moon and Sun is supposed dis- 
tributed in the form of a circular band or ring in the plane of the ecliptic, or 
else condensed into two equal repelling spheres, placed at the opposite poles of 
ecliptic at the same radial distance. 

These equations are considered by Tisserand in the Comptes rendus, t. 101, 
1885 ; as also Gylden's intermediate orbit, described under a central force vary- 
ing partly as the distance and partly inversely as the square of the distance, 
which leads to similar analysis. 

The motion of a ball rolling on a gravitating sphere, in which variations of 
internal density give rise to zonal harmonics of the first and second order in the 
expression of the potential, as well as the motion of a particle sliding on the 
smooth surface of a homogeneous gravitating ellipsoid of revolution, are further 
applications of the same analysis. 

48. Taking the case of Precession and Nutation, in which the disturbance 
is due to a mass M, distributed in the form of a ring of radius R, the forces 
acting upon the Earth, an oblate spheroid of which the equatorial and polar 
moments of inertia are denoted by A and G, are equivalent to a couple round 
the line of nodes, of moment 

^:i^{G—A) sin 3 cos 3, (514) 
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tending to decrease ^, where ^ denotes the obliquity of the ecliptic, and y the 
constant of gravitation ; so that 4^ denoting the longitude of the node, the equa- 
tions of Energy and Momentum may be written 

M^' + M8in»3^=-f^(C7-4)sin>3 + ^, (615) 

A sin» ^^+ Grcoa^=G, (616) 

where H and K are the constants of the problem, and r the constant angular 
velocity of the Earth about its axis. 

Putting cos 3 = 2 and eliminating ^^ between (616) and (616), 

= n»Z, (617) 



on putting 
and then 



3yif G—A_ g 2H ,n ,^,„, 

-%i 1— = «'. ^ = »*^. (618) 



B' A 'A 



d^ _ G—Gtz 

dz An{l — ^)s/Z' ' 



(620) 



equations of exactly the same form as those required for the motion of an oblate 
solid in liquid, so that the previous pseudo-elliptic solutions are immediately avail- 
able; for instance, the algebraical solutions given by equations (346) and (368). 

To gain some idea of the actual magnitude of the constants in this problem 
in the actual case of the Earth, let fi denote the mean angular velocity of Pre- 
cession and 6) the mean obliquity of the ecliptic, then (Quarterly Journal of 
Mathematics, vol. XIV, p. 173) 

_ SyM G—A ,^^ . 

so that • f. G /.r««\ 

n*=2-^r^ seccj; (622) 
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and in this equation we may take 



-^ = 1, G)=23°27', (523) 



aad, with a year as unit of time, and an annual Precession of 60". 26, 

60.2 6 
206266' 



r=2,tX366, M=^|.; (624) 



this makes „ = 1.116 and ^ = 2062. (625) 

But if we try to utilize the algebraical case given by equation (346) we find 
from (343), 



An M K \/{H^+l)' 

which, with i?^]>l, must be <[ 0.707, so that the angular velocity of the Earth 
would require to be reduced to about one three-thousandth of its present amount 
for this motion to be possible ; and now the path of the pole in the sky would 
give rise to interesting astronomical speculations. 

49. In Gylden's orbit, with polar coordinates p=— and m, the central 
force 



^=/^ + -^; 




(627) 


r 

or, more generally, 






P=ap+26-^f , 




(628) 


1 

suppose ; so that 


4d 
9 


(629) 


and M dw T 




(630) 


Thence 






p»^ = ap« + 46p« + ecp'' -\-4df — h\ 






= B, 




(631) 


suppose ; so that 






dw h dw — hu 


..2 ■ ,11... • 


-^ (631a) 
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is the differential relation for the orbit, and thus pseudo^Uiptic cases can be 
constructed, immediately from Abel's analysis {(Euvrea complhtes). 

50. For the motion of a ball, of radius 6, rolling on a sphere of radius 
R — 6, under a zonal potential denoted by F, the equations of Energy and 
Momentum become 

(l + |-) Bin* ^ - J- + ^ r cos 3 = G, (533) 

where k denotes the radius of gyration of the ball. 

The variable part of F depending on cos 3. and cos* 3^ or sin^^, we can 
bring our equations into the same shape as before by putting 

V + H= i n^S? (l + -S-)(« sii* ^ + 4*' cos ^ + D), (534) 

and ^ ^ r, . i?\ L J(?r ^ /, . J^\ B 



G 



so that 



~ + sin« ^ -^ = w' (« ein» ^ + AV cos 3 + ^) , (636) 

. or. eft// rt I^ 5C0S3 /co^\ 

sin' 3 -V- = 271 ttj . (537) 

dt M 

Eliminating -^ and putting cos 3 = z, we obtain as before 

(Jit 



w='^^- 



where 



Z=a{l-^Y + {m+D){l-;^)-A(^^-^y (538) 

*^^ ^ - 2 L — Bz 

of which the special case for 6' = has received consideration, and the solution 
proceeds as formerly. 

When the ball is projected without any spin, so that r = 0, the equations of 
motion are the same as for a particle on a smooth sphere, in the same field of 
force ; and now, with ^ = , 

Z=a{l — z«)(l —7?+aD) — 4~. (540) 
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^=n'(a'-^W-z'), (541) 



With a positive and equal to + 1 , we can put 

and taking 

/3>l>a>2> — a>-l>i(J, (542) 

the particle or ball crosses the equator, and 

or z = a sn^nt. (544) 

Putting 2* = 1 makes 

i^ = i^-l){l-a*), (545) 



(546) 



80 that d^ _ a/\{^—1)(1 — a») } 

dz (1 — 3*)V \ {a* — 2»)("/^ -^^ • 
Now if we put 

^ = xandJ^ = a, &»=|-; (547) 

/ »V^ — a(l — a)(l — A!«a)} ^ 

^ V a — x */\x{l — x){l—it?x)\ 

where X=x{l — x){l—Ji?x), (549) 

and J. is the value of X when a replaces x ; this is a canonical form of the 
Elliptic Integral of the Third Kind, with the appropriate multiplier V{ — -4) in 
the numerator. 

With a negative and equal to — 1 , we can have 

Z={o? — ^){^^^). (550) 

With Z={a? — ^){;? — ^), (551) 

the path of the particle is bounded by two parallels of latitude on the same side 
of the equator, and 

l>a>2;>^>0>-i8>2>— a>l; (552) 
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= l.d„-.j^,V(i-^){, (.ea) 

2=a dD aw^, (564) 

''"'^ 4-^ = (l-a'')(l-^»). (655) 



(iz ( i — ^)s^\ (a- — «*)(2» - ^) ( 



a" a' a* 



makes 



(656) 



Putting i? 1 , /32 « /„^x 



where X=x{l — x){x — It!*). (569) 

With Z=(a»-a«)(z» + /3*), (560) 
the particle again crosees the equator, and 

= V(a*Vi3')'''" l"^' V(a^ + ^)t' ^^"^ 

i8 = acn v'(a* + /3*)n<, (562) 

4^ =(l-a»)(l +/?«), (563) 

and with z* __ 1 „ a? 7. /cn.\ 

_=x. -^-a, ^^r^r^-^, (664) 

''^^'•^ X=x(l-x)(x+^). (566) 

Thence pseudo-elliptic cases can easily be constructed, but the secular term 
cannot be cancelled. 
10 
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But when the ball is projected with appropriate spin r, we have an addi- 
tional constant at our disposal, and it is possible to make the path an algebraical 
curve ; thus, for instance, from (345), the equations 

sin« e cos 3'4/"= 5^cos« 6 — 1 , (567) 

sin^ e sin 3'^/= cos W\ — {H^ + 1) cos^ + 3 cos^ + 2JJ cos 6— 3 }, (568) 

represent a possible algebraical trajectory of the centre of the ball, rolling on 
this gravitating sphere, the circumstances of the initial projection being chosen 
appropriately. So also equations (358). 

51. In the motion of a particle on a smooth, homogeneous, gravitating ellip- 
soid, bounded by the surface of revolution about Oy of an ellipse 

I- + 1^=1. (669) 

referred to Op and Oy as coordinate axes, the variable part of the potential on 
the surface may be put equal to i Ap\ so that, with cylindrical coordinates 
p, fv, ^, the equations of Momentum and Energy may be written 



p'^=^. 


(570) 


f +.>'^ + f=V + i'- 


(671) 


From (569) we find 

dy _ 13 p dp 
dt a -v/(a' p«) dt • 
so that 


(572) 



or 



df p* a* a* — p* dfe* ^ 

|a«-(l-^)p»[p*^ = (a«-p»)(Jp* + 5p«-ir»). (673) 

Putting p*^a*2, 



") 



= 4 



l'-('-^)4*' '"*' 
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where 

Z=(.-l)\(l-§.y-l\(A^+^,-^) (576) 



and dm K 

^~df~~^ 

so that ^ /^ ^ 



'^=^. ■ (576) 



^ = iA ^~\~'^y (577) 

dz a* z\/Z 

and this can be treated in the same manner as the previous equations (631) for 
Gylden's orbit. 

ARTILLBRY Ck>LLEOE, WoOLWICH, 87 April^ 1897. 



Surfaces of Rotation tvith Constant Measure of 

Curvature and their Representation on the 

Hyperbolic (Cayley^s) Plane, 

By Geo. F. Metzler, Odessa, Out. 



In Ore lie, vols. 19 and 20, Minding has shown that it is easy to obtain the 
formulas which express the relations between the sides and angles of a triangle 
of which the sides are geodesic lines on a surface of rotation with constant 
measure of curvature. 

It is only necessary to replace the radius a of the sphere in the formulas of 
the ordinary spherical trigonometry by oa/ — 1 . 

That this is also true for the formula expressing the area of the triangle is 
not stated, and as that is the formula which concerns us here, a proof of the 
same will be given by means of polar and rectangular coordinates. I do not 
know that such proof has yet been published. 

It vfill be assumed that such definitions and fundamental equations as are 
to be found in Salmon's '* Geometry of Three Dimensions," Joachimsthal's ** An- 
wendung der Differentiale Rechnung " and similar works, are well known. 

If the equations of the surface are 

t^=/(r)-;s=0, r' = x'+f, (1) 

and we designate the derivates of u as follows : 

du ^ du ^ du d^u 
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then Ri and i2j, the principal radii of curvature, are the roots of the equation 



ii^{vt—^)—R[{i + if)v— 2pqs + ( 1 + /) ^] >v/ r+y+Y 

+ (l+/+^)» = 0. (2) 
Thus the measure of curvature is expressed by 

1 _ vt — s^ , X 

From (1) we obtain 

Then 

Then follows 

i2, i?, - r (1 +/')* 2r (ir Vl +/'V ^ ^ 

If the surface has a constant measure of curvature, it —3 say, then it follows 
from (4) that 

T+f' ~ J ~^ ~ a» ' 

where — J^ is the constant of integration. Then 

J a»6» =F r» ' 

-•^ c^. = rfrV^.^):p. (5) 

Equation (5) gives the meridian curves of six different forms of surfaces of rota- 
tion. According to the values given to h^ we obtain one of three different forms 
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by using the upper signs, and also one of three other diflTerent forms when the 
lower signs are used. 

Conversely, it is easy to show that all surfaces of rotation whose meridian 
curves are given by (6) are surfaces of constant curvature. 

Sections of the surfaces through the axis of rotation and a pair of meridian 
curves would appear as in the following figures.* 

Surfojces witli Positive Measure of Curvature. 

J^$f.b<J Fi^2,b'l PSs3,b>2 



From the equation 








d7 



we see that the greatest real value for r* is a^6^ for which cir = 0. dz van- 
ishes for r^ = aW — a*. In Fig. 1, however, this value of r is imaginary, and 
is the minimum real value of r. 

Thus the surfaces consist of an infinite number of parts, each part having 
the axis of « as axis of rotation. The area of one part of these surfaces is 
given by 

2 



i+r^y^. 



\dfr. 



Inrds , ds =\ 1 



= 47ta* 



(6) 



* Klein, Nicht-EukUdische Geometrie, p. 186. 
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If in Fig. 1 we do not consider the imaginary part of the surface, becomes 
the inferior limit and the area is 

and this is equal to the superficial area of a cylinder of altitude 2a circumscrib- 
ing the surface. It is easy to see that the meridian curves approach in form for 
Fig. 1 those on a prolate spheroid, for Fig. 3 those on an oblate spheroid, while 
for Fig. 2 they are circular. 

Surfaces with Constant Negative Measure of Curvature. 

-^4**^ .Fi^S,b*'0 fl^^6*<0 





The equation for these forms is 



which is the same as that for the other forms with — a^ written for a\ 

In Figs. 4 and 6 we have also a series of similar parts, while in Fig. 5 there 
is only one part extending to infinity in both directions. It is easy to show that 
the area of the surface of each part is the same for all cases when we take for 
limits values of r for which dz and dr vanish. It is 

47ia^. 
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Otherwise, if we take in Fig. 4 zero as the inferior limit of integration, the 
area is 

A7ta^{\—h). 

Thus the area of the real part of Fig. 4 equals the area of the imaginary part of 
Fig. 1, and vice versa. 

Now let us seek the formula for the area of any triangle whose sides are 
geodesies on these surfaces. 

When we consider the geodesies projected on a plane perpendicular to the 
axis of rotation, the equation of the projection in polar coordinates r, 4) is (com- 
pare Joachimsthal, **Anwendung der Diff. Rech.," p. 172) 



Then j^ — ^x^vdrj 1 ,^. 

Through each angle of any triangle a meridian passes. If no side of the triangle 
be a meridian, the triangle may be divided into two, of which one side is the 
dividing meridian. Thus we need consider only triangles one of whose sides is 
a meridian. Let Ri R^ JBg be such a triangle. 




Let also the coordinates of ^i, JBg and R^ be designated by {ri^i)y v^2 4^«)» 
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and (rj^a) ^^^ ''u designate the values of r along the side Ri fig, r^ its values 
along R^ R^. The area A of the triangle Ri R^ R^^ is given by 

*' ♦« 

Substituting for <2^ from (8), 

= =b a« fsin-^ -?^ — sin-^ -^ - sin"^ :^- + sin"* -^1 . (9) 

L r, r, rj rg J 

If we take on such a surface two meridian curves ac and db infinitely near 

together, 

od:=oa=:rj 
ab=, ds, 

Fio. 8. 




angle 



aod =:dp, ad = rdp = ab cos bad 

= ah sin cab 
= (fo sini, 

vds = r*d^ (see Joachimsthal ... . ) , 



where v is so chosen that it is positive. 
11 
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When ds = rd^ , r = r, 

then i= 90°. Thus v is the minimum value of r, i. e. its value where the 
geodesic crosses the meridian perpendicularly. 

vds = rab sin i = rds sin i . 

Therefore . _i r . /,-,x 

sm ^ — =^. (10) 

Introducing this into (3), we have the interesting result, ai, Uj^, a^, being the 
angles of the triangle, 

A = di a* [ag + a4 — (tc — ai) — a4 + as] , 

A = d= a* [tti + a, + ttg — 7t] . (11) 

Thus for all these surfaces of positive measure of curvature the area of a triangle 
is given by the same formula as holds for the sphere, and when the curvature is 
negative the proper formula is obtained by replacing a* by — a*. (This result 
is the same as has been found by Beltrami by means of curvilinear coordinates, 
Beltrami's **Saggio.") 

Before considering the conformal representation of these lines, areas, and 
surfaces, let us study more closely the situation of the geodesies on the surfaces. 
The case in which the meridian curve is the tractrix (Fig. 6) is simplest and also 
the most interesting. 

Equation (8), the equation of projection, becomes for the traction 

, , _ avdr 



4> = -^ Va' — v* \^r* — i^+ C 



rv 



Let X be the aogle that the projection of the geodesic makes with the 
radius r. Then for any of the surfaces with negative measure of curvature, 



cotan;i=^=^^("'^'+^K^TU^. 
rd^ av 

When r* = a^(l — 6*) we have an edge of the surface (cuspidal edge). Let \ 
be the value of X at this edge, then 
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From every point of this edge geodesies proceed in all directions, each having a 
definite value of \ and consequently a definite value for v. From the equation 



for cotan X we see that v is the minimum value of r, for which value ^ = 



n 



For every value of r from v to aVl — b^ we obtain a definite ^, and there- 
fore a definite x and y , and then from the equation of the surface the corres- 
ponding z, so that it is not difficult to form the geodesies on the surface. 

Let us now consider the schaar of geodesies which reach their highest points 
on a certain meridian OA. From this meridian the geodesies considered proceed 
symmetrically in both directions. Let 4) = for this meridian. On it r = v , 

^ = — - and dr must be positive for each curve. For the surface (Fig. 5) 6* = 
and 



a 



4>=±— Vr»— r« = 
^ vr 



a* 



cotan X. 



(13) 




When V is very small, ^^ is very small, and for finite r, d^ is very small, 
and the geodesic keeps near the meridian ; but as r approaches zero, d^ 
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increases rapidly, so that the curve winds infinitely often around the surface 
before reaching its highest point. 

Let us suppose the upper half of the surface projected on the xy plane pass- 
ing through the cuspidal edge. This edge projects into the circle AGBD, the 
axis of rotation into the point 0, centre of the circle, and the meridian OA into 
the radius OA^:za. 

From (13) we see that r is infinite when zfcA= — . When r = a the 

r 

geodesic touches the cuspidal edge at A and proceeds to infinity, having the 

lines for which 4) = zfc 1 as asymptotes. This is a point to be specially noted in 

order that correct figures be drawn. It may be stated thus : 

Two geodesies which touch the cuspidal edge and meet at infinity have 

points of contact subtending an angle or 2 at the centre 0. Thus the 

curves touching where 4) = and 4^ = 2 would have the line for which ^ = 1 as 
asymptote. Let r = a, then 7^ =a sin \ and ^ = cotan \, then for 



p 



v = a , <^ = , Xc = 90 

v='^,- , 0=1 , ;i,= 45^ 

' = -|- 1 4) = V3, ;i,= 30° 

1; = CI sill 17° I, 4> = 7t , Xc=17°f. (This last is approximate.) ^ 



(15) 



The condition for a point of inflexion is (compare Williamson's " DifF. Cal.," 
p. 278) 

r/' — 2/'' — r»=0, 

^-(a»_,.y)*--^^'*^' ^ "(a'-rW 





/ - (a»_v»^«)i 


Therefore 


aV = (a»-i/2^'')», 




aV 


and 


r* = av = a* sin A,. 



Thus these geodesies have in general a point of inflection for r = Vaj/ = a Vsin ^ . 
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They are touched at this point by the curves whose tangents are the inflexional 
tangents of the surface. Let r^, ^ be the coordinates of the projection of these 
curves, while r^, <^ are the coordinates of projection of the geodesies. From sec- 
tions 377, 380 and 38 1, Salmon's ** Geometry of Three Dimensions," the equation 
of these curves, viz. 



rt^a^ — T^t 
can be derived. 

For the same values of r, ^^ we have for the geodesies 

vadTn 



d^ 
From these equations it follows that 



r^Vrj:-!.* 



dVg _ ?V^* 



dr^ vfi/^'^^ 

This fraction takes all values from to qo as r increases from v to a, and equals 
unity when r* = aj/, that is, the two curves touch for this value of r. (This 
result has been obtained by Mr. Bacharack from another point of view.) 

Let us consider the conformal representation of the upper half of this 
surface on Cayley's plane of hyperbolic measurement. 

Let the surface be cut along the meridian which is projected in OB (Fig. 8). 
The two edges thus formed will be represented by OB and OB'. Since the 
meridian curves all meet the axis of rotation in the point for which z= oo, its 



ns'9 




representative in Fig. 9 should lie on the boundary. (Compare **Nicht- 
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Buklidische Geometrie," Klein. In fact these celebrated lectures form the 
source of my knowledge on these questions prior to this investigation.) 

Let OPQRS be the boundary of the plane, and BDACB represent the 
cuspidal edge. Angles remain unchanged, and geodesies, including meridians, 
are represented by straight lines. P, Q, B and S represent points infinitely 
distant where, in Fig. 8, tangent curves at Z), ^ and C touch OP, OQ, OR and 
OS. Thus the hatched part of the figure is the representation of the upper half 
of the surface of rotation of the tractrix. 

As the area is 2na^, when a is small the representation should occupy but a 
small part of the plane. By moving all the lettered points proportionally 
towards O', the figure can be made small, care being taken that the curve 
BDACB touches the lines PQ, QR, RS at Z), A and C respectively. With 
this figure there is no difficulty in calculating areas. 

The formula for a triangle with angles a,(i,y is (^'Nicht-Euklidische 

Geometrie," p. 121) 

Area = 47^ {n — a — ^ — y) . 

From Fig. 8 or equations (15) we see that each geodesic subtending an angle 
2 at the centre makes angles equal to -— with radii or meridians through the 
points where it cuts the cuspidal edge. Then the angles of the triangle OAD 

are respectively , - .- , — and the area of this triangle is 4x^ fn — ^J^^ 

2nK^. 

The area of the corresponding triangle on the surface is ^ a\ and there- 
fore corresponding areas are to each other as 4x* to a*. 

The whole area is 

2n{4^) = S7tx\ 

The area of the sector OAlD is 8x*, which is greater than the triangle OAD, 
and the area of OAQD is 

4x*(2n-2-|-) = 4x*7f, 

and this is greater than the sector, and so for other parts of the figure consistent 
results are obtained. Such results are impossible when a figure such as OAlD 

is taken to represent the surface. It is in fact — th of the surface. 



Sur les Methodes d^ Approximations Successives dans la 
Theorie des liquations Differentielles* 

Par ;6mile Picard. 



J'ai consacr6 plusieurs M6inoires a I'application dc methodes d'approxima- 
tions successives pour d^montrer Texistence et faire la recherche des int^grales 
de certaines Equations diff^rentielles, quand des conditions aux limites sont 
donn^es qui d6finissent ces int6grales. Ces m6thodes s'appliquent aux Equations 
diff6rentielles ordinaires comme aux Equations aux d6riv6es partielles, mais pour 
ces demiferes les conditions d'application sont bien diflF6rentes suivant que les 
Equations consider6es appartiennent au type elliptique ou au type hyperbolique. 
Les premieres se rencontrent surtout en Physique math6matique et dans la 
th6orie des fonctions ; je ne m'en occuperai pas dans cette Note.f Relativement 
aux Equations du type hyperbolique, Putilit6 de ces m6thodes est d'une double 
nature. EUes permettent d'abord de faire la recherche des int6grales en suppo- 
sant les Equations difr6rentielles d6finies seulement pour les valeurs r^elles des 



*Nous reproduisons ici une note ins^r^ par M. Picard d la fin du tome IV de la Th6orie dee Surfaces 
de M. Darbouz (Note de la BMaction). 

t Belatiyement aux th^ordmes g^n^raux relatifs d ce cas, nous ^noncerons seulement la proposi- 
tion Buiyante (Journal de r£cole Polyteohnique, 1890). Spit I'^quation lin^ire 

oil les coefficients sont des fonctions analytiques des deux variables relies xety: toute intigrale de cette 

Equation bien dUerminSe et continue ainai que see dMv4eB partieUea dee deux premiers ordres dana une 

rMon du plan pour laqueUe 

B2-AC<0 

est une fonetion ancdytique de x et y, II est clair qu'il pent en 6tre autrement dans une r^on oiX 
B' — AC serait poeitif. On trouvera un th^rdme plus g6n6ral (Ck>mpteB Rendus, Juillet 1895). 
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variables, et en faisant ainsi le minimum d'hypoth^ses sur ces Equations ; c'est 1^ 
un point d'un certain int6ret philosophique. 

Une consequence pratique en d6coule ; on obtient, en g6n6ral, pour les int6- 
grales un champ de determination plus 6tendu qu'avec les mSthodes fondees sur 
Temploi de fonctions majorantes quand ces m^thodes sont applicables. 

1, Rappelons d'abord, sans y insister, les r6sultats relatifs a une 6quation 
ordinaire du premier ordre 

i=/(x,.). 

Si /(a, y) est une fonction reelle et continue des deux variables r6elles 
a; et ^, quand celles-ci varient respectivement dans les intervalles 

(xo — a»a;o + «)» (yo — *i .Vo + ft)* 
et si, de plus, il existe une constante positive h telle que 

^1 y ^^y + ^y 6tant les intervalles indiqu6s, et qu'enfin M d6signe le maximum 
de la valeur absolue de /(», y) dans ces memes intervalles, les approximations 
successives donnent I'int^grale de l'6quation prenant pour x=:xq la valeur ^o» 
sous forme de s6rie convergente dans Pintervalle {xq — p, ao + p)» ©^ d^signant 
par p la plus petite des deux quantit6s * 

aet^. (1) 

M. E. Lindelof, qui a tr^s heureusement appro fondi cette question (Journal de 
Math., 1894), a meme indique un autre champ de convergence qui pent quel- 
quefois etre plus 6tendu que le precedent. D6signons par Mq la plus grande 
valeur absolue de /(x, yo)» quand x varie de Xq — a a Xo + a] un champ de con- 

*Nou8 avons suppose la fonction f{x,y) definie seulement pour les valeurs rMles de xety. Dans 
le cas oil /(iE, 2^) est une fonction analytique de x et y, holomorphe dans les cercles de rayons a et 6 
trao^ respectivement autour des points x^ et yo , et en designant par M le module maximum de / dans 
ces cercles, les approximations successives permettent d^obtenir Pint^ale prenant pour x^^Xq la 
valeur ^o bous forme de s^rie convergente dans un cercle de rayon p autour de Xq (en dteignant par p 
la mdme quantity que ci-dessus). La methode des fonctions majorantes donne un champ de conver- 
gence moins 6tendu. 
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vergence assur6e est Fintervalle {xq — p', Xq + p') , en d^signant par p' la plus 
petite des deux quantit6s 

et p' peut dans certains cas d6passer p. 

II n'est pas sans int6ret de rappeler que la premiere m6thode de Cauchy, 
telle que nous la connaissons par les lepons qu'a r6dig6e8 M. Moigno, et qui a 
6t6 depuis reprise par M. Lipschitz, m6thode dont le principe est de consid6rer 
r^quation diflF6rentielle comme une Equation aux diflF6rences, d^finissait pr6cis6- 
ment Pint^grale dans Vintervalle correspondant k (1). 

2. ConsidSrons maintenant une Equation aux d6riv6e8 partielles de la forme 
3*25 T^ / dz dz 



oH _^ ( dz dz \ 



Les approximations successives permettent, entre autres probl^mes, de 
former Tint^grale d'une telle Equation se r6duisant, pour jc = a:o> ^ une fonction 
donn6e de y, et pour y = yo ^ une fonction donn6e de a. Je prendrai d'abord 
le cas de T^quation lin^aire 

3*2 32 , 7 32 , 



3x3y 3x dy 

oA a, ft, c sont des fonctions des deux variables reelles a et y. Nous les sup- 
poserons continues ^ I'intSrieur et sur le p6rim&tre d'un rectangle R de cot^s a 
et /? parall^les aux axes et dont (xq, ^o) ^^^^ 1® sommet de moindres abscisse et 
ordonn6e. On veut trouver I'integrale de cette Equation se f6duisant pour 
y = y^j a, ^ (a) et pour a; = a^o &» '4' (y) . La fonction ^ (x) est continue de aro ^ 
^0 + a, et '^ (y) est continue de yokyo + ^i on a, bien entendu, <^ (xq) = 4^ (j/q) 
et les deux fonctions ^ et '4/ ont des d6riv6eB premieres continues. 
Envisageons, en premier lieu, T^quation 

oii/(x, y) est une fonction donate. La fonction 
12 
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est rint6grale de cette Equation s'annulant, pour a; = a;^^, quel que soit y, et pour 
y^-y^ quel que soit aj. Ceci pos6, nous formons les Equations successives 

dxdy 



dx dy dx dy 

On int6grera la premiere ^nation en cherchant son int^grale Zi se r6duisant 
k ^ (x) pour y = yoeik'4/ (y) pour a; = a?o, int6grale qui est visiblement 

2i = ^(a;) + ^(2/) — ^(oo). 

Pour toutes les autres fonctions ««(n > 1), elles sont suppos6es se r6duire k 
z6ro pour x = xq quel que soit y, et pour y = y© <1^®1 q^® s^^* *• 
Nous allons montrer dans un moment que les shies 

"8^+8^ + ---- + -8^ + ----' 

92i I 8z8 , , 8zn , 

^ + ^ + •••'+-82^ + 

sont u/ni/ormSment convergentes dans le rectangle R. Ce point admis, on voit sans 
peine que lafoncticn 

est Vint^ale cherch^e. On tire, en eflFet, des Equations pr6c6dentes 

z, + z,+ .... +^„ = 4»(x)+^(y)-4>(x„) +££'[a?i^±^^;-l+A=l) 

d'oil I'oQ conclut h la limite, en s'appuyaut sur la convergence uniforme des 
series 6crites plus haut, 

etenfin ^^ = a~ + b— + cZ 

dxdy dx dy 
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Abordons done la question de convergence. Je d^signe par M le maximum de 

dans R, et par k le module maximum de a,b, c dans ce meme rectangle, et je 
consid^re le syst^me 

dxdy 

tous les u s'annulant pour x^='X^ quel que soit y , et pour y^^y^ quel que soit x. 
Si nous prouYons la convergence uniforme de la sfirie 

Ui + tig +.... + w^ + .... , (3) 

la convergence de la s6rie des z en r6sultera imm6diatement, car |2»|<|Wn-ir- 
Or, soit 

on aura 3*Ui _ ^ 

dxdy~ * 

3x3y 3a; 3y ^' 

Si la s6rie des u est convergente, la s^rie 

Ui + A;U2+ +*"U„+i+ (4) 

reprSsentera I'int^grale de T^quation 

s'annulant pour x = a;o» ^^el que soit y, et pour y = yo» q^^l Q^® soit x. Or si 
nous montrons que, pour ^equation pr6c6dente, Pint^grale satisfaisant & ces con- 
ditions initiales, est une fonction holomorphe de h pour toute valeur de A;, la 
convergence de la s6rie (3) ^era 6tablie, car cette integrale devra n6cessairement 
avoir la forme (4). 
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Or r^quation (5) est facile k discuter. Prenant a:o = yo==0» ^^us poserons 

L'equation (5) devient 

^'^ . = {J(? + k)Y + Me-'"''^y\ (6) 



dxdy 

L'application des approximations successives a cette dernifere 6quation est 
immediate. On a a consid6rer les 6quations 

dxdy 

tons les V s'annulant pour x = , ainsi que pour y = . En d6signant par N la 
valeur absolue maxima de Vq dans R, on aura 

I V I <<' (At + fcfx^y^ -^ 
'^"'^(1.2... .n)«' 

d'ou Ton deduit de suite la convergence de la s^rie 

»0i ^11 •••• "T ''ni**^*) 

qui repr^sente Tint^grale cherch6e de P^quation (6). La m6thode des approxima- 
tions successives donne done pour r6quation (6) une s6rie convergente, quand 
(x, y) est dans R. Chacun des terraes de cette serie est une fonction holomorphe 
de A;, et la s6rie converge uniform6ment, quel que soit h, dans un domaine fini 
quelconque du plan de cette variable. L'int6grale V de (6) est done une fonc- 
tion enti^re de A;, et il en est alors de meme de Tintegrale U de (6) , comme nous 
voulions I'etablir. Les memes raisonnements sont valables pour les series 
form^es avec les d6riv6es partielles du premier ordre. 

3. Passons au cas de I'^quation non lin6aire 

Nous abr6gerons I'exposition, sans diminuer la g6n6ralit6, en supposant que 
2 = pour X = , et aussi pour y = . II suffit 6videmment pour cela de rem- 
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placer z par z+ [^{x) + '4^ (y) — ^ (0)] . Ceci po86, nous admettons que la 

fonction 

¥{x, y, z, u, v) 

est continue quand (x, y) est dans R, quand z varie entre — a et + a, et que u 
et V varient entre — 6 et + 6, De plus, pour Xy y, z, ueiv dans ces intervalles, 
on a 

\¥{x,y,^,uf,iJ) — Y{x,y.z,u,v)\<h,\^ — z\ + h\vl — u\ + h\vf — v, 

les h 6tant des constantes positives. Soit enfin M le maximum de la valeur 
absolue de F dans la r6gion ou cette fonction est d6finie. 
On consid^re les Equations successives 

3||- = F(x,y, 0,0,0), 

^-^-ii\^x,y,z^_,, g^ , g^ ^, 

les z s'annulant tous pour x = Xq, quel que soit y, et pour y = yo q^^l q^^ soit x. 
On sera aseur6 que 

'*' dx ' dy 

restent compris dans les limites indiqu^es, si (x, y) est h. Fint^rieur d'un rect- 
angle compris dans R, ayant pour sommet (cco, yo)» ^t dont les cotes p et p' satis- 

font aux in6galites 

Mpp'<a, Mp<6, Mp'<6. 

Nous supposerons d'ailleurs que p et p' sont au plus 6gaux aux cdt6s a et ^ du 
rectangle R. 

Dans ces conditions la s6rie 

% + 2^2 + • • • • + 2„ + • • • • 

repr&entera I'integrale cherch6e. On est, en efFet, ramen6 immediatement au 
cas de T^quation lin6aire, en consid6rant les Equations 

^ = F(x,!,, 0,0,0), 
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et en leur substituant les Equations lin^aires 

La convergence de la suite d^duite de ces derniferes 6quations entraine 
imm6diatement la convergence de la s^rie des z dans le rectangle (p, p'), et le 
problfeme est par suite r&olu. Vint^rale eat d^terminee dans le rectangle (p, p'). 

4. II est remarquable que, dans la question pr6c6dente, les limites trouv^es 
pour p et p' ne dependent pas des constantes k. II faut cependant que Ton soit 
assur6 de Texistence de ces constantes pour que le raisonnement soit valable. Un 
cas int^ressant est celui oil la fonction 

F{x, y, z, u, v) 

serait d6termin6e et continue pour toute valeur r6elle de 25, t^ et t? [le point (a, y) 
6tant dans le rectangle R] et oil cette fonction aurait des d6riv6es premieres 

ap aF aF 

dz ^ du ' dv ^ 

restant en. valeur absolue moindre qu'un nombre fixe dans les memes conditions. 

Nous n'aurons pas alors k nous preoccuper des inSgalit^s (7), puisque la 
fonction F est d6termin6e pour toute valeur de 2, w, t?; par suite, dans ce cas, 
la s&rie represehtant VmtSgrale convergera dans R. 

Ainsi, par exemple, Tfequation 

3^25 dz , j^ dz . 

^ ^ =a^ — h * ^^- + sm 2J, 
dx cy ox oy 

ou tt, J, c sont des fonctions continues de a et y dans le rectangle R, admettra 
ce rectangle meme comme champ de convergence pour la s6rie donn6e par les 
approximations successives. On sait que l'6quation 

dxdy 

se rencontre dans la th6orie des surfaces a courbure constante, et, dans ses lepons 
de Geomkrie differentielle^ M. Bianchi s'est servi des approximations successives 
appliqu6es k cette Equation pour traiter un interessant problfeme de G6om6trie. 

5. Bien d'autres problfemes concernant les Equations precedentes pourraient 
etre trait6s par une autre voie analogue. Pour indiquer au moins un nouvel 
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exemple reprenons r6quation lin6aire 

dxdy dx dy 
et construisons sur Ox et Oy (Fig. 89) le carr6 OABC de cotfo OA = OC = a, 

Fig. 89. 



y 
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R A X 



que nous d68igDeron8 par R. On se donne la valeur d'une int^grale % sur OA et 

sur OB ; on aura ainsi 

2 = /(a:) pour y = 0, 
z = ^(a') pour y = a;; 

/(a) et 4>(x) sont deux fonctions continues ainsi que leurs d6riv6es du premier 

ordre; elles sont d^finies dea;=0&a; = a, et Ton a, bien entendu,/(0) = 4) (0). 

L'int6grale de l'6quation 

3*z 



ZxZy 



= 0, 



satisfaisant & ces conditions initiales, sera 6videmment 

^=/(^) + 4>(y)-/(y). 

Ensuite, en d&ignant par P (a, y) une fonction donn6e de a; et de y dans le carr6 
R, rint6grale de l'6quation 

3*W _T>/ X 

s'annulant sur OA et sur OB, sera 

le champ d'intSgration est le rectangle MPQB, en d^signant par M le point 
Formons alors, comme pr6c6demment, le sjst^me 



dx dy ' 
9*% ^ 



dzi 



dxdy "" dx ^^ dy +^»->- 
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On intfegre la premiere avec les conditions 

Zi=^/{x) pour y = et Zi=^^{x) pour y = a;, 

et pour n sup6rieur kun, on prend 

2j^ = pour y=0 et a„ = pour y = x. 

Des considerations analogues k celles que nous avons employees ci-dessus permet- 
tent ais6ment d'etablir que la s6rie 

Zi -y- 2*2 "t" • • • • T" "^n "!"•••• 

converge uniform6ment dans R, et repr6sente FintSgrale cherch6e. 

6. Comme exemple d'^quations d'ordre sup6rieur au second, pour lesquelles 
s'appliquent sans difficult6s les m6thodes pr6c6dentes, je citerai les equations 
suivantes etudi6es k ce point de vue par M. Delassus dans un des chapitres de 
son int6ressante thfese {voir aussi Comptes rendus, 1893). Ce sont les 6q nations 
d'ordre n de la forme 

avec les conditions suivantes : 

i=0 1 ,...p (^ + j = „, ^^0) 
Aj=0, 1, .... 5 

et en supposant A^, = 1 . 

7. Je voudrais maintenant considerer des Equations pour lesquelles on ne 
puisse appliquer la methode prec6dente d'approximations. II n'est pas diflScile 
de trouver de tels exemples, nous n'avons qu'i prendre Fequation du premier 
ordre 

-| =«(«'. y)^. (8) 

Supposons qu'on veuille trouver Pint^grale de cette Equation se r6duisant, 
pour x=^Xojk une fonction donn6e P (y). On pent former les Equations suivantes 



dx "^"'^^ dy ' 
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2i prenant pour x = a^o la valeur F {y\ et les autres z s'annulant identiquement 
pour cette valeur de a?. Mais on voit que Ton ne pourra former les fonctions 
SS2) • • • » ^»f • • • m^^ si F {y) et a (x, y) out des d6riv6es partielles de tout ordre 
par rapport k ^, et la convergence du d6veloppement ne pent etre 6tablie que si 
Ton suppose que F {y) et a (x , y) sont des fonctions analytiques. II semble done 
qu^on ne paiaae 6tabUr Vexistence des intSgrales de PSquatum (8) qu^en admettant que 
a{x, y) est analytique. Quoique la question n'ait qu'un int6ret th^orique, elle 
vaut peut-etre la peine d'etre examinee. 

Reprenons d'abord, k cet effet, TStude de I'^quation diff(§rentielle ordinaire 

^=/(x,.). 

et plapons-nous dans les hypotheses du n^ 1. Nous avons trouv6 une int6grale 
prenant pour a; = a;o la valeur ^ot ^oit 

y = F(x, JTc^o), 

en mettant en Evidence toutes les quantit6s dont depend F. La fonction F est une 
fonction continue de x, Xq et y^ ; elle a une d6riv6e premiere par rapport & x , 
mais toute la difficult^ de la question qui nous occupe est de savoir si cette fonc- 
tion a une d6riv6e partielle du premier ordre par rapport ^yo. Or les approxi- 
mations successives nous conduisent k la suite de fonctions 

yi » ya » • • • • » yn > • . • . , 

se calculant de proche en proche au moyen des formules 

yi=yo+J^Ax,yo)dx, 
y%—yo+Xf{^fyi)dx, 



et F (a , 0^0 • yo) ®st la limite de y^ . On pent calculer de proche en proche les 
d6riv6es partielles 

3yi Sy? ^ 

9yo ' 9yo ' ' * * * ' 9yo ' 

si Ton admet seulement que/(x, y) a une d6riv6e partielle du premier ordre par 
rapport ky, II est done bien vraisemblable que F aura une d6riv6e partielle du 
13 
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premier ordre par rapport S, yo- Nous le d^montrerons 616gamment sans calculs 
en rattachant la question h. un probl^me trait6 plus haut ; on va supposer que 
/(a?, y) a des d6riv6es partielles des deux premiers ordres par rapport ^ y. 

fll suflBrait meme d'admettre que la d6riv6e -^ , sans avoir de d6riv6e par rap- 
port ^ y, jouit de la propri6t6 dont jouissait la fonction appel6e/(x, y) au n** 1.1 

Je considSrerai, dans ce qui va suivre, x^ comme une constante num6rique 
et ^ d6signera une seconde quantity num6rique. J'envisage l'6quation aux 
d6riv6es partielles 

d6finissant une fonction y des deux variables a et y^. D'apr^s ce qui a 6t6 vu au 
n** 3, nous pouvons Pint^grer en prenant les conditions initiales suivantes : 

y — Vsi pour a = cro, 

y = F (a, ao» /?) pour yo = iff. 

L*int6grale y de T^quation (9) sera alors complfetement d6termin6e. Or, on 
d6duit de cette Equation 

P (a;) ne dependant pas de y^. Or, pour y© = ^3 , on a 

^=/{x,y), 

puisque, pour yo = iff, y ost Tint^grale de I'^quation --J^=/(a;, y), qui prend, 

pour a; = a:o, la valeur ^. La fonction P(a;) est done identiquement nulle, et 
Pint^grale 

que nous venons d'obtenir, est Tintegrale de U^quation -i^=/(a?, y) prenant 

pour a; = ajo la valeur y©; elle est identique a la fonction F (a;, a:o> yo)» ^t celle-ci 
a, par suite, une d6riv6e du premier ordre par rapport & y^ . 

On d6montrera d'une manifere analogue que F(a;, a;©, yo) a une d6riv6e du 
premier ordre par rapport S. x^ . On regardera y^ comme une constante num6rique, 
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(10) 



et soit a une seconde quantity num^rique. Nous formons F^quation 

dxdx^ dy 5xo' 
en rint6grant avec les conditions initiales 

y = yo pour a; = Xo, 

y = F(a;,a, yo) pour a:o = a, 

ce qui correspond au cas 6tudi6 (n"" 6). On d6duit de TSquation (10) 

Q {x) ne dependant pas de x^ ; on voit que Q (x) est nul, en faisant dans cette 
relation a:o = a, et Ton termine comme plus haut. 

Ainsi, la fonction F(x, a^ot ^o) & ^^^ d6riv6es partielles du premier ordre par 
rapport & a^o et k ^q. Or, la relation 

y = P(a, xo, yo) 

peut manifestement s'6crire 

yo = F(aro, a:, y), 

puisque I'int^grale qui, pour la valenr x de U variable, prend la valeur y aura 
en jco la valeur y^. D'aprfes ce qui pr6cfede, F(xo» a5» y) ©st une fonction continue 
de X et ^, et elle a des d6riv6es partielles du premier ordre elles-memes con- 
tinues. D6signons cette fonction par 

F(»,y), 

en n'Scrivant plus la constante Xq : nous aurons Pint^grale g6n6rale de F^quation 

-^=/(x, y) sous la forme 

F (x , y) = const., 

et F satisfera & F^quation aux d6riv^es partielles 

a^+/(«^,y)a^-o. 

Nous avons done etahli Texistence d^v/ne intigrale de cette equation^ et par suite de 
tcviea les intSgrales, en supposant seuiement que /(x, y) est continue et a des dhivees 
partielles des deux premiers ordres par rapport h y. 
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Ainsi, comme application, on pent 6tablir Fexislence d'un facteur integrant 

pour Texpression 

dy + F{x, y)dx, 

en supposant seulement que la fonction P(x, ^) est continue et a des d6riv6e8 
partielles des deux premiers ordres par rapport h^y. 

8. Tout ce que nous venons de dire subsistera 6videmment si les fonctions 
consid6r6e8, au lieu d'etre relies, sont des fonctions complexes des deux variables 
r^elles x et ^. En particulier, le thSor^me relatif au facteur integrant qui vient 
d'etre 6nonc^ s'applique aussi bien si Ton a 

P(». y)=i^(a» y) + ^(«. y)» 

p Qtq 6tant des fonctions r^elles de x et ^, jouissant des propri6t6s indiqu6es. 

Une application, qui offre quelque intSret, se prSsente imm6diatement. C'est 

une proposition 6l6mentaire, qu'une surface analytique pent etre representee sur 

un plan, de mani^re qu'il y ait conservation des angles : on a ainsi une carte 

g6ographique de la surface. La demonstration bien connue de ce th^or^me 

s'appuie essentiellement sur ce que la surface est analytique ; elle revient a la 

recherche d'un facteur integrant. Avec Textension donnee k cette demi^re 

recherche, nous n'avons plus besoin d'admettre que la surface est analytique. 

Soit une surface pour laquelle le carre de I'eiement lineaire se mette sous la 

forme 

cU^ = Edx^+ 2Fdx dy + QdyK 

On pent, d'apr^s ce que nous venons de dire, demontrer la possibilite de faii*e la 
carte de cette surface sur un plan, si les trois coefficients B, P, G sont des fonc- 
tions continues de x et ^, ay ant des derivees partielles des deux premiers ordres 
par rapport a ^ . II suffit meme de supposer que les trois derivees du premier 
ordre 

aE ap aG 

3y * 3y ' ay ' 

jouissent de la propriete admise pour la fonction /(x, y) au n^ 1 . 

Ges conditions, un pen dissymetriques, sont suffisantes ; elles ne sont sans 
doute pas toutes necessaires, mais, pour s'en aflfranchir, il faudrait trouver un 
autre mode de demonstration pour Texistence du facteur integrant. 
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On the Focal Surfaces of the CJongritenees of Tangents 

to a given Surface, 

By a. Pell. 



§1. 

Consider a surface (2) referred to its lines of curvature u and v. For 
brevity we shall call the inline and the t?-line those lines for which v = const, 
and u = const, respectively. The axis of x is tangent to the t^line and drawn 
in the direction of the increasing arc ; the axis of y is tangent to the t?-line, and 
its direction is such that a rotation around the axis of 2, bringing the x-axis into 
coincidence with the y-axis, is represented by a line directed along the positive 
part of the a^axis. The direction of the 2j-axis is that of the normal to the 
surface. 

Using Darboux's notation, we have for (2) the following formulsB :* 

^ = a/E, >7 = 0, ^1 = 0, yi, = ^a, i> = 0, 



1 aV^ 1 aV<7 y n / A 



3/1 dpA.dfl dq 



^-^'=-«^.. ^=-«'-^=* 



^(tS)+I(^-1)+«^=<'- 



(1) 



Here ^, rj, ^ and ^1, yji, ^i are the components of the velocity of translation of 
the origin of the movable axes relatively to these axes when u or v vary respec- 

*Darboax, ^' Th^orie g6n6rale des'surfaoes," yoI. II, p. 886. 
14 
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tively, and p^ q, r , pi, qi, ri sltq the rotations around the axes, the first three 
when only u varies, the last three when only v varies. 

Then calling pi and pg the principal radii of curvature of the u-line and the 
v-line respectively, we have 

pi ;7-» p2 :r~ ' (2) 

S'l Pi 

Further, let hi and h^ be the principal radii of curvature of the ^^- and the ^^lines ; 
Tj and Tg their radii of torsion ; R^ and R^ the radii of geodesic curvatures, 
directed along the positive parts of the y and the x axes respectively. For 
these radii we have 

^— p- . n— p- , (3) 



and since 



^=-p = 0; ^ = -g, = 0, (4) 



where ti and t^ are the radii of geodesic torsions of the w- and the v-lines respec 

tively, we have 

1 1 dwy 1 1 dw^ 



V^' du' tg a/ a' dv 



(5) 



Here wx and nr, are the angles between the radii of principal curvatures of the 

surface (S) and the segments hi and h^ . 

We have 

hi = pi cos «! , Aj = pg cos Wf , 

hi = Itz sin ^1 t h^^^ Ri sin w^ , 



h\ i2| "*■ p? ' AJ i2! "*■ pi 



§2. 



(6) 



Our consideration of the focal surfaces of the congruences of the tangents to 
the lines of curvature of the surface (2) , is based on the following two theorems 
given by Darboux* and Koenigs.f 

• L. o. voL III, p. 121. 

tG. Koenigs, ^'Sur les prppri6t68 infinit^Bimal de TeBpace r6gl6," Ann. de T^ole normale, eto. 
1882, p. 248. 
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Theorem I. — ^The locus of the centers of geodesic curvature of lines of curva- 
ture of any surface is the edge of regression of the developable surface, generated 
by the tangent planes of the surface at all points of the lines of curvature. 

This theorem shows that the distances between the point M of (2) and the 
corresponding points M^ of the focal surfaces under discussion are : for the family 
t;= const., Bij and for the family u = const., -B^. 

Theorem //.—The edges of regression of the developable surfaces of a con- 
gruence form two families of curves on the focal surfaces (say Sj^ and S^ corres- 
ponding to the focal surfaces A and B), the osculating planes of which are 
tangent to the surfaces B and A respectively, and the points of contact describe 
on these surfaces two families of conjugate lines Sj^ and S^. 

This theorem states that the osculating plane of vrline is tangent to the 
focal surface (Si) and that of the t^•line is tangent to (S^) ; and further, that the 
normals to these surfaces are parallel to the binormals of the t^ and t^-lines 
respectively. 

Hence the study of the focal surface (Si) of the congruence of the tangents 
to the w-line can be reduced to the consideration of the motion of a trihedron 
formed at the center of geodesic curvature of the t>line by the tangent to the 
ti-line, the line parallel to the segment hi and the parallel to the binormal, drawn 
in a suitable direction. The motion of this trihedron we are going to determine 
from that of the trihedron formed by the tangents to the u- and the «7-lines and 
the normal to the surface (S). 

The study of the motion of the trihedron formed at the center of geodesic 
curvature of the w-line by the tangent to the t?-line, the parallel to Ag and the 
parallel to the binormal of the t^-line, will give us means of discussing the focal 
surface (S^). 

Let us call the trihedron connected with the surface (S), T. Consider a 
point (a, y, a) connected with this trihedron. The projections 8x, 8y, 8z on its 
axis of an infinitely small displacement of this point are : 



Sx = dx + a/E du + zqdu — y {rdu -J- r^dv) , \ 

8y = dy'\'A/Gdv+ x {rdu + ridv) — zpidv^ > (7) 

Sz =^dz + ypi dv — xqdu*) 



Suppose now that this point coincide in the first place with the center of geodesic 
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curvature of the w-line (a; = JKi, y = 0, z = 0), and in the second place with that 
of the w-line (x = 0, y = 12, , js = 0) . We know that 

8i and 5, being the lengths of the arcs of the vr and the i;-lines respectively. The 
above displacements take the form 

for(A^), iov{S,), 

hxi = dRi + dsiy Jx, = — R^ridv , 
Sy^ = JSj rdu , Sy, = dR^ + rf«g , 
5% = — Riqdu , ^Zg = R^pidv , 

Substituting for r, 5, ri,pi, their values, we get 

8x1 = dRi + cfoj , 



5zi = — ^ cfoi 



Sar,= -;^*^> 



Sy8 = eiJK, + <&„ 

52, = — (fog 



Pl P2 

These displacements arie with respect to the trihedron {T). Codazzi's formulae, 
as given in Darboux's *' Lepons, etc.," require that the tangent plane to the 
surface contain the axes x and y. But according to theorem II, the osculating 
plane of the w-line is tangent to {Si) at the corresponding point; that of the 
^^line is tangent to {S%)i therefore we must find the values of the projections of 
the above displacements on the axes of the trihedrons (Ti) and (T,) formed as 
stated above. The rotations of (7\) and (T^) are obtained by compounding the 
latter and the rotations through the angles wi and w^ around the axes x and y 
respectively. 

Following is a table giving the direction cosines of the new axes and the 
old ones. 





7> 


y 


7! 


x" 


y" 


7i' 


X 


1 








sin ttti 





— COS nra 


y 





sin tzT] 


cos Wx 





1 





z 





cos Wx 


— sin wj 


cos t0, 





sin iDg 
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Hence i{8x{y Syi, 8z[ and 8x1!, SyH, 8zl/ are the displacements with respect to (TJ) 
and (Tfi) respectively, we have 

8xi = Sxi cos (xxf) + Syi cos (yxf) + 8z! cos {zx) = 8xi , 
8yi = Syi sin wi + Szi cos mi, 
8zi = Szi cos wi — Szi sin wi, 



and after substitution, 



and 



Sx[ = dRi + d^i, 



-for(^0. 



(8) 



for (-Si). 



(9) 



These projections we could have obtained at once by remarking that, for 
example, the focal surface (/Si) can be generated by the motion of the trihedron 
( Ti) along the t^-line, and then considering in the formulae for the displacements 
t? as a variable parameter. In this case we have 
For (71), 



1 n 1 



For(!r,), 



i>i=0, 






The projections of the displacements on the axes of a, y, z now are: 



8xi=' dx ^ .dsi + cfoi, 

8zi=dz ^ efoi 



(10) 
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X 



hi =dy + dsi-k- j-d8i, 



h 



X 



(11) 



Applying these formulsB to the points (i2i, 0, 0) and (0, iZg, 0), we get 

Sxi = dRi + dsi , 



and 



(12) 






§3. 

The expressions for the linear elements of the arcs dsi and (fog of the focal 
surfaces (/Si) and (aSj) are : 



dsC = S^x/' = {dRi+ d8{f+ ^ ds\, 

hi 



ds^ = 2^x"'= {dR,+ dstf+ 



Hence, for (Si) , 



hi 



d4 



(13) 



and for (/Sj) , 
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These formulsB have been obtained by Professor Craig, who also deduced by aid 
of them the theorems stated by Darboux (I. c. vol. Ill, p. 122), that the only 
surfaces whose lines of curvature have their geodesic curvatures constant, are the 
surfaces of revolution, the cones, the cylinders and their transformations by 
inversion. 

The angles ai and a, between the lines u and v on the surfaces (/Si) and (a%) 
are given by the following formulae : 

du Bi\/E 

To find the velocities of translations we use the formulae 

^^ =a/E^ .cosm^, ri^ =VJ^«. sin m^, 
^{^^ =s/G,. cos n, , Yi^^ =V G. . sin n, , 
where 

n^ — m, — a^. (x=l, 2) 

Now for (aSi) the axis of x is tangent to the v-line, hence Wi = 0, 7^1 = — ai ; 

for (/^) the axis of y is tangent to the inline, i. e. m^ = -— , so that 

2 

COS 7711= COS tti, sin mi = — sinai, cosni=l, 8inni = 0, 

cos7W, = 0, sin 77?^ = — 1, sin7i2 = — cosogi cos7i,= sina^. 

The translations are : 

For(7i). 



For {T,), 



ou 



(14) 
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§4. 

Returning now to the linear elements dsi and cfeg, we see that by making 
in (13) 

we can write them as follows : 

d8':=idgi+^dsi 

i. e. the lines 

jBj -f- «j = const., 

i2, 4- 5j = const., 

are respectively the orthogonal trajectories of the geodesies 

Si = const., 
fig = const, 
on the surfaces (/Si) and {8^. 

From the above expressions of dsi and ds'^ we also see that all the surfaces 
for which either 

hi \ 

is expressed by the same function of R^ + *i and ^i , or i2j + s^ and s^ have the 
corresponding focal surfaces applicable to one another. 

If, moreover, this ratio is a function of Ri + e^ or R^ + s^ only, the corres- 
ponding focal surfaces are applicable to surfaces of revolution. 

Another interesting case arises when we have, say 

Ai = /(i2i). 
Then taking the expression of the linear element in the form 



(fe,"=(diBi + (fe,)*+(^)*^ 



we get 



(fer -dB\ + 2dBids^ "•■ (^ + (x") ) '^' 



*^^^ l + (^) = J^(i?,), 
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and ds'^ = dRl + 2dB, ds^ + F{R^) ds\. 

Taking F{R^ outside of the parenthesis, 

and making 
we get 

= {^)}'[^i + (<^TO + tVl-<^^TO)^^i'] 



Putting now 



we get 



rf^i + (<^ (ii!0 —W\— <^* (i2()) di2{ = d/?, 



which shows that a and fi are isometric lines of the focal surface (a^). This family 
of isometric lines we can find by quadratures. Namely, 

i3= ^1 +/[<^ (/ij/)_iVl— 0»TO] ^^1- 

Thus we see that in this case the determination of isometric lines on the surface 
(/^i) is reduced to quadratures. 

To determine the function '4'(a» i^) we subtract the expression for d/? from 

that of da and get . 

da — d^= 2tVl— <^«(fiO dRi , 
and consequently 

a — ^ = 2if^/i—^^R{) dRi. 

This gives jBi as a function of a and j3. Therefore the determination of the 
function 4^ depends on a quadrature, 
16 
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Again, writing 
and making 
we have 






efor=-l-[d[u? + c??;l], 



where V^ is a function of Vy only. 
Make 1 



cZi;i = dvix » 



Hence, the lines u^ = const, and v^ = const, constitute also a system of isometric 
lines, and the focal surface (/Si) is applicable to a surface of revolution. The 
curves Wj and Vi can be obtained by quadratures 

u^ = s^+f^{R[)dR[, 

v,=f(l-^\R[)ydRi. 

The peculiar character of the expression 

ds[' = dR\ + 2dR, &i + (l+ (-x^)') dsl 
in case hi ==/(i2i) , 

namely, that the coefficients of diZJ, dRids^ ds\ depend only on Ri, gives us a 

chance to determine all the geodesies of {Si). (See Darboux, 1. c. vol. Ill, p. 2). 

We can take 

e = csi + ^i {Ri), 

^^"'" rc + ^Ji+^-c^ 

^ (Ri) =J ^^ ^3 ^^ dfi,, 

d = const, represents the orthogonal trajectories of the geodesic lines 
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This gives us 



= s,+J 



1 — 



i?i 






dBi, 



and thus the determination of the geodesic Hues on {Si) is reduced to a quadra- 
ture. 

Since Vi= ^*{Bi) depends exclusively on the form of the relation Aj =/(^i), 
we conclude that if we have a series of surfaces (2) for which h^ is the same func- 
tion of Bi, the focal surfaces (Si) will be applicable to one another and to the 
same surface of revolution. 

Another interesting case is when 



i. e. 7ti is constant along the line «i := const, 
able surface. Because 



(fof = (foj + dBl + 2dBi d»i_ + rf7\-yt ^4, 



Then the focal surface is a develop- 



or 



d8!^ = {dsi-\-dEiy + 






d4- 



Making 



we have 



dsy + dRi = d/Vi , 



/ 



where U'l is a function of C/i only. Further on we shall prove that (/Si) can be a 
developable surface only when the tt-line is a plane curve. Hence we conclude 
that hi can be a function of the arc of the line of curvature only when this line 
is a plane curve. As an example we take a ** surface moulure " defined by the 
equations 

V 



sin — cfe, 
a 



x=^aUcoB [- / Fsi 

a •/ 

y =: all Qin / Fcos — dv, 



%—J^\—a^W 



du» 
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Here U and F are respectively functions of w and v only and a is a constant. 
For the element of length we get 

d^ = dt? + {U —V)* dA^ 

and u = const., v = const. 

are the lines of curvature of this surface. Here 

E=:\, F=0, G=(U—VY, 
J____J 36? U' 



1 _n _ -^ _ VI — ?P 

_ G _ (u—vy 

where r ^' ^t , T?5r „ 

are the 2°* fundamental coefficients of Gauss. Hence 

1 _ 1 _ U"' _f, . 

and since »i = m, we have 



The focal surface will be a developable surface. Its linear element is 
or making 



d^,= \_d {u + R,)Y + ^^1 . dn\ 



/'(jn 
. „, du = arc sin Z7' = Z, 
V 1 — U 

we have <fef = d[<^ + (< — i^(Z)y dZ. 

To finish this subject, we prove a theorem suggested by a note of T. Caronnet.* 

*Th. Caronnet, C. R. 1892, '*Sur les centres de courbure g6od^iqae." The following proof is 
identical with the one given by Caronnet. 
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We are going to prove that if there exists a relation 

then the lines connecting the centers of geodesic curvature of the w^line with the 
corresponding centers of principal curvature of the v-line, form a congruence of 
rays normal to a surface. 

To prove this we consider our surface (2) as generated by the motion of a 
trihedron formed by the tangent to the w-line, its normal and binormal. Con- 
sider the points (i2i, 0, 0) and (0, Ai, 0) and imagine a straight line through 
those two points. Any point on this line is represented by the following coor- 
dinates : 

x^ = R^ — ^ ^ 



J. hi 

X being the distance from (i^j, 0, 0) to {xi, t/i, Zi). 

Consider the displacements on the axes a, y, z of the point (x, y, z) ; they 

are 

dxi + ^/ Edu + Zi {qdu + qidv) — jfi {rdu + r^dv) , 

^Vi + ^ Grdv +Xi (rdu + r^dv) — z^ {pdu +Pidv) , 
dzi + + yi {pdu+ Pidv) — Xi {qdu + qidv) . 

In order that the point {xi , yi , Zi) describe a surface to which the line above- 
mentioned be normal, the angle between the displacement of (xi, yi, Zi) and 
this line must be a right angle, whatever be du and dv. The direction cosines 
of our line are 

Consequently 

^^rVp [^^1 + ^^^^^ + ^1 (?^^ + qi di)) — yi {rdu + rj dv)\ , 

— j^^%\-j^ i i^yi + '^ ^^ + Xi{rdu + rydv) — Zi {pdu + pid/v)] = 0, 
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and since this equation holds for any du and dv, we get 

Bidx — hidy=:0. (15) 

But , Tn .J hidRi — Ryhidhi BidX 

and the above condition becomes after a few reductions 



and ^^ _ dJB} 

Thus we see that A. can be determined only when ^i is a function of \. In this 
case we can write 



% 



and this determines the point which describes the required surface. Conversely, 
if the above-mentioned lines form a congruence of normals to a surface, the equa- 
tion (15) holds and 

i2i = /(Ai)- 
Returning to the expression 

we see that the linear element of the focal surface depends only on the ratio 

-^ . If for example 
hi 



^==Q,-S,, 



where Q^ and S^ are functions of qi and Sj respectively, the generated surface 
(/Si) is a " surface moulure " and 

q^ = const, and Si = const. 
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are the lines of curvature of (/Si) . 
Again, if 






where m is a constant, we obtain a developable surface, and as previously 
remarked, this may take place only when the corresponding lines of curvature 
are plane curves. 
If we suppose 

t:-^' or —2—' 

we shall have for (aSj) a surface of revolution whose total curvature is constant. 

§5. 

We pass now to the elements of the 2°** order of the focal surfaces (/Si) and 
(/Si). We must find the rotations p', i, pi, qi r[ of {S^) and y', ^', r", pi', q[f, ri' 
of (/^i). We know that if a, 6, c and the accented letters are the direction 
cosines of the movable axes with respect to the fixed axes, according to the table 





X 


Y 


Z 


X 


a 


a' 


a" 


y 


h 


V 


6" 


e 


c 


d 


c" 



(X, F, Z are the fixed and x^y, z the movable axes), then the rotations are 
expressed by the formulsB 

^ dh ^ cfo _ ^T da 



du 



du ' 



^ db ^ da VI. ^ 

We have already remarked that in order to pass from {T) to (7\) or (TJ) we 
must rotate the trihedron {T) around the axes x and y through the angles wi 
and ]0g respectively. 

The following is a table of direction cosines of the movable axes x, y^z 



116 



Pell : On the Focal Surfaces of tlw Congruences 



with the fixed axes and with the axes x\ y\ z\ x", y", z" of the trihedrons 
(71) and (j;): 





X 


Y 


Z 


a/ 


y 


z' 


a/' 


y" 


g" 


X 


a 


a! 


a" 


1 








sin w^ 





— COS Wi 


y 


h 


V 


h" 





sin wi 


cos Wi 





1 





z 


c 


d 


c" 





cos Wi 


— sin nrj 


cos 102 





sin 02 



Hence we can write 

cos (Xa/) = a , cos ( Fa') = a', cos (Za/) = a", 

cos (Xy) = 6 sin ^1 + c cos ayj, 

cos ( r^') = 2/ sin oTi + ^ cos ari , 

cos {Zt/) = ft" sin my + c" cos ari, 

COS {XtJ) = 6 COS wi — c sin roi , 

cos ( Y^) = V cos tiTj — c/ sin mi , 

cos (^2/) = V cos ^1 — d' sin m^ , 

cos (Xa/')= a sin org -f- c cos w^^ 

cos ( Fa/')= a' sin xxs^ + d cod 0x3, 

cos (^a/') = a" sin wg + c" cos wg, 

cos (Xy ) = 6 , cos ( yy ) = V, cos (Zy ) = i", 

cos (Xz") = — a cos m^ + c sin m,, 

cos ( Y?l') = — a' cos xa^+ d sin org, 

cos i^Zd') = — a" cos w^ + c" sin ar,. 

We can now write the expressions for the rotations. Namely, 



pi =i>i + 



dv ' 



/7n 

€[ = — 2ci -^ = — (r COS mj + g^ sin ^i) , 

^1 = — (ri cos oTi + 5^1 sin m^ , 

/ = 2fei — = r sin axi — q cos nrj, 

rj[ := ri sin wx — qx cos wi . 
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And similarly, 

y = r cos «3 + j:> sin t^^, 

p{' z= ri cos m^ + 2>i sin org, 

i" ■=.r sin wg — p cos w, , 
rjj' = rj sin 0, — ^'i ^^^^ "«• 

Introducing in these formulas the values of _p, ^, r, 2>i. ^i. »'n coswi, sinnri, co8»g, 
sinnrj, we obtain the following table: 

^ at* <r, ' ^ "' 

^-*+ai^ ' ^»-W- rg ' 
r" = — ^'^^ ^ r'i — — '^^ . 

Still following Darboux's notations according to which the 2°'* fundamental coeffi- 
cients of Gauss, L, M, N&re given by 

where the />'& are given by the equations 

and ^ = yii^ — *i^i, (17) 

16 
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we get, by applying successively the above formulae to the surfaces (/Si) 

and (Si), 

A' = —n'^i, A" = -V'$('. (18) 

Then for (a^) : qi = 0,y![ = 0; hence 

A'=0, 
and for {S^) -. p[' = 0, ^" = 0; hence 

Z)^ = 0. 
That is, Mi = 0, Mg = Oy 

and consequently the lines u and v on the surfaces (/S',) and (S,) are conjugate. 
This is a well-known property of the focal surfaces. 

Now J _ A _ ^1 ^/^ 9wi 
or J ^i^ 

and AT — A _ 9-Bi ^V ^ 

iVi — . — - 



Similarly 



Ai dv ' jBipi 

The measures of total curvature of {Si) and {S2) will be 

for (/Si) _L=JL ^?y^ 

dv 

for{S,), JL. = A^ ^WE 

du 

In order that any of these expressions may become zero, i. e. in order that any 
of p{, p2, pi', pi' may become infinitely large and the focal surface may become a 
developable surface, we must have any one of the following equations : 
Ti=oo, T2=oo, ^jzroo, i2j=:oo, p^nroo, p^zzioo. 
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All of these equations show that the lines of curvature of (2) in one system or 
in both systems must be plane curves. And conversely, if (aSi) or {S^j be devel- 
opable surfaces, the corresponding lines of curvature must be plane curves. 

The expressions for the rotations p[ and g" give us a means of finding the 
derivatives 

dv ^ du ' 
From Alp^ = ^'D[', AW=z-yj['Dn 

we have , _ 2)('^' _ 7/| ^3^ , ,r.\ J G- 



and 






or remarking that the derivatives 



3,3 
and 



s/G.dv s/E.du 

represent the derivatives with respect to the displacements along the lines of 
curvature ds^ and dsi , we can write 

3^ _ _ r 1_ , _^?_ f dRi . - \-] 
3^2 ~ l\ ■^pii2fV35i ^ /J* 

In the same way we have 

and dwi rj^ , A| f dRj , -N"! 

§6. 
The equations of the asymptotic lines are : 

Af dv p2 ^^ 
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By inspection we find from these equations that in order that the lines of curva- 
ture of (2) correspond to the asymptotic lines of {S^ and (/SIg), we must have 
simultaneously 

^^ = .§ = » ■ W 

or ofi =f{v) , W2 = /i («0 » 

i. e. the angles between the osculating planes of the u and the v lines and the 
tangent planes to (2) must be constant. The converse is also correct. But the 
equations (20) give 

i. e. that the lines of curvature of (2) in both systems must be plane. 

We know all the surfaces having lines of curvature plane in both systems. 
They are the envelopes of the plane 



ax — ^y + \y.'s/l—7? — \/^^ — \ Wl + ^)z 
=/(a)-/(/3), 

where a and (3 are parameters of the lines of curvature. . Hence we know all 
the surfaces for which the lines of curvature correspond to the asymptotic lines 
of the focal surfaces {Si) and {S^). 

The equations of the asymptotic lines of (2) are 

pi pa 

In order that the asymptotic lines of (2) may correspond to those of (/Si) we 
must have 

^ — •>, -^ /IP ^^ 

-_«.-jj-.v£._, 
»=„.j_.^..,/<}. 

pi pi dv 

Now we have seen that for (Si) 

1 _ 1 Ajyg 

PiP» ^1 fi-^Pi' 
dv 

and from the equations (21), 

1 _ 1 dRi hi 1 



(21) 
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and finally, 



fif!p.p.= (^f!)'. 



Calling XT' 1=1 ^ 

This is a particular case of a theorem given by E. Cosserat* and A. Demoulin.f 
It follows at once that if we have the above relation between the radii of prin- 
cipal curvatures of (2) and (/Si) , their asymptotic lines correspond. For then 











^^-.. 




and since 


for (a^) we have 
















1 1 


hWG 








9W* 9^1 ■ 


Ti.i^pi' 










dv 




the above 


equation 


becomes 














1 _ 


1 B\^\ 
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hWG~ 


pips' ^1 








M, 


T.iBfp, 










dv 






and hence 
















E 


a 


i^ E 


1 dRi 






Pi 


p»' 


- h\ r. 


hi dv 



which shows that the two equations of the asymptotic lines for (2) and (/Si) are 
identical. 

So that we can say : if the product of four radii of principal curvatures of 
(2) and (/Si) is equal to the fourth power of the fourth proportional to iZj, pj and 
Ai, the asymptotic lines on both surfaces correspond. And if we desire to have 
the asymptotic lines of {S%) correspond to those of (/Sg), we must have 

4wE.^=m.±.^^WE, 

hi Ti p2 ^^ 

Pi OV hi T2 

*B. CkMSserat, C. R., vol. 118, 1804, '^Sur dee congruences rectilignes et sur le probl^me de Ribau- 
cour." 

t A. Demoulin, G. R., 1894, **Sur une propri6t4 m^trique commune A trois classes particuli^res de 
congruences rectilignes." 
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Now we had 

dv 
1 _ 1 J4^/E 



du 

Pip.pip.- j^li^EG •^'^- 
From the first two equations 



hence 



9 Jti 3^2 '^l'^2 -^1 -^ Pi 9% 

n' fi' n'l n'l — -^-^PlP» 
Pi p. Pi P, ^j^V^, 



or if we want to introduce the angles wi and org we have 

Ri 1 xtj 1 

Ag sin OT| Aj sin n^i 

o*- ag8^' pip,'pi'pi'= c .-^»i2^^y. 

pip»pip» V8in2»i8in2V 



In a way identical to that on page 126, we can prove that this relation is also 
sufficient for or characteristic of the correspondence of the asymptotic lines on 
(S,) and (S,). 

From the relations 



and 



pfpipip.=(^y 
p(pipi'p^'=^^^^, 



we conclude that if there exists a correspondence of the asymptotic lines on (2) 
and {Si) or (/Si) and (a^) , then at corresponding points both surfaces are either 
convex or of opposite curvature. For instance, if pi^O, pi>0, then pi*^ and 
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p^2^ must be either both > or both < 0, (x = , 2). If on the contrary pi > , 
p^<0, then p5''^>0andp§'><0. 

Again for such surfaces, if (2) has its total curvature constant, (Si) can be 
of the same kind only if 

^ = const. 
hi 

Since the equations of the asymptotic lines and the equations connecting any 
two conjugate directions du and 8u, dv and Svj contain the same coeflBcients, we 
may say that when the above relations, connecting the four radii of principal 
curvature, exist, then the conjugate directions of (2) and (/Si) or of (/Si) and (/S^) 
correspond. 

§7. 

The equations of the lines of curvature we write in two different ways, viz. 
For (/Si) (calling pj, pj the radii of principal curvature of (/Si) and (S^), 



^ 's/'Edu + pj (^^du + p,dv + ^^^dv) = 0. 

(^ + ^a)d. + '^^du^^^du =o.J 
^VG.dv{'f^(^^.do + gdu + ^du^=0.j 



(22) 



(23) 



Eliminating from these four equations pj and pj, we obtain the differential equa- 
tions of the lines of curvature of (/Si) and (S^) . 
For (^), 
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and for (/Sj), 

-v'4-|-(t+^__«)>«* 
-|(^+^'')V|.^.««'=o. 

Prom these equations we can see that if we want u and v to remain parameters 
of the lines of curvature on both focal surfaces (/Si) and (/Si), we must have 
simultaneously 

^^A + ^E= 0, ^ +V G^= 0. 

The first equation gives 



du 


-VJ?, 


and since d _ 


1 d>^a _,_ vG ar,_ ^^ 

ri ' aw i\ '-du 


dRy_ 
du 


Again, ^^ _ 


1 a-v/6? ,^ 1 avG' 

^E' du ' ^^- T^' du ' 


hence 


''lt=o- 




i. e. 


t-"- 


The second equation gives 


dR^_ 

dv - 


,^_ 1 ds^E_^E dr 
r ' dv 1* ' dv ' 


and since ^ _ 


1 d^E ,„ 1 8V-& 
\/Q' dv ' ^^- r • dv 


we have 


^E ar _ - 


i. e. 


^^ -0 



of Tangents to a given Surface. 125 

Hence dr Sr ^ 

which requires either 5 = or ^j = . 

ov 

^^^ = ^' lPj = -qr, = and 9=0. 

ou 

We excluded from consideration the cases where r or r^ are equal to zero, for 
then the surface (2) would belong to the class of surfaces enumerated by Dar- 
boux (1. c. V. Ill, p. 122) and the focal surface would degenerate into a line, so 

that we have 

i>i=0 , q=0 , 
i. e. Pj = cx> , p, = 00 , 

and we get a trivial solution of the plane. This theorem has been proved by 
Professor Craig in a somewhat diflTerent way. 

The question, can the lines of curvature of (2) correspond to those of say 
(a^i) ? has been treated by C. Guichard* in connection with the surfaces of con- 
stant total curvature. 

Let us eliminate from the equations (22) and (23) -=- ; we obtain equations 

determining radii of principal curvature of (aSi) and (/Si). 
Por(.^), 






hi ' dv 



For (/Si), 



I Rz\^Gr dR^ ^ 

h^ ' du 



* C. Guichard, *^ Becherches sur les surfaces A courbure total constante, " etc. (Ann. de I'J^cole Nor- 
male, 1890). 

17 
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Calling K^ and K^ the respective total curvatures of (/Si) and (a%) and H^ 
and H^ their mean curvatures, we have 



^1= 






EWE.^^^ 



R\p,^^.VE 



ov 



In case the lines of curvature of (2) correspond to those of (/Si), we have 

ou 

TT OV OU v' ' ou 

Mi — go — ; Ai — 



In this case we can write very simple expressions for the radii of principal cur- 
vatures. Since u and v are parameters of lines of curvature on (Si) , we have 

/ El Si E hxti Ri T\ 

P' ~ A ~ ~ ~h\ 'EE^ hT ' 

Thus we see that pj is the fourth proportional to R^, Ti, Aj. This property fur- 
thermore is characteristic of the surfaces. For suppose that one of the radii of 
curvature of the focal surface {S^ , of the congruence of tangents to the line of 
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curvature ^= const, of the surface (2), is the fourth proportional to i^i, Ti, h^. 
Then for the second radius of curvature we shall have 



and this requires 



or 






or fdRx 



^+y^) = 0. Q. E. D. 



Therefore the necessary and sufficient condition that the lines of curvature on 
(S) and (jSIi) correspond is that 

Consider now two surfaces {S^ and (/%) such that the lines of curvature of one 
correspond to those of the other. We must have 

C^ + ^^) ■ fr -'^= - -» • -I • (w' + ^'') ■ ^1 • '^ • 

dv ri ^ E Rl\du J Idu r^ ^ G 



Kt+^^y] 



The first two equations give 

or Tj tj 8jBi 3i22 Pi p» -^ ^1 

which is identical with the necessary and sufficient condition that {8^ and (a%) 
have their asymptotic lines corresponding. In case of corresponding lines of 
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curvature this is a necessary condition, but it is not suflScient, as the third equa- 
tion written above has to be satisfied. We can therefore state : if the lines of 
curvature on {Si) and (/Si) correspond, the asymptotic lines correspond also, but 
not conversely. 

§8. 

For the spherical representation of an element of a curve on the focal sur- 
faces (Si) and (Ss) we easily obtain from the general formula : 

dal = (i)<'' du + pi'^ do)* + (g<'> du + qf dvf. 
For (^), 

For (^,), 



or 



\ Pa / J^\ p A p2 ^ 

\ Pi ^ ^P* ^ Pl ^^ 

cto? = (dr., + ^) + ^? . del 
\ pg / Mtfit 

d^l=(dw,+ ^y+-^,.dsl 
\ pi / M2P2 

These two formute evidently do not depend on the choice of the coordinate 
lines. 

§9. 

Let us now consider the congruence of straight lines tangent to any given 
family of lines on the surface (2). 

Suppose that the surface is given by aj =/ (w, t?) , y = ^ (tt, v) , 2 = '4' (^» ^) • 
The lines on the surface are given by their differential equation, from which we 

can obtain the values of -3- = K • 

du 

Then the coordinates of the focal surface are given by 

flCi = a + tti jBi ; yi = y + ^iRi] 2^1 = 2 + yi A, 

where ai, /?i, y, are the direction cosines of the tangents to the given curve and 

represented by 

dx , ^ dx 



+ ^- 



_ 3^_ "' dv ^^^ 



of Tangents to a given Surface. 129 

Ri is the focal distance and given according to Kummer, by 

I? -_ gE'-{f + f)F' + eG' 

y dx 9ai /. ^ dx dxi -^ ^ dx dxi ^ dx 3ai 



where 



The fundamental coeflScients of the focal surface E, F, G we obtain according 
to the formulae : 

+ 2 -^ . Z ^— . tti, etc., 
3^ du 



or 



The linear element <fo, is therefore 

+ 2dRi\ cos F. V¥. du + cos Fj . ^'G. do \ , 
where „ fj- I ^ dx tt- 1 ^ dx 

Fand V^ are the angles between the direction Bi and the lines v = const, and 
u = const, respectively. 
It remains to express 

dal = E' dvP + 2F' du dv + & dv\ 

For this purpose imagine a sphere of radius 1 and through the center of it draw 
the lines parallel to the direction Ri ; they will describe a certain line on the 
sphere, the coordinates of which are ai, /?i, yi and da\ is the element of arc of 
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what is called the spherical indicatrix of the given line. Its value can be written 

up from the fact that 

doi 1 

ds^ h^ 

where h^ is the radius of the first curvature of the given curve and ds^ is the 
element of arc of this curve given by 

Hence i « dsl 

The expression 

edu* + {/ + f)chidv + gdi^ 

is identically zero. For 

e=^ ^mdu + m'dv + E-~ (du) + i^~ {dv) 

--^-iEdu + Fdv)^{ds^)], 
f + /'z= ^ ^m'du + m"dv + ^ • -^ (du) +F-S- {dv) 

— ^ {^Edu + Fdv) . ~ (rf#,) + ndu + n'dv 
^F.^{du)+a-^^idv)-^iFdu+Gd.)-l-idsS\, 

9=-^ [n'du + n"dv + F^{du)+ G.-^ (dv) 

d 



i- {Fdu + Gdv) ^ (A,)] , 



and hence 

edu^ + if + f) dudv + gdv^= -=— [du{mdu^ + 2m^dudv 

ds^ 



where 



+ m'^do^ + Ed^u + Fd^v) + dv {ndu^ + 2n'du dv 
+ n'^dv^ + Fd^u +'Gd^v'] —d\ = 0, 

du ' 01? ' du ' dudv ' du ' d^^ 

n =X— ^*^ w' = 2 — ^^^ n^' =zy,— — 
dv * 01? ' dv ' dudv ' dv^ ' dv 
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Again, co8F= — i^ 

yTE.ds, ' 

T7 Fdu + Gdm 

°°°^''' v-ff.&. • 

Hence the linear element of the focal surface becomes 
Prom this expression we see that for any coordinates u and v 

If we write the above expression for cfej as follows : 

where ? == «,c + J^i > 

we see that s^ = const. 

represents a system of geodesies on the focal surface, and 

5^ + i2i = const. 

are their orthogonal trajectories. 

Suppose the surface (2) is referred to a system of geodesic lines and their 
orthogonal trajectories; then ^=1, jP= ; consider the congruence of lines 
tangent to the geodesies v = const. ; «^ =: i^ = const, will be geodesies on the 
focal surface, and since 

J___aigv^G^ 

their orthogonal trajectories are 

u — 1 : — %^ — = const. 
ou 

We perceive at once that if 
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i. e. if our surface (2) is applicable to a surface of revolution, -Bi + w =/i (w), and 
therefore the focal surface cannot be referred to the system of coordinates 

Ri + 8, and «,, 
for the lines 

i2i + «» = const, and s^ = const, 
are identical. 

Excluding this case from consideration, we see that since 

^^ — oi 5-pr = const. = a , 

dig V Cr 

du 

by integrating we obtain 

s/'G. V=u — a, 

and without any loss of generality we can make F= 1. Hence 

v'(? = u — a 

are orthogonal trajectories of the geodesies u = const. 

In the case we have excluded from consideration we can introduce a new 
parameter, namely, 

where dw is the curvature of the geodesic v = const. Then 

and we see that the focal surface is also applicable to a surface of revolution. 
This is the well-known Weingarten's proposition. 

§10. 

We can state without proof, which is altogether similar to that given on 
page 110, etc., the following theorem: 

If the edges of regression of one system of the developable surfaces of the 
congruence of lines are such that their radii of curvature are functions of the 
corresponding focal distances, then the second focal surface is applicable to a 
surface of revolution. We can find all the isometric systems on it by simple 
quadratures, also can determine all the geodesies which can be drawn on it by 
simple quadratures. Furthermore, if for different congruences the radii of cur- 
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vature above mentioned are the same functions of the corresponding focal dis- 
tances, the second focal surfaces for these congruences are all applicable to one 
another. If the radii of curvature are functions of the arcs of the edges of 
regression, the second focal surface is a developable surface. 

We give here also without proof the formulas for direction cosines of the 
normals to the second focal surface. The proof is based upon the theorem of 
Koenigs given on page 103. Calling X^^, T^, Z^ these direction cosines, we have 

X=— h^^^ hjL.[^ ^+ G>._ _ dx _ E+ FX 1 

* E, "^ Tp^ldu WE'+^iF^^G^' dv \/JS+2FX+ QX^^' 

y__ KZ.Ji^rdy^ F+GX dy E+FX i 

* B, "^ % Idu • ^/E+2FX+GX^ dv'VE+ 2FX + GX^^ ' 

^= — A-Z+A-f— i^+ G% _ dz E+FX 1 

* B/ ^ TfXdu' V'E + TFX^+GX^ dv ' V E+^^FX+GX'-^ ' 

Here B^ is the radius of geodesic curvature of the edge of regression, p^ — radius 
of principal curvature of the first focal surface, X = -^ is taken from the differ- 
ential equation of the lines the tangents to which we consider in the congruence, 

T^ = EG — F^. 

§11- 

Here we want to state the following theorem which escaped us at the time 
of writing the above matter. Namely, on the page 114 we proved the following 
theorem : if there exists a relation 

then the lines connecting the centers of geodesic curvature of the t^line with the 
corresponding centers of principal curvature of the v-line form a congruence of 
rays normal to a surface* These rays all lie in the tangent planes to the focal 
surface (/Si) , and therefore are all tangent to this surface, i. e. this surface is the 
surface of the centers of the surface to which all the rays are normal. Now 
since this surface of the centers is applicable to a surface of revolution, it must 
be a Weingarten's surface, i. e. its radii of principal curvatures are functions of 
one another. 
18 



But 
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The linear element we reduced in this case to the form 

ds'i = dt)| + ■=— . dv{. 

We can take v^ for the radius p,, of the surface to which the rays are normal. 

= nRi)- 

Hence Ri = const. 

is the line of equal curvature of the above surface, and 

Ui = const. 

its lines of curvature of one system. 

Again, ^ = «i + ^i (A) • 

If ^1 be a function of 72^, we cannot take s^ + R^ and R^ as the parameters 

of the coordinate lines on the surface (/Si) . 

But then as before 

d8[' =d{8^ + R^f + R\dw\ 

K 
In this case the focal surface is applicable to a surface of revolution. 



Displacements depending on One, Two and Three 
Parameters in a Space of Four Dimensions. 

By Thomas Craig. 



In the present paper I have given as briefly as possible a generalization to 
a space of four dimensions of the kinematical methods developed by Darboux in 
the first two volumes of his **Th6orie g6n6rale des Surfaces." As I have only a 
very slight knowledge of what has been done in the geometry of a four-dimen- 
sional space (Euclidian), I have confined myself entirely to the generalization of 
Darboux's formulas, lest otherwise I might merely repeat what is already well 
known. 

We shall first consider a system having one point, 0, fixed. Let 
X, Yj Z^ W he the coordinates of a point referred to fixed rectangular axes 
having as origin; x, y, z, w the coordinates of the same point referred to 
moving axes also having as origin. The following table gives the direction 
cosines of the two sets of axes referred one to the other : 



(1) 





X 


T 


z 


w 


X 


«! 


ttg 


"8 


a* 


y 


A 


/?, 


/3, 


/?4 


z 


n 


rt 


ys 


Y* 


w 


^1 


5, 


^8 


h 



Among these 16 cosines we have the following 10 relations: 

a? + /3f + yf + 5i=l, axa,i- /?,/?, + /!/,+ 5x5^=0, 
a| + /^. + ?1 + ^1= 1. aias + A/^s + 7^ + ^1^= 0, 
a| + ^« + y8 + ^l=l, aia, + A/?4+y,y4 + M4 = 0, 
a! + /?!+yf + «! = l, a,a, + /?8/?, + y:5y,+ 5A=0, 

fhP-i + ^ A + 7*7* + ^«^* = , 

OUtti + ^ A + 7*7 i + ^8^4 = . 



(2) 
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or 



af +a| +a} +af = 1 , ai/3i + a^^ + aj/^, +a^4 =0,1 
^ +^ +/8|+^ = 1 , a,yi + o,y, + a,y, +04/4 = , 



h\ +51 +5J + h\ = 1, yA +yA +yA +yA=o. -I 
I shall call the figure formed by the four three-dimensional spaces 
X=0, r=o, Z=0, TP'=0, 
meeting at the point a tetrahedroid, and that formed by the six planes 



f-r=0, fX = 0, iX = 0, 

\t=o, \z =0, \w=o, 

|r=o, jr = o, iz =o> 

\z = o, lTr=o, tTr=o,, 



(2') 



(3) 



(4) 



a hexahedron. 

It will be convenient to speak of any such expression as 
AX+BT+ CZ+DW+E=o 

or ace + 6y + C2 + <^w? + e = 

as a hyperplane. 

In fact I shall employ the nomenclature used by Poincar6 in his memoir 
"Sur les R6sidus des Int6grales doubles," Acta Math., t. 9, pg. 325; thus a 
hypersur/ace will be expressed by a single relation between the four coordinates 
of a point, a surface by two such relations, a line by three relations. 

The following four equations 

a ttix + (3iX + yi2 + SiW = , 

c asa + /?8y + ya« + ^»«^ = 0, 
d a^x + /?4y + y^z + ^41^ = 

are the equations of the four hyperplanes forming the faces of the moving tetra- 
hedroid. The planes formed by the combination of these in pairs will be the 
faces of the hexahedron ; these may be denoted as follows : 

(a,&) = P\ (a,c)=P«, (a,c^)=P^ 
(6,c) = P*, (6,d) = P», (c,d)=P«- 

To denote the direction cosines of these six planes I employ the notation used 
by Cole in his paper *' On Rotations in Space of Four Dimensions," American 



(6) 
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Journal of Mathematics, vol. XII, p. 191. The direction cosines of the plane 
PS for example, will be denoted by 






pi 



pi 



p^ 



Pl 

Since our system is an orthogonal one, we have 



P] 



S4* 



pl _| »!» /?1 

-* w — r 



pi _ «!> yi 



PL = 



pi _| «!» ^l 



pl _ 



84- 



(7) 



and similar expressions for the 30 direction cosines of the remaining five planes. 
These quantities P^ satisfy the two equations 

PnPu-PisP^ + PnPu =0) ^^ 

(note that Pm = — P^j, so that the second of these can be written in the form 

Pi,Pu + PuP4, + P,sPii=0, 

the form in which Cole gives it). 

I shall denote the moving tetrahedroid by the letter T and the hexahedron 
by H. To form the equations giving the motion of T we proceed in exactly 
the same manner as in forming the analogous kinematical equations for space of 
three dimensions. 

DiflFerentiate the second set of equations (2') and write 



dl 



= -2^.^ = 



dSi _ 



2* ^=-2/. 



dt 

dS, 

dt 



Phi 



Pui 



»=1, 2,3,4. 
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For II? = the quantities p^^^Pisi P12 are respectively the quantities p, q, r of 
ordinary space. The extended form of the ordinary kinematical equations 
can now be written down at once, but instead of writing them for the point 
{xj y, Zf w)l shall at once write them for a point at distance unity from on 
each of the axes X, F, Z, TT, referring the reader to Darboux (** Theorie g6n6rale 
des Surfaces," 1. 1, pg. 4) for the intermediate steps. The equations are 

-^ = + Pi2^ —P\z7 H-Pm^i 

1 (10) 

-^ = —Pu<^ —P2i^ — Puy 
These equations are satisfied by the four sets of direction cosines 

(«!, /?i. yi» *\)» (a«, /?», y2» ^2), (as, /?3, 7^^ ^3)1 (a4, /?4» y4» ^i)i 

and these by (2) can be expressed in terms of 6 arbitrary quantities. For the 
expression of the 16 cosines in terms of 6 arbitrary quantities the reader is 
referred to a paper by Cayley in vol. XXXII of Crelle and to Cole's paper above 
cited. 

We have here what at first sight seems rather curious, viz. a system of four 
equations of the first order (equations (10)) containing six arbitrary constants in 
their general solution. This is, however, easy to explain. The rotations j?^ are 
the components of rotation about the six planes of the hexahedron R. By aid of 
(7) and (10) we can form six equations giving the derivatives of P^^, P\3 • • • • Pu 
with respect to t. We have by (7) 

^ = 4(.A-«^.)i (II) 

expanding this and substituting from (10) where we give the quantities 
a , /? , y , 5 the suffixes 1 and 2 successively, we arrive at the equation 



=P^tP\z+PuP\i + PizPlz -PiiPl, (12) 



dt 

and similar equations for 

dPU dPlt dP^ dPit dPl 
dt ' dt ' dt ' dt ' dt 
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Dropping the superior aflSx, we have the following six equations satisfied by the 
36 direction cosines Pg : 

dPv 



IS 



dt 

dt ^" " 

dP, 
dt 



PisPu +PuPh +PisPti —PuPu 

+ PuPu + PuPk — PuPm . 



^ = —puPu—PuPi3 



I PiiPit — PisPu » 
+ PhPm PuPsi > 

<^^«= Jt),4P„ +Pv>Pli-PBiPtS +P^Pu, 

PuPit + PisPu + Pu Pta — PaPu 



dt 

dPu- 

dt ~ 



V 



(13) 



(14) 



From these we have at once the two quadratic integrals 

n + ^8 + il4 + /Is + ili + /l4 = const, , 

■Pi2-Pm — ^3^24 + ^14-P23 = COnst. 

These last equations show us that by proper substitutions the integration of 
equations (13) can be conducted to the integration of a system of four equations. 
The four equations are evidently equations (10). 

Equations (10) obviously have the following integral of the second degree: 

a^ + i^ + y* + 5' = const. (15) 

If now (a^ ^, y^, h^) is a particular integral of (10), we can add the integral of 

the first degree 

aa^ + P^ + y/ + h^ = const. (16) 

to (15) (Darboux, I, p. 20) ; and so if we have three particular integrals of (10) 
(a^ ^, /, 5«), (a\ /?S y\ ^')^ K ^^ /, «*), 

we have the following system of equations for the determination of the general 
integral : 

a^-h ^+ /+ ^ = const., " 

aa" + ^^ + y/ + 55" = const., 

aa} + /3/8» + y/ + W = const., 

aa? + /8i8« + yy* + 55» = const.. 



(17) 
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Since a*' + /?*' + y*' + 5*' = const., (& = , 1 , 2) 

we can join to equations (17) the following:* 



(18) 



A = 



a, /?, y , S 
a«, ^, /, 5« 
a\ p\ r\ ^' 
a\ ^, /. 5« 



= const. 



(19) 



That A = const, is obvious from the fact that by (15), (17) and (18) its square is 
a constant. The last three equations of (17) and equation (19) are linear in 
oi'f fij yi ^y ^^^ ^0 serve to give us the values of these four quantities. 

It is only necessary to employ the reasoning on page 6 of Darboux, t. I, 
and equations (10), (16) and (16), to see that a general solution of (10) involves 
six arbitrary constants, viz. the six arbitrary constants which serve to define 
the initial position of the hexahedron H. 

Suppose now that the system has no fixed point We must then introduce 
the components 

^, >7, ^. r 

of translation of the origin of the moving axes. Here again it is only necessary 
to reproduce Darboux's reasoning (p. 7 loc. cit.) Let Xq, Tq, Zq, Wq denote the 
coordinates of the moving origin. So far as the rotaiion is concerned, the origin 
can be fixed, and therefore the 16 direction cosines determined as above. We 
have now the following equations for the determination of -ZJ), Fo, Zq, WqI 



^ = a,? + i3.n + y*f + V. 



^=a£ + ^,r,+r£+8,r, 



(20) 



* This method of BolTing equations (17) was, for three dimensions, communicated to me by Pro- 
fessor Echols of the University of Virginia, who had received it from M. E. Gosserat M. Gosserat's 
note to Professor Echols was drawn out by a solution which I had published in the Annals of Ifathe- 
matice of the equations just preceding (6) on page 21 of Darbouz's Th6orie g6n6rale des Surfaces. 
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The integration of these equations is reduced to quadratures, since the coe£S- 
cients oi, Pi, /<, ^i have already been determined as functions of t and ^, yj, ^, r, 
like Pa, Pu ' • ' ' Pui ^T^ given functions of t. 



Betum now to equations (10) and write 



2v 



_ 2X ^_ 2ii _ 



8 = 



1(>-l 



F=a» + /K'' + v». 
After some simple reductions we shall find the following equations : 



(21) 
(22) 



d% 



(If JV 



<2v 



= ^i>i8 — MPai + ( — 2^) i>84 — V ['lPl4 + V-'PlA + J'I'm] • 



(23) 



This system of simultaneous equations is, for three unknown functions, a gene- 
ralization of Riccati's equation. I do not know whether such equations have 
been studied or not, but, as their integration plays no part in the present 
paper, it is not necessary to say anything more about them."^ 

Consider now the case of displacements depending on two parameters, 
<, u. Let ^la, j:>i8, • • • • i>84 denote the rotations which depend on t alone; 
i^Mi jPi8j • • • 'i^M those which depend on u alone. We have at once the equa- 
tions 

3a 



i>i»^— i>i«y + i'M^. 



-^——Vvfl' +i»f8y +i>»45. 



-^ = —Pua —JMi — Pwiy 



+ i>845. 



(24) 



* A note on the subject of these equations by Mr. John Eiesland will appear in the following number 
of this Journal. 
19 
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da 
du 



M=- 



du 



Pvft 



P'u^—Pi^ + Pu^, 

+ Pls^+PH^f 



= Pvfl- — Pis^ 



+pL^. 



-g- = —Pua — Pu^—Pur 



(26) 



du 

DifferentiatiDg each of (24) for u and each of (26) for v and equating the results, 
we have the following six equations of condition connecting the coefficients pif 
and p'^ : 

= 0, 



= 0, 



9pu 

du 


-'^r- 


i>i8. i>j» 

i>u. Pa 


— 


Pu, Pu 
pit, Pu 


du- 


-f^ 


Pa, Pu _ i>M. Pu 
Pu, Pa pit, pit 


9pu 

du- 


dp'it. 


Pa, Pu 

pi , Pu 


_ Pis, Pu 
pit, Pu 


3pts 

du 


a/4 . 
- dt + 


Pi%, Pu _ Pu, Pu 
Pi», pis Pu, Pu 


dpu 

du- 




Pu, Pa _ 
pit, Pi% 


Pu, Pa 
Pu, Pa 


^- 


-^ + 


Pis, Pu 
pis, pit 


— 


Pu, Pu 

Pa, pit 



= 0, 



= 0, 



= 0, 



= 0. 



(26) 



We shall arrive at the same set of relations between the quantities p^ and jp^ if 
we form the two systems of equations similar to (13), one system giving the 

values of -^ and the other giving the values of -^ . For convenience of refer- 
ence I shall write the first of each of these systems : 



^ =PfBPiz + PuPu + PuPtB - PuPu. 1 



dP^- 
du 



= p'nPn + P^aPu + P'nPn - piiPi 



iiPzi) i 



(27) 



(28) 



Reciprocally, whenever we have twelve quantities p^^plj satisfying equations 
(26), there exists a motion in which these twelve quantities are the rotations. 
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We can use either equations (24) and (25) or (27) and (28) and reproduce almost 
word for word the reasoning on pages 49-51 of Darboux ;* it is not necessary to 
go over this ground, as the reader can readily supply the missing reasoning. 

The question of the integration is in this case led back to the determination 
of systems of solutions common to two sets of equations formed like (23) — one 
gives 

dx dy. dz 
W W W 



and the other 



dx dy 



du 



It is not the purpose of the present paper to take up the study of any of 
these equations, but merely to indicate what problems require to be solved in 
generalizing Darboux's methods. If the system has no fixed point, let ^, 97, ^, r 
denote the translations of the origin of T, or JJ, depending only on t and 
k\ >7'i r» '^i the translations depending only on t^; if ^o> 5^o> -^o, TFi denote the 
coordinates of the moving origin, we have for their determination the equations 






(29) 



with similar expressions in T^, Z^y Fq. The 16 cosines are, of course, deter- 
mined just as in the case where the system had one fixed point. To find the 
conditions to be satisfied by ^, >;, . . . . r', differentiate the first of (29) for u and 
the second for t and equate the results. Since the equations must hold when we 
replace (ai, /?i, y^, h^) by (a^, /?„ y^, \) or (ag, /?s, ^s, ^s) or (a4, /?4, ^4, ^O, and 
since the determinant formed by the 16 cosines is not zero, we have at once the 
following equations of condition : 

a^ af 



du 



du 






+ PmV — 2>i'»'7 —Pi£ + ih's? + i>iy — 2>i4T = , 



^-^-i>i8^' + J>.'il + i'.8^'-i« + i'«'^-i>«^ = o. 



3^ 



du 


dt 


8t 


dr' 


du 


~~dt 



+ P\£ — Pv& —PtiV' + PnV H- Put" —P'uf = ^, 
— PvS + P\& —Pa^' + i4>7 — Put' + i'M'T = 0, 



(30) 



*It is understood that the references are always to 1. 1 of the '^ Thtorie g^n6rale des Surfaces." 
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Reciprocally, whenever the quantities ^ . . • • r', />i3 . . . . ^34 satisfy equations (26) 
and (30), there exists a motion for which these are the translations and rota- 
tions; to show this it is only necessary to reproduce the reasoning on page 67 of 
Darboux ; this, however, will not be done. 

The following are the projections of the infinitesimal displacements on the 
axes of SB, y, 2, win the case of no fixed point; and when the variables (<, u) 
are supposed to depend on a single parameter, say s : 

da + ^d<+ li'du + (2>i2C&+ p'^u) y — (jpi8<ft+ Pi^u) z + {p^^dt + p^du) w , 
dy + Yidt-^- rfdu — {pi^-\- p[^u) x + {pz!filt+ p'^u) z + {pu^ +Pud'^) ^ ; 
d^ +^dt+ ^'du + {pi^i+pi^u) X — (i>23^+ pisdu) y + {p^dt + pUdu) w, 
dw + rdt+ r'du — (i>i4^+ jt>i4ciw) x — {p^4!dt+ pU^ti) y — {piSt + p^du) z . 



(31) 



For the case of a fixed point it is only necessary to make all of the Greek letters 
zero, and for a one-variable displacement to make the quantities p!^^ all zero. 

In the case of a one-variable displacement and a curve of triple curvature, 
the geometrical interpretation of the quantities ^^ is given in a Thesis by Mr. 
J. G. Hardy which will shortly be published. There also will be found a fuller 
account of some matters which I have merely indicated in what precedes and 
follows. 

In the case of a one-variable displacement we are of course conducted to 
the geometry of a curve in 4-dimensional space, that is, a locus represented by 
three equations in x, ^, 2;, u?, say 

^i{x, y, z, «?) = 0,^ 

<^2(x, y, z, w) = o\ (32) 

<?>3(«» y, 2, w?) = 0;J 



in the case of two-variable displacements we are conducted to the geometry of a 
surface which may be denoted by the two equations 

'^i(x, y, z, u?) = 0,| ^33^ 

4'»(x, y, z, «?) = 0.J 

We can, however, go a step further and consider three-variable displacements 
when a point moves on (or in ?) a curved 3-dimensional space or briefly on a 
hypersurface. Let t^ u^ v denote the independent displacement variables in this 
case. We shall now have the following three sets of equations: 
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da 




PuP—Pi^ + Pii^, 


dt ~ 


-Pvfl' 


+ Pi^+PlH^, 


t= 


Pifi-- 


-Pia^ +Pm5. 


Zt-' 


-Pna- 


-Pv^—Piir 


da 

du - 




p'v»^—p'vir-^Pu^, 


"aS"- 


-i>iaa 


+ i'»sy + i^^' 


^= 


i>(sa- 


-i>i«3 +2)^5, 


a« _ 

du ~ 


-p'ua- 


-pu^—pLr 


da 

dv ~ 




Pii^-P^r + Pii^,' 


f=- 


-P\!^ 


+ pih' + Pu^, 


t = 


pilfl^- 


-P^ +P'^^, 


dh _ 

at; -" 


-p'Aa - 


-P'^-P'^y 



(34) 



(34') 



(34") 



Three other sets of equations similar to (13) and giving the values of 

aPg ap^ dp^ 
dt ' du' ~dir 

can also be written down, but their forms are so obvious that it is not worth 
while taking up space by reproducing them. We have now to find the condi- 
tions which must exist among the quantities p , pf and p" in order that the three 
preceding systems of equations may admit of common solutions. These condi- 
tions are obtained in the same way as above and are eighteen in number, group- 
ing themselves naturally in six groups of three each, viz. 



dpii 

du - 


- a< + 


Pa, Pt8 
pis, PiS 


_ Pu, Pu 
pii, Pu 


dv 


-■ai7 + 


pii, pU 

P^,P^ 


pi*, Pu 

pii, p'^ 


dt " 


a^i, . 
- dv -^ 


Psi, Pa 

pH, p'^ 


_ Pu, Pu 
Pu, Pu 



= 0, 



= 0, 



= 0, 



(A„) 
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^Pw 
du 



dt 



dt 



"^^ du 

^Pu, 
— sr + 



dpii 



dv 



Puf Pn 
Pa> Pu 
Pu, pit 
i>^, Pii 
P^,P^ 
Pti> Pu 



Pu> Ph 
pU, Pu 
pU, pi 
Puy pit 
PiL. Pii 
Pm> Pu 



= 0, 
= 0, 
= 0, 



(Ai.) 



du 

dv 
dpii 



du + 
api4 , 



dv 



Pu. 


Pu 




Pu, Pm 


Pi., 


pL 


pit, Pu 1 


Pii, 
Pii 


pU 


— 


Pu, Pu 

P'^,p'^ 


pii> 


p'^\_ piip^ 


Pu, 


Pzi 


1 


1 i>18> JPm 1 



= 0, 
= 0. 
= 0. 



(Au) 



dpn 
du 

^Pia 



dt + 
dpH,^ 



+ 



dv 


du 


dp'i 


3pn 


dt - 


dv 


3pn 


dpL 


du 


dt 



dv 

M 

dt ' 



+ 



M4. 

■ du "^ 

dPu I 
dv "•" 



Pu, Pu 

pis, pit 
pit, Pu 
Piis, Pu 
P^, Pii 
Pu, Pu 



Pu, Pu 
pii, Pu 
Pu, Pu 
Pu, Pu 

pH, pH 

Pu, Pu 



Pu, Pu 
Pu, Pu 



p^,p'i^ 

Pu, Ptt 



Pu, Pu 




Pu, Pu 


Pu, pit 




Pu, Pa 


pii, pit 

pii, pii 


— 


pii, pit 
Pu, Pu 



= 0, 
= 0, 
= 0, 

= 0, 
= 0, 
= 0, 



(A«) 



(A„) 



du 

3pu 
dv 

M 
dt 



^Pii, 

■3r + 



dp'^ 



du 
dPu 



+ 



dv ^ 



Pu, Pu 

pit, pii 

pit, pii 

P^,p'^!i 
P'i, Pi!i 

Pu, Pu 



Pu, Pu 
pit, pii 
pit, Pu 
Pa, Pu 
Pu, Pu 
Pu, Pu 



= 0, 



= 0, 



= 0, 



(A„) 



There are several forms into which the three terms in each group can be thrown, 
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many of them rather elegant, but inasmuch as the above are really the most con- 
venient forms for applying these conditions, I shall not give any of them. 

A final set of conditions must be obtained when we suppose the system to 
have no fixed point. Let (^, >?, ^, 't) denote the translations of the origin of T 
depending on t alone ; (^', rj^, ^', t') those depending on u alone, and (^'^ y/'y ^'^ r") 
those depending on v alone. If, as before, in equations (29), Xq, Fq, Zq, Wq 
denote the coordinates of the moving origin, we shall have 






(35) 



The motion of the tetrahedroid is, of course, obtained just as when one point was 
fixed, so that quadratures only are necessary to determine Xq, • . . . Wq. The 
conditions to be satisfied by the ^, >?,.... t" are readily found and are as 
follows : 



3^ 


ae 
■"ar- 


Pu> p'u 


+ 


i»i8. I'm 


— 


Pu, p'u 


dv ~ 


a^" 
' du 


P\^, ^ 




f , r" 
Pii, P'li 




' Zv 


P'yiy Pn 




pi!*, Pi* 


du- 


- dt + 


Pit. p'u 


i>a. Pa Pu, P'tt 


dv 


an" . 
- du + 


Pu> p'u 


/'a. Pn pL pi* 


a< 


dn . 


Pvt, Pit 


P«f Pts Pu>Pu 


3m ~ 


a?' 
■ dt - 


Pw pis 


Pts, pis 2>84. I'm 


a?' 
dv 


du 


pis, pi's 


. n'.fi" 

^ P'ts,p'i 


T', t" 


dt- 


- dv- 


P'li Pis 


+ 


Pa, Ptt 








= 0, 



= 0. 



= 0, 



= 0, 



= 0, 



= 0, 



= 0, 



= 0, 



= 0, 



(e 



{ri) 



(0 
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dr 


dr' 

dt 


dr' 


dr" 


dv 


du 


ar" 


dr 


dt 


dv 



■or 57: + 






2>M. i>14 



+ 



»7 , >7' 

i>»4, i>« 



Pm. i^ 



+ 

+ 
+ 



i'M. i>84 



= 0, 
= 0, 
= 0, 



(t) 



If ^ u, 9 depend on a single parameter, say «, we have for the projections 
of the infinitesimal displacements on the four axes of x, y, e, to the following: 

dx + ^dt + ^du + e'dv + {pj^ + p'j^u + pO/dv) y 

— {Pv^ + pyi>u + p!^) z + {p^di + p[^u + p'^idv) vo , 
dy + vidt + n'du + i^"dv — (putft +pisidu + jji^rft?) x 

dz + ^dt + ^'du + ^"dv + (i)^ + ^{^M + p^) X 

— iPt^ + pi^v. + pj^) y + {ptS + i)i4dw + p^rfv) «? , 
die -h reft + t'di* + T"<fo — (iJMtft + ;i^^u + ^Mofe) x 

— {pi^ + i^i^^dw + ^iirfr) y — {pudt + p^du + p'^dm) z . J 

A further hypothesis can be made in this case, viz. that t, u, v depend each on 
tioo independent parameters, say s and si , then we should have 



(36) 



du=^ds+^ds„ 



(37) 



In this case the t,u^v can be considered as the coordinates of a point on a 
surface. 

In the case of a three-variable displacement we may assume the origin of T 
to move on a hypersurface, the axis of w to be normal to the hypersurface, and 
the other three axes to lie in the tangent hyperplane. We shall then have 

and the linear element will then be given by 

df? = {^dt + lUdu + Ji'^dvf + {ridt + y/du + rf'dvf + (?cft + ^du + ^"dt;)«. (38) 
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Write 



then 






(39) 



d8* = ^i^ + ^„(«M» + E,^ + 2F^du + 2FufiUdv + 2Ft^dv, 
The discriminant of this is 



A« = 



^18 



F» 


F„ 




^n 


F„ 


^ 


Fn 


Ef3 





« »7 



? • 
?' 



(40) 



(41) 



Of course the values of the E^h and ^'s are known when the hypersurface is 
given, that is, when we know the values oix^ y^ z^wm terms of <, ti, v] in that 
case we have 



^=2(t)'. *'=S(^)'' ^=2(^)"' 

jr, ^ 3x 3a; p ^ 3a; 3» m ■^ 3a 3x 



(42) 



Equations (39) and (42) serve to determine ^, 97, • • . • ^' so far as they can 
be determined. Any hypothesis concerning the way in which T is attached to 
the hypersurface will give three other conditions which can be joined to (39), 
We shall then have nine equations which will serve for the complete determina- 
tion of ^, >7, . .. . ^". 

Generalizing now the equation given by Darboux, t. II, p. 376 et seq.y we 
have manifestly 



fa, +n^, +^y,=|^,J 



(43) 



20 
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ra4+»7"/34+rV4 = |^. 



From these we find at once 



dv 



ai = 



dx y 



dx , 



r. 








^ 


dx Y 

dt ^ ' 


1 

A 


f 


dx w 

at* ^ ' 




T' 


a» V,, 




i 


ax 
'^ a<' 


1 
A 


e 


'^ -3^- 




e' 


•^ ar 



(44) 



(45) 



(46) 



The quantities (o^, /^si /i) ^^^ ^^ g^^ ^7 changing x into y in these last equa- 
tions ; (ojj, /(?8, ys) l>y changing x into «, and (a4, /(?4 , y^) by changing a? into w. To 
get the cosines 5i, ^2* ^8> ^4 w® ^^^^ ^^^7 *^ recall the properties of the orthogo- 
nal substitution for which ai, • • • . i^ are the coefScients. Or we may use the 
equations which express that the normal whose direction cosines are Si, S%, ^, ^4 
is at right angles to the tangent hyperplane ; these are 
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'^+^^ + ''^ = o- 



du 
dx 



dy 



dz 



dw 



^^+^^+^^+^'^='>- 

+i.^=«. 



dy 



dz 



^+5,-^+5,^ 



(47) 



We shall have by either method 



^~~K d{t, u, v)' ^~ 



1 3(z, to, x) 
A d{t,u, V) ' 



jt _ 1 8(tg, g. y) ^_ 1 3(x, y, z) 

•~ A a(<,M,»)' "*" A d{t,u,v) 



(48) 



The direction coeines 1%, thirtynsix in number, of the six coordinate planes are 
readily found when the 16 cosines a^ A, y^ Si (i = 1, 2, 3, 4) areknown. 

To obtain the rotations Pijyplj,Pi{, we proceed as on p. 378, t. II of Dai> 
boux, using equations (43), (44), (46) and (48). We have at once the following 
six relations : 

+ *l{pu^ + pi4fiu+piidv) \ (49) 

+ ^{p^+pi^ + pii^),] 
dx 



+ ri'{p^ + pi^ + piidv), [ 
+ ^'iP^+P^+piifih,),} 
'^S,d^=^"{p,^ + pi^u + piifiv),^ 

+yi"{pt^+pi^ + piifih), ' 
-\-^'(p^ + pi^u + piifh),) 

+ (^r -m{p^ + i>i,d« + i>iidr) \ 



(50) 



(61) 



(62) 



(63) 
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DeJBne now the six detenoinants 

I>n, I>Z», J?B8, -Du, ^18, I>« 

by the equation 

2?u<ft» + D^i^ + D^t^ + 2Dj^ du + 22>„(ft do + 2i>„rftt <?» 



(54) 






dx dx dx 



a»x 



■ST' ^' W I? '^ + ^^^ + 3^''*' 



(65) 



only one line of the determinant on the right-hand side is written, the others are, 
of coarse, obtained by changing x into y, z and w successively. 
Introducing the values of Ji, is, \, it, we have 

^""^^^-mn' '^"=2^^5<^' ^»=2^^3^ 



(56) 



Equations (44), (60) and (51) can now be written 

D^ + D^U + D^ = f 'Pi4 + VPm + C'^84 , [ 



(57) 



The Pu, Pmi ^s4 &>^® abbreviations whose definitions are obvious. We have now 

D^ + D^u-\-D^, rl ^, (68) 



APu = 



or substituting for P^ its value, 

A (2)14* +i>l'4<2M +i»l'4<?») = 



Ai *? ? 




i>« »7 ? 




Aa n I 


A, »7' ^ 


(ft + 


i>« V ^ 


dtt-f 


2?» »/ ?' 


^« rl' ?" 




i>u rl' r" 




^88 *?" T' 



eZt?. 



(69) 
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Similarly, 








Aipudt+pLdu+pii€h) = 




h Dn ? 




1 A. 




e i>» r 


(ft+ 


^ Dn 




r i>i3 r' 




e' i>« 


and 


A{pudt + 2>'^d'u+piifih) = 




5 n ^u 




n 




r V A. 


<ft+ 


e rl 




r 't" a, 




r »?" 



I 

V 
r 



dw + 



f 


^« ? 




^ 


i>«, V 


C2t7 


f 


I>n ?" 


J 



(60) 



D, 



» 



<ftt + 



f 


»7 


D^ 


-1 

1 


r 


»/ 


Z)«, 


dn. 


1" 


n" 


2>« 





\w 



It is only necessary in each of these last three equations to equate separately the 
coefficients of dt, du, dv and so obtain the values of the nine rotations 

PU^ iPl4» Pii 

Pu Pu^ Puf 

1>M, PL PH' 

To get the remaining nine rotations jpu, i>i8) • • • •i'ls we use equations (62), (53) 
and (54). 

We have first to calculate the values of the left-hand members of these equa- 



tions. 



Prom (52) we have 



dx J dx ^^ V 9a; d^x , J V 9^ 3*aj i ^ v 9® ^^ 



^ dx 






(62) 



From (63) we have 
dx J dx J . X? 9« 9*a! 



— 1 r ^^M 9-^M I 9-^mi j/ I 1 9-fi>« J,. 1 rdFi, , a^w "i j„ . 



(63) 



and from (54) we get 

Sdx J dx j^ v^ 3» 3*05 



J 3» 
-■5© "ST 









3i^ii i_ 9-^s 



"^^"3<^ 



p]««« + i 



3< 



dv. 



M64) 
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For brevity, write these last three equations in the form 
I da; J dx 



2^ d^=Aydt + Bidu + Cidv, 



(62') 
(63') 
(64') 



The values of the Ai, Bi, d are seen at once by comparing the equations (62), 
(63), (64) with (62^), (63'), (64'). 
Write also for brevity 

-Pis = Pi^ + Pi^ + Pii^f ^ (65) 



Equations (62), (63) and (54) can now be put in the following forms : 

=-(ev'-ev)fl.-(r?-eJ:")-p«-w-i"r)i'»,, 
[^._e.|_v'^-?'|]*+[i».-j»^-v'|-{»|]*. 



+ [<'.-f'|-^'^-f'|]* 
= - (e'l - w) Pu - «r' - TO -Pii - v'l; - (« -n^p.- 

The determinant of the right-hand sides of these equations is obviously 

i. V, ^ * En, Fm>, F„, 

-A« = - r, n'. r =- ^«. ^a. ^». 

f", »7", r' ^u. F„, E„. 



(64') 
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We have now only to solve these last three equations in order to obtain the 
values of Pis, Pj,, Pg,, then replacing these quantities by their values from (65) 
and equating separately the coefficients of dt^ du, dv on each side of the results, 
we shall have the values of the nine rotations 

i'ui i>M» i>i8> 
Pnt Pisj Pisf 

PZB^ Pl»f Pny 

which, it will be noted, depend only on the linear element. The work of calcu- 
lation is somewhat long, but perfectly simple. We find 

Pi» =i>M* + pndu +p^dv 

+«[(^-S'f )*+(*-2ff ')*'+(<^.-i:ff )H i(««) 

+4(A-2r|)*+(i».-2:e'i)^«+(c7^2r|)*]} 

We shall have Pij and P^ by changing the multipliers ^', f , ^' of the brackets 
into V^ >7, y/ and ^", ^, ^' respectively. If we take the simplest case, viz. the one 
corresponding to lines of curvature on a surface in three-dimensional space, we 
shall have 

Pit = Pi8 = ^n = . j 
It is easy to see that these last conditions involve the following: 

^' = ^'' = >7 = V' = f=^'=0, 



(67) 



and 80 



$=V-&u. v'=^E„, r'=^^. 



From equations (59), (60) and (61) we now get 



(69) 



^" = ^t' ^'=' 



i>ii=0 






2>« 



^=;^' ^=' 



Pu=0 



Pii = 



— -^88 



X>« 



VR 



'ts 



(70) 
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These give us, of course, expressions for the three principal radii of curvature at 
a point of the hypersurface where the three parametric surfaces 

t = const., u = const., v = const. 

are surfaoea of curvature. 

We have also from (66) and the two similar equations derived from it by 
changing ^ into yi and into ^ respectively : 



P^ — o./ET jp -^ » pit — 



WE^E^ dv ' 



1 dEii t ri 



».// — 1 9-^88 



1 3Eii f 1 9^12 // A 



(71) 



These formulad are analogous to those for the radii of geodesic curvature of the 
lines of curvature in ordinary space. 

It is obvious that an enormous number of formulsd concerning hypersur- 
faces, surfaces and curves in a four-dimensional space, can be derived from the 
preceding brief generalization of Darboux's methods. A problem of particular 
interest, as it seems to me, is the case where the three variables t, u, v depend 
on two independent parameters ; for the study of this problem Poincar6's memoir 
("Sur les RSsidus des Int^grales doubles," Acta Math., t. IX) and the treatise 
''Th6orie des Fonctions Alg6briques de deux Variables indSpendantes," by 
Picard and Simart are full of suggestions. 

Baltdcobb, Dee. 9, 1807. 



Further JResearches in the Theory of Quintic Eqtiations.* 

By Emory McClintock. 



1. This paper comprises in substance four successive parts : first, a prelimi- 
nary classification of quintics between reducible and irreducible, and again 
between resolvable and unreeolvable (paragraphs 2-6); secondly, a simplified 
restatement of my earlier discoveries (7-16); thirdly, the presentation of the 
necessary form of the coefficients of the general resolvable quintic (17-32) ; and 
lastly, the development of a theorem according to which any given resolvable 
quintic engenders another for which my sextic resolvent has the same rational 
value (33-42). In the course of the first part, a method is presented (4-5) for 
detecting the rational factors of reducible quintics, a method which is applicable 
as well to equations of other degrees; and this is followed (6) by a method 
for recognizing quintics which are unresolvable because of their having two and 
only two imaginary roots. The second part recalls my paper of 1885 entitled 
" Analysis of Quintic Equations," which was published in the American Journal 
of Mathematics, vol. VIII, pp, 45-8 4.t In that paper I showed that there are 
three cyclic functions of the roots, functions which have a rational value when 
the quintic is resolvable, namely, t, v, s, connected by the relation 8=:fv, two 
of which must be taken into account in any simple discussion of the resolution 
of the quintic. Regarding the recognition of these quantities as my most 
important contribution to the development of the subject, I dwelt repeatedly 
upon their usefulness, and gave particulars of earlier investigations which had 
failed either of success or of simplicity for want of these necessary auxiliaries. 

* Read at the Toronto meeting of the American Mathematical Society, August 17, 1897, when copies 
of a printed sheet containing the formulee were supplied, for convenience, to the members present 

1 1 take this opportunity to point out certain errata : p. 47, in (5) and (10), ^ is blurred ; p. 51, in 
(82), for ti| read ii| ; p. 62, in (84), for y read w ; last line of p. 60 and second of p. 60, for ^V^^ read 
V^~^ ; p. 60, in (47), insert ^ after (6d) ; p. 60, line 8 from bottom, for 2 read 8 ; p. 68, line 15 from bottom, 
for 16 read —16 ; p. 78, in (106), for d* read d^ ; p. 75, line 11 from bottom, insert ir' after p' ; next 
line, forp'tr* read p"tr * ; next line, forptr* readptT*. 
21 
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Starting from the well-known theory of Bezout and Euler, who assigned four 
elements, say t^, ^, t^, t/4, as functions of the roots, I developed two chief 
auxiliary equations containing only t and v in addition to the coefficients, from 
which by elimination I produced two sextic resolvents, one in t, which was new, 
the other in v^ which was a simplified reproduction of the only resolvent pre- 
viously known, that of Malfatti. I also showed how a resolvent in s was readily 
derivable from that in v, and developed formulaB for determining the other two 
of the quantities t, v, s, whenever one of them became known by means of a 
resolvent. Finally, I supplied formulae for determining the roots of the quintic 
from ascertained values of t and v. In the second part (7-16) of the present 
paper, besides simplif3ang one of the formulae last mentioned, I reproduce much 
of the work referred to, but in a different order, which appears to reduce the 
algebraic labor to a minimum. In fact, I adopt a new method which might be 
applied to equations of other degrees, and which is the precise reverse of that 
of Bezout and Euler : instead of defining the elements as functions of the roots, 
I start with the elements and define the various quantities with which I deal, 
including the coefficients and the unknown quantity itself, as functions of the 
elements. In the third part, I develop (17-20) formulae by which, assigning 
rational values at will to four parameters, we are enabled to produce the coeffi- 
cients, and the quantities t and t?, for all possible resolvable quintics ; I consider 
(21-25) the modifications of this system which become necessary in critical 
cases, remark (26) upon the difficulty of constructing resolvable quintics of the 
form 7/^ + lOyy' + lOSy^ + ^ = 0, and give reasons (27) why simpler parameters 
cannot be devised. After remarking (28) that in general there are four conju- 
gate quintics for which t and v have identical values, I refer (29-32) to the 
history of previous partial solutions of this problem of constructing resolvable 
quintics. The rest of the paper (33-41) contains the proof of, and some com- 
ments upon, the fact already intimated, that if my resolvent sextic be found to 
have a rational root, and if the sextic be reduced to a quintic by a division 
depriving it of the rational root in question, the resolvent of the new quintic will 
itself have the same rational root. 

2. The general quintic is 

ax^ + bhx^ + 10cx» + ^Oda? + hex +/= , (1) 

which, if a: = y — 6a~^, takes the shorter form 

/+10yy»+10«y«+66y + ^ = 0, (2) 
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(3) 



where y=:ar^{(ic — V), 

i = ar^la^d — Sabc + 26»), 

e = a^^lah — Aa^bd + 6aJ»c — 36^), 

^ = a- » {aY-^ 6a?be + IQa^Vd — IQah^c + 46*) . 

We shall assume the coeflBcients to be rational, recollecting however that what 
we find true for rational coefficients must also be true for irrational coefficients, 
provided that the word " rational," wherever used, be so extended in meaning as 
to comprise the coefficients as well as all rational numbers, embracing the whole 
in one hypothetical domain of rationality. It is known that the general quintic 
is not solvable algebraically, that is to say, by the simple algebraic processes of 
addition, subtraction, multiplication, division, the raising of powers, and the 
extraction of roots. Some quintics are so solvable. Those which can be broken 
up into factors directly are called reducible. Those which can be broken up 
indirectly into five linear factors, through the determination of the several roots 
by the aid of a sextic resolvent, may be classed as resolvable. There are thus 
four classes of quintics : the resolvable-reducible class, which includes, with some 
others, those having five rational roots; the unresolvable-reducible class; the 
resolvable-irreducible class ; and the unresolvable-irreducible class, the last not 
being solvable by radicals. We shall here have chiefly to do with resolvable 
equations, but a few preliminary words concerning the criteria of reducibility 
will not be out of place. 

3. A quintic in y is reducible when it is divisible either by y + m or by 
^ -{- py + q- We may proceed first to test a quintic by trying to find a linear 
factor, failing which we may look for a quadratic factor. In this it will be 
assumed that the coefficient of y* is unity. (If it has any other positive integral 
value a, the difierences hereafter spoken of will all be multiplied by a or by 
some factor of a.) If we have the equation, for example, y* — by — 3 = 0, the 
usual test for a linear factor is to substitute successively for y its possible 
rational values, namely, 1,-1,3, — 3 . It is better, however, to pursue 
another known method, by which at first only two values are substituted, 1 and 
— 1. The given equation being ^(y) = 0, with coefficients made integral, we 
set down in order the numerical values of ^(— 1), ^(0), 4)(l), and inspect 
them to see whether they respectively possess integral divisors ascending in 
arithmetical progression, the common diflFerence being 1. In the example 
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y5_5y — 3 = 0, the three values are4>(— l)=r, 4>(0) = — 3, 4>(1)= — 7. 
These obviously do not possess respective divisors exhibiting the required pro- 
gression, so that the equation has no linear factor. If, as another example, we 
take 4>(y) = y^—13y + 6 = 0, we find 4>(— 1) = 18, 4>(0) = 6, 4>(l) = — 6, in 
which we may discern the divisors 1,2,3, causing us to suspect that ^{ — 2) = 0, 
which is the case. If the first coefiScient of ^ (y) is a instead of 1 , the common 
difference must be some factor of a. In searching for a quadratic factor I usually 
employ the following method, which may be novel,* and which applies to equa- 
tions of other degrees as well as to the quintic. 

4. In the example y* — 5y— 3 = 0, we had ^(— 1)=1, ^(0)= — 3, 
4>(1) = — 7. Continuing, we have 4>(2) = 19, 4>(3) = 225, 4>4 = 1001, 4>b=3097, 
etc. Avoiding negative products, in order if possible to consider only positive 
divisors, we take the series as follows : 

4>(2)= 19 = 1X19, 

4>(3)=225 =6X45 =9X25, 

^ (4) = 1001 = 7 X 143 = 11 X 91 = 13 X 77 , 

4>(5) = 3097 = 19X163. 

What we have now to do is to look among the respective divisors for an ascend- 
ing progression : if the differences increase regularly by 2 (more generally, by 
twice some factor of a) , there is a quadratic factor. Such a progression appears 
in 1, 5, 11, 19. Carrying it back two steps to ^(0), we have ^(l)= — 1 X 7, 
4> (0) = — 1 X 3. The factors of ^ (y) are therefore y*+ py — 1, y^+ ry^+ sy+3. 
It will be observed that the complementary divisors, 3, 7, 19, 45, 91, etc., have 
as differences the series 4, 12, 26, 46, etc., which have as second differences 
8 , 14, 20, etc., the constant third difference being 6. In general, any equation 
of the n*^ degree having integral coeflBcients, the first being 1 , and having a 
quadratic factor, must show a series of divisors having 2 as their uniform second 
difference, the complementary divisors having {n — 2) ! as their uniform differ- 
ence, of degree n — 2. (If the first coeflBcient is a=mp instead of 1, the uni- 
form differences will be 2m and {n — 2) ! p respectively.) We may apply this 
system, obviously, in seeking for cubic or even larger factors, any factor of degree 
k yielding a series of which the k^^ difference is always kl, or for the general 

'Newton's method of factoring involveB eventually only a series having uniform first differences, 
and to that extent is simpler, but it requires much more preparation. 
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form m.k\, according to an elementary principle of the theory of finite diflfer- 
ences. 

5. Thus far we have found only the final term of the quadratic or other 
factor. The theory of finite differences gives us the remaining coefScients of this 
factor at once. We have in fact found '^{0), '4'(1)> '»K2), etc., factors of 
^(0), ^(1), ^(2), etc., from which, pursuing the same example, we establish the 
following scheme of differences for the quadratic factor : 

—1 2 

1—12 2 

2 14 

3 6 

and for the cubic factor : 

y- x(3/)' ^x(y)- ^'xip)' ^'^(y)' 

3 4 8 6 

1 7 12 14 6 

2 19 26 20 

3 45 46 

4 91 

A known formula in finite differences is 

f{y) =/(0) + yA/(0) +iy(y-l) Ay(0) + ^^y (y-i)(y_ 2)Ay(0)+ . . . , , 

from which we find at once the quadratic factor of x^ — 6x — 3 to be 
— 1 +y (y —1) and the cubic factor to be 3 + 4y + 4y (y — 1) + y (y — l)(y — 2) . 
I'he same process may be followed, as suggested in the previous paragraph, in 
tecertaining factors of still higher degrees, when the given equation is, say, of 
the n^^ degree, and the factors are respectively of the k^ and (n — A:)*^ 

6* If a quintic is reducible we do not need to inquire, except perhaps when 
we are looking for a case for purposes of illustration, whether it is also resolv- 
able. If we find it to be irreducible, the construction of a resolvent and its 
examination for a rational root will determine the question of resolvability. It 
is known, however (see paragraph 16 farther on), that resolvable quintics have 
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either five real roots or one real and four imaginary. A quintic known to have 
just two imaginary roots may, whether reducible or not, be classed at once as 
unresolvable. Means for recognizing equations having two imaginary roots, 
often by mere inspection, may be found in a paper read by me before this Society 
at its summer meeting in 1894, and published in vol. XVII of the American 
Journal of Mathematics, its title being **A Method for Calculating Simulta- 
neously all the Roots of an Equation." A glance, for example, at such quintics 
asaj^ + x^— lla*— 2a;+3= 0, x^—\Z7?—9x+l=zO, o^-r- 17a;— 1 = 0, is 
enough to make sure that they are not resolvable. The following schedule will 
assist the reader in such cases, it being understood that there must be a marked 
distinction between the large or ** dominant" coeflficients and the rest, which 
must be relatively unimportant ; and if such a distinction does not already exist, 
the equation must be so transformed linearly as to create it. In this schedule 
the unimportant coeflficients are indicated by dots, the coeflBcient of a;^ by 1 , and 
the other dominant coeflficients by d or, when the sign is important, by + or — 
or it or =F. 

Arrangements of Coefficients which Indicate Two Imaginary Roots. 
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The word "span" is used, in the paper cited, for the space, or difference in the 
degrees of the exponents, between one dominant and the next. Thus, in the first 
form given in the foregoing schedule, there is a quadratic span followed by 
three linear spans. An ** unlike span " is bounded by two dominants of unlike 
signs, and a **like span" by two dominants of like signs. The key to the 
schedule consists in the observation that two imaginary roots are, in a quintic, 
indicated always either by a cubic span, a like quadratic, or an unlike quartic. 

7. Having noted certain methods for detecting equations which are either 
reducible or known to be unresolvable because having just two imaginary roots, 
we shall hereafter confine our attention to resolvable equations. To resolve any 
resolvable quintic of the form (2) it is sufficient, and when the quintic is irre- 
ducible it is necessary, to assume y = Wi + t^ + i^s + ^4 and to determine the 
values of the four w's.* The paper of 1885 already referred to, '* Analysis of 
Quintic Equations," contains not only a new resolvent, but also immediate 
formulaB expressing the roots of the quintic when a root of the resolvent is 
known. While these formulae were derived in a manner not devoid of utility,f 
the method of proof now to be presented will be found far simpler. The 
expression for r^ is also simplified greatly. 

8. Let there be four quantities, called elements, namely, Wj, itg, t/j, u^, and 
let certain functions of these elements be defined as follows : 



* Those critical cases in which one or more of the u's disappear are treated in the earlier paper, 
paragraphs 7 and 88, and will receive some attention farther on. 

tl may be excused for citing the judgment on this point of one or two competent critics. Says 
Cay ley (Collected Mathematical Papers, IV, 612) : " McClintock completes in a very elegant manner the 
determination of the roots of the quintic equation .... I reproduce this solution.'' Cay ley's repro- 
duction, or rather paraphrase, occupies nearly five of his quarto pages. The key to every improve- 
ment which I made in 1884 and 1885 lay in the recognition of the rational character of the quantities 
V and 8 , which for earlier writers were merely squares of quantities which they employed, without 
regard to their irrationality, as fundamental features of their systems, and to which I attributed dis- 
tinct symbols ; in the discovery and use of the all-important rational quantity t , connected with 
vands by the relation «=^'v, and in the employment (which I recommended urgently by various 
arguments) of the rational symbols t and v in the discussion of the mechanism of the quintic and in the 
formulation of the two fundamental equations. It gave me much satisfaction to find these improve- 
ments shortly afterwards adopted by Professor Toung (American Journal, X, 114), whose y and —^t 
corresponded to my v and t . His formulsd for the roots, p. 114, corresponded with my Nos. 84 and 82, 
vol. Vm, pp. 67-8. 
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y = Mi + «i+«8 + W4, (4) 

y = — i(«i«4 + «««s), (5) 

t>*=i(t*iW4 — w,«,), (6) 

^ = — i («4«1 + «»M4 + «!«! + «!«8). (7) 

< =i»"*(«i«i + «4w4 — «!«« — «!«8). (8) 

i) = »♦ (t^t*! — viut){i4u,—i4ut), (9) 

6 = y* + 3t> — t^Ut — t^ii, — «{m4 — i^tti, (10) 

ri = t4 + «| + t4 + < (11) 

r,=M5 + wS-«S-«|, (12) 

ffi = 4(«5 — «!), (13) 

g-, = i(tt|-t4), (14) 

»i = i(3? + Sl), (16) 

«. = i(9?-^), (16) 

^=_r,— 20«i7. (17) 

The following relations may be proved at once by mere expansion in terms 
of the elements: 

y» + 10yy»+10V+6ey + ?=0, (18) 

^ =y5»— y<»t> + (» — y*)(e— y» — 3»), (19) 

p» = (g» — fvYv + 8 (y» — t;)(y^ + yfiv + 28tv) v + 16{y* — v)*v, (20) 
2bti^+ (^—st+Bf—<ye—10ft)v — yt{ye—'y'—S*) — y*^ + 2y^e—6*=O, (21) 

»-| = [(? + fe)y- (e + <a)5 + (5 + ty)(v — y^ + 12y<» + <«t;] ©-♦, (22) 

», = tV (rf + »i) + y» + 10y»t; + 5yt;», (23) 

«g = i rir, — (5y* + 10/t; + »») t>*, (24) 
«i = in + i»-» + V(»i + ««), 
t4 = i»'i — 1»'.+V(«i — »i), ■ 

«| = ir,-ir,-V(«,-«,), r ^^^^ 
«4 = i n + i »"» — V(«i + »,). 

Strictly speaking, only the first, numbered (18), of these relations requires proof 
by substitution of the elements of which the symbols are functions. No. (22) 
may be derived from the value of Vf stated (paragraphs 3 and 31) in the paper 
of 1886, viz. 



= (y«_»)-i(12y<w* — 5»» — )!»t;«+4y»fe+ 2y*5t> ) 
+ yB^v + 6»<» — 2y€to + 5«? — y*5 + y»5e — y5») c"*. ) 



(26) 
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by subtracting from the second member of (26) multiplied by (y* — v) the first 
member of (21) multiplied by yv"*, and dividing the remainder by (y* — v); 
and (26) was shown to be derived from some of the equations here numbered 
(5-19). The other relations may likewise be derived, as before, from those 
equations (5-17) here introduced as definitions, but I make special mention of 
(22), because it presents a notable simplification of the longest one of the 
formulaB given in the earlier paper for the final exhibition of the roots of the 
quintic. By eliminating jp from (19) and (20) we have, as before, 

25t?s + (-«*+14y<«+16S<— 35y* — 6e)v» ) r^^. 

where Cq = — y^ + ye — 5*. 

9. In (18) we have (2), the shortened form of the general quintic, for the 
solution of which it is therefore necessary to determine the elements from the 
element-formulaB here numbered (25), by the extraction of fifth-roots, and for 
the employment of those formulaB we require to know the values of t and Vj a 
subject to be considered further on. One value of each element is obtained 
without the intervention of the fifth-roots of unity, and such values will be real 
if the right-hand members of (25) are real ; let the values so obtained be used in 
(4) for the determination of one root of (18), which let us designate as yj. Before 
discussing the other roots of the quintic it is desirable to note the relations which 
exist between the elements. 

10. That it is not necessary to determine more than one of the elements by 
the extraction of a fifth-root has long been known. It has also been shown by 
researches in the theory of substitutions that the root of the resolvable quintic 
may have the form yi = Mi -f z^ul + z^v^ -f gj^w}, where only i^ involves a fifth- 
root. According to Schlafli,* u^ = uj. ulu^ (t^it^4)""*, v^ = ulu^ .t/f *, u^ = UiU^ . i^f\ 
These expressions are almost exactly what we want, so that, modifying two of 
them slightly, we have now 

U2=z^^ = uluz{uiu^y^.u\,\ 

t^ = 23^ = t^t^.tC**-^f» y (28) 

u^ = z^u^ = {U1U4) u^^. u\. J 



« Cited 1886 in paragraph 10. 



22 
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The value oft*' is kDOwn, by (25), and those ofv^u^, -mJwj, and ti^teg are obtain- 
able from known quantities by the aid of (5-8), it being observed that UiU^u^u^ 
= y* — V and that (t^Wj — f^l^T = (^^s + ^l^zY — 4:Uiii^v>^u^ . UiU^ ; that is to say, 

t^X = _i(5 + fo*)-i>v/[(« + <t;*)»-4(y»-t?)(t;* — y)].i ^ ^ 

Let us now turn to the question of ascertaining the other four roots of the quintic, 
having found yi = t^ + W2 + 1*8 + ^4 = ^ + ^^ + 2^3^? + ^M* 

11. Instead of taking % as the fifth-root of t^, let us take owj, where o is 
an imaginary fifth-root of unity, and let us denote the corresponding root of the 
quintic by y^ . Then y^ = av^ + z^^vl + z^^v{ + 24C0X = ^^ + ^^'^ + "'«^8 + ^^^4- 
Proceeding in like manner, we derive the following schedule, the remaining 
fifth-roots of unity being g?, o^ o)*, regard being had to the relations o)' = 1 , 
Ci)* = o, etc. 

^5 = Cmi -f G?Uz +o)V + ^V» 

^4 = G?Ui + W^^ + ^^8 + ^^^4 1 

^3 = to^t/j 4- (jM^ + a)*t^j + (^^u^ , . (30) 

yi = (OV + ttX+w'Wj + 6)^4 , 

yi = Ui +u^ +t*8 +i*4 • 

If we multiply the fourth line by o, the third by o)', and so on, and add all five 
together, recollecting that 1 -f o -f o* -f- o)' -f «* = , we derive 6ui = yi + coyg 
H"^*y8 + ^V4+^V5' I^ ^® proceed similarly with 6)^ o*, etc.; then with 
ci^, to*, etc. ; then with o*, (i)^ etc., we have finally the well-known definitions of 
the elements according to the theory of Bezout and Euler, bu^ = yi + ^'"yg + (^^^ys 
+ «''"y4> where m is 1, 2, 3, or 4. We have thus ended this sketch of a new 
theory of the quintic by exhibiting the elements as functions of the roots, having 
begun by defining y as the sum of four elements, in precisely the reverse of the 
usual order.* 

* This reverse method wiU be found applicable to equations of all degrees. Thus, for the cubic, we 
may begin by defining 2/ = lii + tia , 7 = — liitii , (^ = — tif — lij , and then prove by substitution that 
y» + 8>v + <J = 0; then, as (uf —wj)' !=(?« + 4y», it follows that uj =:-i(J + i y(<J» +4y»), and 
tt} = — i<J— iy(<5* + 4y'). Again, for the biquadratic, let y = Wi + t«a + ti8 , y = — iCtif + wl + tif), 
d = — JHtiM.tt,, e = tt}+t*} + Vs— ^1^1— 2w?tt|— 2t4lttJ, whence y*+6>^*+ 4%+ e=0. Then, since 
tt!+tt2+«|= — 8y, and t4fMS + tiJw5 + tt|ttJ=i(9y' — e), and ufuittf =i<J*, we may assign a 
cubic equation of which the roots shall be uf , ul , and uj , namely, tt« + 8yu* + i (9y' — c) u* — i <5* =:0 . 
While by this method certain relations are assumed in the definitions, it has the advantages of lucidity 
and succinctness in exhibiting the mechanism of solution. 
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12. By substituting in any of the definitions (5-17) the values of the 
elements, just found, in terms of the roots, we shall have the quantities in ques- 
tion exhibited as functions of the roots. In this way we may derive the custo- 
mary expressions for y, 5,e,^, but we are now particularly concerned with 
V and t. Thus, 

25 {uiu^—tvh)= 50v* = ((o + 6)*— o* — a)')(y,y, + yjy8 + y3y4 + 2/4y6 

+ yf&i—yiy3—ym—ysy6—y42/i—y^i)' (si) 

If ^ represent the latter bracket, we have (since o + o* — ci^ — a)^=it>v/5) 
50t?* = ±:>v/5.^, whence 500v = ^^ Any other system of designating the sub- 
scripts o£y in (30) will produce in (31) one or other of the six forms in which 
±^, and therefore t;, can be expressed as a function of the roots. The denomi- 
nator of <, as defined in (8), is 2t;*=it5"*\/5 .4), and its numerator is i^Ui+ulu^ 

— t^Ji^j — ^4^» *^® value of which may similarly be found to be ±:5"*\/5 . {y^^^ 

+ ^1^82^1 + ^82^4^2 + y^y^z + 2^52/1^4 — 2^12^82^6 — 2^22^42^1 — yzyiy% — y&^z — y^%y^ 

or say it 5" ^V 5 .(T, so that t = c^"^. The latter operation is however somewhat 
intricate and requires special consideration. 

13. Let the letter represent the sum of five similar functions of the roots, 
comprising a cycle, each function being formed from the one preceding by 
advancing the subscript of each root involved, y^ becoming y,, y^ becoming 
2^8» • • • • 2^5 becoming y^ . Thus ^ = cyij/g— c^iys = ^yi (y% — 2^3) , and cr = 02^1^22^5 

— ^y^y^y^^- ^y\{y% — y^y^- -^.s already stated, the substitution in (6) of the 
values of the elements in terms of the roots produces 50t?*=±:\/5.^; but a 
similar substitution in the numerator of t in (8) does not produce at once 
±5-V5.<r, but it5-V5.(4(T + i^), where ^ = (yy\{y% + yA — y% — y^), and 
it is necessary to show that i^ = c. Since yi + ^a + ^8 + ^4 + ys = 0, we 

have ^ = cyi(yj + y6+ yz+ yi){y% + y^— ys — yi) =cyi(yH-2/i — yl — yS 

+ 22/2^5— 23^32/4) = 2(T — ^, whence ^ = a. For, in ^, cyly^^zcy^yl, cy{y^ 
= cyi24» C3^2 = cyi3^, and Pj^J^b = cyi24 ; and, in c, cy^^^ = cy^iy^—OT, we 
may prove that ^ — cr = by showing that ^ — <r is exactly divisible by y^ + y^ 

+ 2^8 + 2^4 + 2^5 = 0. 

14. For ascertaining the values of < and v, which is all that is necessary in 
order to exhibit the elements of the roots as in (25) , I have nothing to add to 
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my earlier discoveries, contained in paragraphs 3, 4, 6, 26, 41, 42, of the paper 
of 1885, which will be summarized in this paragraph for the convenience of the 
reader. Let there be an auxiliary quintic, Ay = <^ + lOyf + 105<^ + 5€< + ^, 
with its canonizant, 0^ = C(j<^ + Ci^* + Cgf + Cj, and its simplest linear co variant, 
ijy=^l4 + liy where 

Co =— / + ye — 5*, 

Ci=-y«« + K-«e, I ,32) 

cs= 2YhB — Y%-h\ 

lo = — Uy^e + 10y'5» — 2fh^ + 14/fi» — 22y8'6 + y^ + 95*— 2^6^ + ««, 1 r^^. 

l^=z 9y'^—20y'8e + 10f8'+Sy'6^—12y8^-2y8'^+6Sh + 8^-^^.) ^ ^ 

Let a value of t be found by the numerical solution of my resolvent, 

AyLy— 25cJ=0, (34) 

which may be written thus : 

(Zo - 25(^o) t^+{h — SOcv^i) t' + 5 {2yk — 5cJ — lOcoC^) <* 
+ 10 (yZj + 5?o— 5CoC,— ScjCa) fi + 6 {2Slx + elo—^c^^ — lOCyC^) ^ } (35) 
+ (5rfi + f/o — eOcjCs) t + ?Zi— 25c| = 0. 

Also, after t is known, let v be found by using either of these expressions : 

V = — OyA^^ = — ALyCj"^. (36) 

For the broader form (1) of the general quintic, namely, oaj* + 56a;* +....= 0, 

where x = y — ba"^, let there be an auxiliary quintic in r = t — 6a"\ namely 

A = a*r* + 66t* +••••! with its canonizant c and its simplest linear covariant 

L, and we may obtain r by means of my broader resolvent, of which (34) is a 

special case, 

AL — 25c» = 0, (37) 

and V from 

v = — CA"^a"* = — j^ LC'^a-l (38) 

It will be found that ^ is the same function of cc as of y , but this is not true of <r , 
which is equivalent to t^. Let r^zz'^/; then 4^ = ^ — 6^""*^ =<'' — ia~^^, 
and r = 4^"^^ where '4' is the same function of the roots of (l) as cr is of the roots 
of (2). As r is a function of the roots which is the reciprocal of the same 
function of the reciprocals of the roots, it is a covariant function, and hav- 
ing six values is to be determined by a covariant sextic (37), equivalent to 
(^iT — '^l)(^,T — '4^8) (^e'^ — '4'6) = 0. 



I 
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15. It is well known that to resolve a resolvable irreducible quintic it is 
necessary and suflBcient to assume that y is the sum of four elements and to 
determine the values of the elements. It was proved by Serret that no 
irreducible quintic is resolvable unless Lagrange's resolvent sextic in rj has a 
rational root. Now r^ is only rational when tv is rational, by (17); and since 
(21) and (27) may be expressed in terms of t and <t?, whence by elimina- 
tion t may be expressed rationally in terms of tv, and vice versa, it follows 
that (certain critical cases, as for example <=<», excepted) no such quintic is 
resolvable unless (34), and therefore unless (37), haa a rational root. Again, 
from (36) and (38), no such quintic is resolvable unless v has a rational value, 
and therefore unless Malfatti's resolvent in v* has a rational root. Again, no 
resolvent is valid unless it has a rational root in every resolvable case, and no 
quantity can serve as a resolvent unless that quantity and t are respectively 
rational functions of each other. Since t and v cannot be simplified further as 
functions of the elements and of the roots, it follows that no other simple resol- 
vent of the quintic can ever be discovered.f All this comes at once from the 
theory of Galois. 

16. It was pointed out in the earlier paper, paragraph 53, that if t (or v) 
has two equal rational values, v (or t) is not necessarily rational, and the reason 
was given. Also, " by referring to the definition of t? as a function of the roots, 

* The other resolvent, that of Malfatti, the only one known prior to the discovery of (84) and (87), 
was first presented as a resolvent in v by me, Malfatti's own unknown quantity being equivalent to 
25i?+6}'* + Je. The example so set has been followed unconsciously by Giudice (Atti, Accad. di 
Torino, 1892, XXVII, 817-826), whose u is our v. Cayley (IV, 610, etc.) avoided recognition of the 
quantity v , but ascribed to me a resolvent in u; = 500v . Giudice cites this volume of Cayley, but having 
himself rediscovered v, makes no mention of the resolvent in ^^to." 

fThe well-known resolvent in <}>, suggested by Jacobi and elaborated by Cayley, is a form of Mal- 
f atti ^8 resolvent which is very simple when ^ happens to have a rational value, but is useless in all 
other resolvable cases. Cayley suggested also a generalized, but still more useless resolvent in 
* = al7~* (a?^ — yV*), where 17 is the quintic and z and y its variables. This has no wider validity than 
the sextic in i> , while far more complex. In republishing his paper (lY , 828) he availed himself of the 
strikingly simple form (87) into which I had meanwhile succeeded in throwing the continued product 
of the six values of 0, a product employed by him in the final term of his sextic in 4», and in his note 
(p. 610) explained that the change "was in fact suggested by McClintock*s formula.^' Although his 
comments on other points were warmly favorable— he cites (88), for example, as '*a very important 
and remarkable theorem " — he seems not to have approved my arguments (see eFpecially paragraph 17 
of the paper of 1885) for the use of the always rational v ; and throughout his long reproduction of my 
discussion he avoided and ignored this quantity v . 
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it will be found that all of its values are real when all five roots are real, that 
some of its values are real when only one root is real, and that when three roots 
are real and unequal all of the six values of v are unreal, unless two are equal as 
just explained." That is to say, quintics having just two imaginary roots are 
not resolvable when the real roots are unequal. 

17. Thus far we have been going chiefly over old ground, with some 
improvement, I trust, in the mode of stating certain important parts of the 
theory. I have now to bring forward matters which will be found entirely 
novel, and of high importance in the theory of the quintic. It has long been 
known that some quintics are resolvable, and the former paper supplied imme- 
diate means for effecting the solution of all such resolvable equations. The 
problem which I have since attacked is that of the algebraic definition of the 
form of the general resolvable quintic, which includes the power of constructing 
at will the coeflScients of resolvable quintic equations. The solution of this 
problem is now presented. Assign rational values to four parameters, q, r, t, w, 
and let 

I = [<»i£^ — r»(l + ti^)']'^4t{q + l)[j«(l + t^) — 1]. (39) 

Then 

y=qh 

« = (r + 0^ 

e =/ + i?(3 + 4w?) + (y» — t;)-i(y5» — y^t; — 25tou?), ^ 

and the form of ^ is determined by (21), viz. 

^ = (y»— v)- ^ (25<t;»— yfv-^-hfv — eto— 10y»<i;+/< — f^t + yS*<+ 2y56 — 5^) . (41) 

For example, let us assume q = — i, r= — 1, <= 1, t^? = — 1, so that Z= 1, 
v — \, y = — i, S = 0, 6= —J, ^= — 25; the equation (2) is y*— Sy*— V^y 
— 25 = 0, and the resolvent (35), after dividing throughout by the factor f|, is 

_ 206^* — 244<* — 1470<* + 320<^ — 1325^ + 4950< — 2025 = 0, 

which has the rational root < = 1 . For ascertaining, conversely, the correspond- 
ing value of V, by the aid of (36), assuming the constitution of the equation in y 
to be unknown, we have Ay = — -4^, Cy =H-» so that t; = — c^A^^ = \. Then, 
referring to (40), we find w= — 1 by the aid of the expression for f, then 



(40) 
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P = 1 , whence if ? = 1 we get j = — \ and r = — 1 ; and that Z = 1 , and not 
— 1 , is corroborated by (39). In this way the original parameters are redis- 
covered. Or, more directly, we may find the parameters of resolvable quintics 
in general, including those of the quintic just taken as an illustration, by putting 

' 2ht-4.{r^-v) ' ^^^^ 

deriving now the values of g', r, t^, from (40). That the two expressions for Z, 
(39) and (42), are consistent will be seen upon substituting for the symbols 
y, 5, V, in (42) their values in terms of 5, r, s, t, Z, as given in (40). If we 
define Z as in (42), qzziyJr^^ r^^^l"^ — t, and w as determined by (40, e), it 
remains only to prove that v=P{l + v^)~^ in order to establish all the state- 
ments of this paragraph. 

18. That P =: V {l-i- icP) may be proved either algebraically, employing only 
the rational symbols y^ 8, t, p, v; or hy defining w and Z in terms of the 
elements. Let w be such that jp = t(?t? [25< — 4(y^ — t;)]. This substituted in 
(19) produces (40, e). This expression for ^, again, substituted in (20), gives 
t£?*^ [25< — 4 (y* — 1;)]*= second member; and the addition to each side of 
V* \_28t — 4 (y* — vjy transforms the second member into a perfect square multi- 
plied by t;, that is to say, 

i^il+to") [2St — 4 (/ — v)Y = vl6^ + fv + 4j/ (y2 — v)^. (43) 

Hence, if Z be defined as in (42), v{l + v?) = P. Let us now consider the other 
mode of proof, by which w and Z are defined as functions of the elements. 



19. Let m = [t^Wj — wJ^b] -^ [t^^i — '^X] > and let 

2m 



w ' 



rr?' 



-.,»^'+l 



I =i;* 



m»— 1 



(44) 



Then 1 + w?»= (^a^) , and Z» = t;(l + v?). 



^._ y(a^-^^) + (/-^)(/ + 3^;-.) 
and , _ gg + ^^ + 4 y (/- v) , . 
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may be verified by substituting for all the symbols involved their values in terms 
of the elements. Therefore w and I are rational when t is rational, though m 
is usually irrational. Then q and r must be defined, as in (40), in terms of 
y, 5, <, Z, that is to say, gr=ryZ-\ r = 5Z~^ — t. A simple illustration is sup- 
plied by %=1, 1^ = — 1, Ws = i, ^4=2, y=— f, 5 = 1, e = ¥, tn = 9, 
t^ = YV,Z = H,v = Tl,<=2. Since 5w = yi + o'^^a + 0**3^3 + w'"y4, where n is 
1, 2, 3, or 4, and o) is a fifth-root of unity, as in paragraph 11, it becomes a 
mere matter of substitution to express t(? and Z, and therefore q and r, as rational 
functions of the roots of the quintic. The rational parameter < is a rational func- 
tion of the roots and also of the elements, and is obtained from the coeflScients by 
means of the resolvent ; the other three rational parameters are rational func- 
tions of the roots, and also of the elements, and also of the coeflScients and t ; 
while the coefficients are, as here assigned, rational functions of the four rational 
parameters, as well as of the usually irrational roots and of the usually irrational 
elements. For the fuller form (1) of the quintic a fifth rational parameter is 
obviously to be assigned, namely, the quantity hoT^. 

20. Having now at our disposal the skeleton, so to speak, of the general 
resolvable quintic, we can adjust the parameters so as to produce at will resolv- 
able quintics having specific forms or properties. When g^ = , y =: ; when 

r = — t, 5=0: when m is rational, \ +v^=z ( ^» ) because w = ^ ^ , 

so that V is the square of a rational quantity, and so on. If, for example, we 
give to If? a rational value such that v^ = fiv? — 1 , where n is rational, we shall 
have i T^rr^ = ?; = ^riT^^^ whence ^ = 10Zn~^ ; and in this case ^ has a rational 
value, and the historic resolvent of Jacobi and Cayley becomes available, as 
having a rational root. In order, therefore, to construct a quintic resolvable 
by ^, we must take rational values for w and n such that v?=i 5v? — 1, the 
other three parameters. }, r, <, remaining at our arbitrary disposal. How small 
a proportion of all resolvable quintics are resolvable by 4) may be appreciated 
when we reflect that, taking for the moment integral values only, every such 
value given to w produces a resolvable quintic, while of the numbers up to 100 
only 2 and 38 appear to be admissible for a value of w consistent with the 
resolvent in ^. — In certain critical cases, which we shall now examine, the sys- 
tem of construction presented in (39) and (40) requires modification. 
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21. Critical Case A : ^ = 0, v = Oy t=a^''^ = cD, q = qj, r=iratj la = lt. 
This case occurs when UiU^^^u^u^. To construct a resolvable quintic having 
these properties we have disposable three rational parameters, j^, r^, w, and 
assigning values to these we obtain the value of Z^ (see 39) from 

l^=It= [fw' — 7^^ (1 + w')-] -^ 4qJ^a^ {1 + w') 

= [v^ -7i{l + v^)-]^ 4^^{1 + yy^); (46) 

then, from (40), since l=zlj-^=o, we have v = 0, y=^qJay ^=(^a+l)^a> 
6 = y^ + h^Y" ^ — sy" \ where s = <2«7=:Z*-r-(l+ ^*) . For determining ^ we 
shall need to vary (41) by multiplying it throughout by (y' — vf and by substi- 
tuting in it for e the equivalent of e as given by (40), whence we derive this 
modified expression for ^, available for all values of < and v : 

(^ + 22to)(y2 — vY = {fh — 2ytv + hv){^ — fv) 

+ (y*— 'y)(2/^ + Sy^t; + SyHv) + {ft + tv — 2y5)(25< — 4y* + 4^) vw. (47) 

In the case now under consideration, t? = 0, ^v=0, fiv=-s, and (47) becomes, 
after dividing throughout by y*, 

^= 2yS + y-«S(5» — «+ 2H- W 

If, for example, we assign 9^^= — A, r«=fV» ^=A, we have, by (46), 

Z^ = — V, so that y= 1, 5 = — 8, 5 = 36, f = 29, and, by (48), ^ = — 480, 

and we have constructed, for the special case i; = «"^= 0, the solvable equation 

y'^ + lOy^ — 80y* + 145y — 480 = 0, This equation served, in the 1885 paper, 

as an illustration of a method then presented for solving equations for which 

t;=0, < = Qo, that is to say, equations for which the coefficient of f in the 

resolvent is found to vanish, while the other coeflScients do not. Conversely, 

when an equation of this sort has presented itself, and has been solved as to the 

value of 5, we can determine the three parameters by the aid of (42), which in 

this case becomes 

Z^ = Z<= (5« + 5 + 4/) -^ 25, (49) 

which assists in finding g'^ and r^, and of (48), which supplies the value of t^.* 

22. Critical Case B: 4)=0, (T = 0,< finite but indeterminate = (T^"S 
V = , 5 = . As Ms in this case of no account whatever, we may allow it to 

* The solution of this class of quintics, as published in the paper of 1885, consists in the formulae 
« = 7» — yc + J*, ri= — C, ra = «-*(4y« — y*— «5C + e*), «i = A(rJ + ri) + >'S «, = Jrir,, these values 
being employed in (25) of the present paper. 
23 
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vanish, knowing that similar results must follow, whatever value be assigned 
to f. In this case B we have, from (40) and (41), 

These novel expressions will enable us both to construct quintics of this class by 
assigning values to y and h , and to recognize such quintics, whenever they may 
present themselves, among those in which t;= 0. In this remarkable case, not 
only does the first coeflBcient of the resolvent vanish, as in case A, but all the 
other coeflBcients likewise vanish identically. As regards the aflSliation of these 
quintics to the general scheme of (39) and (40), I am disposed to divide them 
into two classes, those namely in which w is infinite, and those in which w is 
indeterminate. The latter class will be considered separately. As for the 
former, dropping t and putting t^~^ = 0, we have from (39), 

?= — r«^4(5» + 5»). (51) 

Since y = g'? and h = rl, it may appear that this mode of construction is less 
general, as it certainly is less simple, than by merely assigning values to y and h ; 
but this is not the fact, as will be seen on referring to (42), which becomes 

Z=-y — i^V"*'. (52) 

an expression which enables us to find rational values of q and r for any assigned 
values of y and h. Since t^?~^ = , we have, from (44), vr? — 1 = 0, w=itl; 

that is to say, 

u\u^ — u\uz = ± {t4tii — ulu^) . (53) 

Since t; = and fe* = 0, we have, from (6) and (8), 

From these, if we take the upper sign in (53), we find that v^, w,, Wg, u^, are in 
geometrical progression, say t^2 = ^^» u^^=J(?Ui, u^=:J(?Ui; or, if we take the 
lower sign, we reach a similar progression, t^ = jfctig, u^=-¥u^^ v^:=zT^u^. 
Whenever, therefore, the elements form a geometrical progression, we have a 
quintic of this sort, and vice versa . Let us, for example, take jfc = — 2*, Wj =: 2*, 
u^ = — 2*, 1^8 = 2*, u^— —2*: from (6), (8), (44), we have v = 0, <v*= 0, 4) = 0, 
(T=: 0,^=0, vr^=^0] from (5), (7), we have y= 2, S=2; and from (60), 
e = 6, ^= 10. If these values be substituted in the resolvent (34), every term 
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vanishes. Conversely, the values of k and t^ can be derived readily from (5) 
and (7), which give y = — ^u\j 5 = — (1 + ^) ^^f. The quintic of this class 
may thus be solved in a manner differing from the special solution given in para- 
graph 8 of the paper of 1885,* though not more simple. 

23. Critical Case C : Same as case B, with the added restriction that 
4y* + 5*= 0, so that 6 = — 3y^, ^ = — 2y5. In this case we have, as in the 
preceding paragraph, 4y^ = — 4}{^ul, and 5* = {J^+ 2^+ A?^*) t^, the sum being , 
whence 1 — ^^^^ = 0, and Jc must be either 1 or o, a fifth-root of unity. Corres- 
pondingly, Ml must be either g or gu, where g is rational. In the one case, 
referring to (30), we have yi = 4i^; in the other case, writing ag for i^ in (30), 
we have yi = cdg + G?g + c^^g H-o)V> and y^ = 4gr. In each case there is one root 
4gr, and four other equal roots, each — g. The form of these quintics is there- 
fore ^—lOs^y^ — 20g^y^ — Ibg^y — ig^ =: . This informs us that if the ele- 
ments are to be identical they may have a rational value assigned to them, and 
that any quintic of this form must have identical elements. For them, as they 
are also comprised under case B, v = , to* = 0, and every term of the resolvent 
vanishes. My only reason for discussing them apart from case B is that they 
appear to require distinct consideration from the point of view of the construc- 
tive formulaB (39) and (40). K we refer to (44), we see that when % = t«i 
= t^ = W4, or when t^ = cjwi, w, = g)*Wi, u^ = cjPtiij or in short when A:*^ = 1 , m 
becomes indeterminate, and thus w becomes indeterminate, instead of infinite 
as observed under case B. In case C we have thus both t and w indeterminate, 
while «= 0, and therefore Z= 0. Referring to (39), we find that to bring this 
case under the general scheme we need to put r:=^r^q^ and g'=<»; then if 
li,^=:lq, (39) becomes 

h = -\f\, (64) 

and we have Z=0, t? = 0, y = Zft, h^^^r^lt,. Since y = — ti}, it follows that 
rj = 2^1. It is to be inferred that in case B I has a value other than zero, and v, 
which has I in its numerator, vanishes because tt?, an infinite quantity, is con- 
tained in its denominator ; and that in case C, as may be seen by referring to 
(52), I vanishes identically, while w becomes indeterminate. The constructive 
formula (51), which applies to all other quintics of class B when (52) does 

♦ Namely, for uee in (25), ri = — C, r, = — (y-M» + 4/(5) , «i = A (rf + r\) , «,= \ r^r^ . This may 
be improved by writing r, = — C — 2y<J. 
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not vanish, needs for this class to be replaced by the diflferent constructive 
formula (54). 

24. Critical Case D: y* — v = 'n?i? = \ht, where n = (y< + S)r*. The 
special cases thus far discussed have been those in which ?; = 0, and each of 
them has in some sort been brought under the general constructive formulae (39) 
and (40). Those which we have still to consider are such as cannot properly 
be included under those formulae. Our object in framing those formulae was to 
solve the diophantine problem presented by the fundamental equations (19-21), 
in which we have to assign admissible rational values to p, <, and v. To solve 
this problem in its general form we have found it necessary to make use of the 
relationships embodied in (42) and (43). In the special case now considered, 
we find that both sides of (43), and both numerator and denominator of the 
value of I shown in (42), all vanish identically : that is to say, 

25<_4(/-t;) =0.J ^ ^ 

Since these equations impose two restrictions upon the values to be assigned to 
y, 5, <, «?, we have only two parameters at our disposal, t and n. To produce a 
resolvable quintic of this sort, we must therefore assign rational values to t 
and n, after which we have, by successive substitution in (40) and (41), 

h = 2nH, 

yz=nt — 2n', 

v=in^{n — t), [ (56) 

6—{5t—4n){nH—4n^), 

^={5t—4:ny.4n\ 

For example, let < = — 2, n= — i; then y=i, 5 = — 1, 6=0, ^ = — 32, 
and the quintic is y^+&i/^— lOy^— 32 = 0. By substitution in (23) and (24) 
we find «i = «, = 0, and from this we find, by (25), -^5 = 1*4, 14 = ^3. This may 
mean that v^ = au^ , where o) is a fifth-root of unity, but the only arrangements 
of such fifth-roots compatible with (5-8) result in exhibiting one root of the 
quintic as a sum of real elements, so that we may say at once that ?^i= W4, 
i^2 = Wg, and these relations will supply the simplest definition of this special 
class. All the other special cases have been noticed heretofore, and solutions of 
them were given in the paper of 1885. This case might be solved by (25), but 
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these quintics require no solution, as they always have a rational root, the value 
of which is — 4n, as may be verified by forming the quintic y^ + lOyy' + \Ohjf 
+ 5fy + ^ = with the values shown in (56). In fact, n = — i(% + ^)i 
\/(n* — n<) = — \{ui — u.^j nt = UiU2, and m, in (44), becomes indeterminate, 
so that u) also is indeterminate. This case may, from the point of view of the 
general constructive formulae (39) and (40), be described as that in which we 
endeavor to assign to q the impossible value — 1 • One remarkable feature is 
that V may be negative, although essentially positive in (40). For example, if, 
as in the example selected, n = — J and < = — 2, we have v = — f . The con- 
structive formulae (40) may be paralleled in this case by supposing 



q =-1, 

I = — iy:=2n* — tn^ 

r =f-i-{2n—t), 



(57) 



We learn from this that v^ is negative when we assign to < a value greater than 
to n, and of the same sign; and we see also that v is negative whenever i^ is 
negative. The value of n in terms of the coefficients, as derived from (56), is 



w = 



(5^? - 45e«)(«^ - ^) + 8 /^r (.o^ 



8y {^^ — ^f + 1 6/^ + 8y5/f — 2y5^^ * 



When we take < = n, we have v = 0, y = — n', 5 = 2/^^ ^^1=^2 = Wg = w4 = — n, 
that is to say, we have case C as a special form of case D, as well as of case B . 

25. Critical Case E : » = y*, t^4=0, y= — hn^^h^ 5 = — i (^«^i + t^'t^) , 
yt = to* = i (t^t^ — y\u^, and from (10 and (17), 

6 = 4y* — v{v^ — t^t^ = 4y* — u\u^ [yi^u^ (i^^)~^ + (^^)*(^«^)""T 

= 4y» + (5 + y«)[iy-H«-yO-V(«-yO"T» W 

^ = — 20y*< — t4 — 14 — ^ 
= — 20y2< — i y- 'AA? + 2yA^A;- ^ — 1 Qy^h' ^h , (60) 

where h = t4t/i = — h-^-yt, & = ^Wj = — ^ — y' • I* appears from these 
explicit formulae that in this case we are at liberty to assign values at will to 
y, ^, <, or, what is the same thing, io h^h^t. If, for example, we take y = i, 
5 z= J, < = 3, we have ^ = 1 , A; = — 2, f = 1 , ? = — V-. The expressions for 
v{, t4, ^5, contained in (60) afford an easy means of solution when t is knovra. 
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and it is of course unnecessary to extract the fifth-root of more than one of these 
quantities, owing to the relations existing between y, A, and h. An expression 
for t in terms of the coeflScients, as well as a formula showing the necessary 
relation between the coefficients when v = y*, was given in the former paper. 
From (59) and (60) we perceive that when y = 0, either h or h must vanish 
also; that when A=0, either y=0 or ^ = 0; and that when ^=0, either 
y = or A; = ; in other words, we are forbidden to make one of these three 
quantities zero unless we give the same value to a second of them. Again, 
when < = 0, A = A;= — 5, and the formulsB become simplified. The same may 
be said if 5=0, when A= — h. In the extreme case wherein 5 = 0, and 
A = jfc=<=0, we have DeMoivre's solvable quintic, which may also be defined 
by t^ = t/4 = ; naniely, y^ + lOyy^ + 20y*y -f ^ = , where y = — \ u^u^ and 
^ = — 14 — ^' If, on the other hand, besides 1^4 = 0, we have either v^=.Q 
or Wg = 0, we have y = 0, <=oo, y<=±5, and either A = or A? = respec- 
tively. In the one case, 5 = — i v{u^, e = — u^v^ , f = — v{ — v\\ in the other, 
5 = — iw|t^, 6 = — njitg, ^= — v\ — -wj, the two cases differing only by an 
interchange of subscripts. This is Euler's solvable quintic, wherein y = , 
165^ — B^ + 25e^ = . Again, if both u^ and u^ vanish as well as u^, we have the 
binomial quintic y^ + ^ = ^^ — t^J = . We may harmonize this special case B 
with the general constructive formulaB (39) and (40) by prescribing the following 
limitations upon the values to be assigned to j, r,w: let gr be any rational 
quantity except or i 1 , and let g^ = 2gr -r- (l + gf^) , let ii? = (1 — gf^) -^ 2gr, and 
let r = qwt ; then (39) becomes indeterminate, and I remains at our disposal, so 
that we may assign to it any rational value except . We have thus three 
parameters, gr, Z, and <, which are connected with y, 5, <, by the relations 
gh = yt, 2m = b^ + ff,y = ql, 8={r + t)L Thus, having<=3, y = i, 5 = i, 
we find readily that ?=| and ^=3, whence j = |, tt?= — |, r= — V^. We 
might therefore have begun by assigning gr = 3, Z = |, < = 3, and thereby finding 
y = J, 5 = i, after which the rest of the quintic would be constructed by means 
of (59) and (60). It may be observed that the value t=0 corresponds to values 
of t^, i/g. Us in geometrical progression : W2 = %^» h^=^h, 7n= 1, M?=:a), g=, 0, 
Z = 00 , e = J y- 15^ ? = 1 6y*5'" ^ — 2y5 + i y"" '5^ In the extreme case wherein 
< = 0, and Wi = Wj = t^, we have y= — i^i, 5 = — w?, 6= — t*}, ^ = — 3t4, 
as for example in y^ — by^ — 10^^ — by — 3 = 0, which has a root y = Zui = 3 . 

26. If in the general formula (39) for I we put g^=0, r = i, < = 0, t£;=: — f, 
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we shall have Z=t, and from (40) and (41) we derive y = 0, 5 = t, fi = 0, ^ = t, 
so that the quintic is 

2/^+2y« + i = 0. (61) 

To produce this example of a resolvable quintic of the form y^ + 10yy^+ 105^ 
+ Bey + ^=0, in which 6 = 0, I have been compelled to reduce two of the four 
parameters to zero. Whether any method of constructing such quintics can be 
devised which shall place three parameters at our disposal is a question whicL 
the future must determine. When we desire to suppress y or 5, we have only 
to put 5 = 0orr = — t) to suppress e and still have three parameters free is a 
desideratum, which may eventually prove to be an impossibility. 

27. The reader will naturally be interested in the inquiry whether the four 
parameters are presented in their simplest form. It is obvious that any four 
quantities which are rational functions of these parameters, and of which the 
parameters are rational functions, could be made to serve as parameters in lieu 
of g^, r, t^ and w. To examine this question let us set before us the conditions 
which have to be satisfied, namely, from (42-44), 

25< — 4(/ — v) ifr?—\' ^ ^ 

?=t;(l+t^), (63) 

2m ,^.x 



m = T'~i'^ > (65) 

Considered as functions of the roots or of the elements, t is of weight 1 , y and I 
of weight 2, 5 of weight 3, t? of weight 4, w and m having no weight. Our 
object is to select as parameters four quantities which shall be rational functions 
of <, y, 5, V, and w^ and of which the latter shall be rational functions. It is 
necessary to include w in this list, or at any rate w multiplied by 5, t^ or v, or 
by any two, or by all three, since the expression for b in (40) includes htvw. It 
would not improve (63) were we to substitute for w its equivalent in terms of 
weighted quantities such as hw or tw^ nor could any suitable function of w^ 
taking its place, be represented so simply as a function of the elements as w 
in (64). It is not conceivable that the form in which w is presented can be 
improved upon, though it might of course be afiected by a numerical multiplier. 
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It will not be forgotten that m is not admissible as a parameter, being usually 
irrational. The more we examine t the more we shall be convinced that, as 
representing weight 1 , it cannot be replaced as a parameter by anything else 
than nt^ where n is some number, positive or negative, a change which appears 
to present no advantage. We have therefore to 6nd two parameters which, 
with t and w^ shall take the place of y, 5, v, and Z, in (62) and (63). The first 
temptation is to assume that the weights of y, 3, v, and Z, are derivable from <, 
as in y = A^, 5 = if^ l=^Jt^, but the only good purpose served by this suggestion 
is to make it clear that y, S, and Z must be made simple . functions of some 
quantity such that the employment of (62) shall exhibit such quantity as a 
rational function of <, ii?, and two other parameters. As y and Z are of lower 
weight than 5, it seems desirable to take as such quantity either y or.Z.. If we 
assume l:=-h/y^ and 5 = (A+ A<)y, we shall derive from (62), upon due substi- 
tution, 

y-A{h + l)i,l + w^-l?y ^^^^ 

and since h^=^y{h + ht) and v = A*y* -^ (1 + ^ , we have here a solution of the 
diflBculty. This is. in fact, the same as (39), provided we write hr^ for 5 and 
hr^h for r, and multiply both sides of (39) by hr'^ or q. The use of (66), how- 
ever, is not to be preferred, since of itself it is rather less simple than (39), 
while the expressions for h and v are decidedly less satisfactory. With (66) we 
cannot eveu make y = without .first putting A =00. We therefore find it 
necessary to have Y=iql] and it only remains to consider why we should have 
h=^{r + t)l instead of, say, 8 = gl or 8 = {g+l)tl. The latter is not admis- 
sible because in fact 8 often vanishes while t does not, and vice versa. The 
reason why it is preferable to write S = (r + ^» where r is a parameter of 
weight 1 , is that by this arrangement we are enabled to reduce to its simplest 
form the construction of sets of conjugate resolvable quintics. 

28. Quintics may be called conjugate when they have the same resolvent t 
and the same value of v corresponding to <. It appears that they must also 
have the same value of y. The existence of one quintic conjugate to any given 
resolvable quintic was discovered and pointed out by me some years ago, when I 
showed how its coefficients could be determined from those of the given quintic, 
knowing t and v, by the aid of a quadratic equation. The method presented in 
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the present paper for constructing at will resolvable quintics by the aid of four 
rational parameters enables us also to construct their conjugates at once. The 
second quintic, that is to say, the conjugate formerly discovered, may now be 
constructed by simply changing the sign of the parameter w. A third may be 
constructed by changing the sign of the parameter r ; and a fourth by changing 
the signs of both w and r. Since v contains w and r only as to* and r*, such 
changes of sign leave the value of v unaltered. Thus, for example, if we have 
< = 4, g' = 0,r=:i:'2, io==t 1, we derive from (39) and (40) these four conju- 
gate quintics, for each of which <= 4 and t? = 2 : 

j/^—120y» — 410^—1200 = 0, 
y*— 120/ + 47<)y— 496 = 0, 
y^— 40y* — 90y— 240 = 0, 
yB_ 40y*+150y— 48 = 0. 

In the special case B, wherein t?=:y*, and the three parameters are y, 5, and <, 
there is no limit to the possible number of conjugates having identical values for 
t and V . In case D there appear to be no conjugates, and in cases B and C , in 
which t is indeterminate, the question does not arise. In case A, wherein t? = 
and t=co, quintics having the same value for s may be regarded as conjugate. 
If we attempt to construct a general resolvable quintic which shall have no con- 
jugate, by putting r=:0 and ti?=:0 in (39), we merely get 1=0, whence y= 0, 
5 = 0, 6=0. 

29. The resolvent (34), and therefore all other possible resolvents, can be 
expressed rationally in terms of the four parameters, and when so expressed 
becomes identically zero. As a simple illustration, let us take 3^=0, r= — t, 
so that 7 = 0, 8 = 0, and the quintic (2) is reduced to the trinomial form 

J^+6ey + ^=0. (67) 

In this case my general resolvent becomes 

et^ — ^f—20^fi—^€^t—^ = 0, (68) 

which will doubtless be found the simplest resolvent possible for this trinomial 

form. By (40) and (47), 

e = v{iw+S), ^ 

f=to(4u._22),} 7 ^^*^ 

24 
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where, by (40), v = P-^(l^- ^o^), and, by (39), l = if. Substituting for e and ^ 
in (68) their values from (69), and dividing throughout by fvj we have 

t^ (4w? + 3) — <* (4io — 22) — 20v (4w? + 3)* 

— 4t? (4w? + S){4w — 22) — t? {4w — 22)»= 0, (70) 

or 25^*— 400v(l +if^) = 0, 

which is an identity. Students of the quintic who prefer to deal only with the 
trinomial form (67) will find that the derivation of (68) from (70) by the aid of 
(69) covers their ground pretty well. Those, however, who suppose that the 
reduction of the general quintic to the form (67), by means of the Bring-Jerrard 
transformation, is a physically available process will do well to make a personal 
experiment by performing that transformation in some numerical case. It will 
be found far more diflBcult than the use of the resolvent (34, 37). ^ 

30. The expressions (69) just noted for the construction of resolvable 
quintics of the form j/^ + 5€y 4-^=0 are, though special cases of (39) and (40), 
equivalent in substance to certain formulae devised by Professor G. P. Young, 
which were published, in different forms, in the same number of the American 
Journal of Mathematics (VII, 170, 178) by that writer under his own name and 
that of Mr. J. C. Glashan. As I have stated that the use of the quantity t was 
original with myself, it must be explained that Professor Young employed on 
this occasion a symbol equivalent to t confined to the trinomial only, a symbol 
moreover which he introduced late in the discussion to represent the fourth-root 
of a fraction ; and that Mr. Glashan's — 2Je, which happened to correspond to t 
for this trinomial, had a widely diflFerent meaning in its general definition, as we 
shall see when we come to consider Mr. Glashan's work further on. The same 
remark applies to his m, which for this trinomial is equivalent to — w. I had 
previously made extensive use of <, as here defined for the general quintic, in 
vol. VI of the same journal, except that it was there taken with the opposite 
sign. Concerning the trinomial form in question Mr. Glashan said that " the 
solvable quintic assumes the form 

a form communicated to the present writer [Glashan] by Professor G. P. Young 
of Toronto University in May, 1883." I dwell with some particularity upon the 
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history of the formulae available for constructing resolvable trinomials of the 
form y^ + bey + ^= 0, because such formulae are the only ones known hitherto 
by which resolvable quintics can actually be constructed, otherwise than with 
rational roots or elements. The two papers mentioned appeared late in 1884 
or early in 1885. Later in the same year, 1885, the following formula for the 
resolvable trinomial was published in the Acta Mathematica* by Bunge : 

a. + ie^|+ilx+i!li??^liM+5)=o. ■ (72) 

Here ^=: — i<, and X = ~ . In 1890 the following was published at 
Moscowf by BugaiefiF and Lachtine : 

HereX = rS and ^=2|-±ii^. 
^ 2w — 11 

31. With a single exception, the situation up to the present time J is this, 
that except for the trinomial case y^ + 5«y + ? = 0i ^^ method for constructing 
resolvable quintics has ever been attempted, apart, of course, from the giving of 
rational values to the elements or to the roots. The exception consists in cer- 
tain formulae, or fragment of a paper, which appeared in 1884 or 1885 under 
the name of Mr. Glashan as already mentioned. I learn from Mr. Glashan that 
early in 1883 Professor Young deposited with him the trinomial formula (71) 
under seal, stating that there was such a formula enclosed ; that he thereupon 
endeavored to produce a corresponding formula to compare with Professor 
Young's when it should be opened, and communicated his results, without proof, 
to Professor Young, who subsequently caused his somewhat hasty sketch to be 
published in the American Journal without his knowledge. Meanwhile, his 
intricate preliminary work had been mislaid or destroyed. It is thus explained 
how the paper originated, how it came to appear without demonstration while 
yet including errors of detail, and why the author made no subsequent correc- 

• Cited in the Fortschritte as in vol. Vni ; in Weber's Algebra as in voL VU. The trinomial form 
given by Weber, I, 626, is erroneous. 

t Cited in Fortschritte, XXII, 114. 

I Perhaps I should mention that I communicated the construction-method of (89) and (40) to 
Professor E. H. Moore in September, 1894, by letter. 
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tion. Considering the state of the theory at the time when this remarkable 
fragment appeared, it must, notwithstanding its imperfections, be recognized as 
a bold and able advance upon untrodden ground. Had Mr. Glashan had an 
opportunity of correcting his formulsd before they were published and of sup- 
plying the demonstration, they would, although not meant to cover the whole 
field of resolvable quintics, but expressly introduced as applying only to a group 
of such quintics,* have constituted a notable advance upon the only formulas of 
the sort known up to the present time, those namely for constructing the trino- 
mial y^ + bey + ^ = 0. In particular, Mr. Glashan's formulae, if they had been 
corrected, would have covered, among other resolvable quintics, the whole of the 
class of quadrinomials of the form 3^ + lOyy* + ^^y + ?= 0, a form which 
includes as special cases both the trinomial already mentioned and the trinomial 
y^ -f 10/^*+ ^ = 0. It has been a matter of some difficulty for me to work out 
the points of connection between what Mr. Glashan's formulae would have been, 
if set right, and the general system now presented, but I have succeeded in 
doing so, and shall now present Mr. Glashan's system correctly, though in my 
own language. 

32. If our general parameters, 9, r, <, t&, are made rational functions of 
four other parameters, gr, A;, m, n, which at the same time are rational functions 
of 5^, r, <, ti?, the new parameters must take the place of the old without lessen- 
ing the generality of the system, and the group covered by them is the whole 
mass of resolvable quintics. If, on the other hand, we make q^ r, t, w, rational 
functions of ^, A;, 971, n, while the latter are not all rational functions of the 
former, we may assign rational values at will to g, k, m, n, and thereby always 
produce resolvable quintics, but our field is now restricted to a smaller group, 
outside of which are to be found all resolvable quintics produced by assigning 
rational values to q, r, t, w, which do not correspond to rational values of 
g, kj m, w, Mr. Glashan's parameters were g, k, m, n, of which q, r, t, w^ are 
rational functions, but to obtain which from q, r, tj w, requires (except when 
r= — t) the intervention of a biquadratic equation. The relations between 



* His words were : '' the coefficients must be so related that if p, = n^', p, = ad^k*^ and p^ = / 
f^i€nmu8tp5=2(l + n)7^W, "etc., the coefficients being j?, for our 7, p, for our (^ , etc. I have itali- 
cized two words. 
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the general parameters 5, r, «, u?, underlying all resolvable quintics, and Mr. 
Glashan's parameters g, k, m, n, pertaining to a group only, are : 

t =ek{aX—2), 
q — nii, 

r=eh{aii — a% + 2), 
,aYi[m—g)—m 



w— 2 



aYi{ak — 2)+ 2 ' ^ 



(74) 



where vi = {I + n){l + iv?), d = 1 + n — n*>7, ^ = 1 + w.^ — ^ — n/, 
a = 4gr(m — g — ng)'^{>?— \— m*), and ^= [2a>7 (aX— 2) + 4] -^ [p?Yi 
+ (a^ — 2)^(1 +w) — 4n]. It will be seen that <, 5^, r, t(?, are all rational when 
g^h^ m,n, are rational. Substituting these values in (39) we have l^i^r^QT^, 
and it may also be proved by due substitution that ^* (1 + it;*) = 1 + m'. Hence, 
from (40), y — n%W, h = a&^J^, t? = e»A;^-T-(l + w»). Then e and ^ may be deter- 
mined by (40) and (41). For example, let the group parameters be gr = — 1, 
A? = J, m=2, 71=1; then >7=10, 0= — 8, ^=3, a = — 4, ^ = fff, and by 
(74) the general parameters are <=28, 5 = f||, r = — ■SW, w? = — Mf. We 
find that y = — i, 3 = — 4, t? = ]jV, € = 34. It has been said that to ascertain 
the values of gr, h^m, «, from those of <, t?, and the coefficients, it is necessary 
in general to find one of the roots of a biquadratic equation : in the present 
example the biquadratic must have a rational root. The quantities t, Vy q, r, w, 
hPj 'f'lj Ai ^ly A^ ^11 belong to one family of functions, conjugate to which are 
five other like families, since each of these quantities is a six-valued function of 
the roots of the quintic. When we find, by means of the resolvent, a rational 
value of t, we are enabled, by means of the formulae herein given, to obtain the 
corresponding values of the other functions comprised in the same family, and 
we have, for present purposes, nothing to do with the other five sets of values. 
The various quantities contained in one family with the given value of t are 
each and all rational functions of t and of each other, and they have therefore 
been spoken of herein as "rational." It is unnecessary to remark that the rela- 
tions between them hold good, and that they are all still rational functions, each 
of each other, when the value of t is not rational, and when therefore all 
other quantities of the same family are in general irrational. The quantities 
g, k, m, fly discussed by Mr. Glashan, belong to one subdivision of this family 
of functions. 
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33. Thus far we have dealt almost altogether with the shorter form (2) of 
the general quintic, for which my resolvent is the quantity t. The broader 
resolvent in T was exhibited in (37) as the covariant sextic al — 25c' = 0. It 
will be remembered that ^ is the same function of x, in the longer form (1) of 
the general quintic, as it is of y in the shorter form (2), but that in (1) we have 
^=:^ — 6a"^4> = (T — 6a"^4>, and t = '4^~^ = < — 6a"\ just as x = y — 6a""\ 
It has also been remarked that for the longer form of the general quintic the 
quantity ba"^ may be regarded in a sense as a fifth parameter, though it is much 
broader as a function of the roots than the four parameters, having only one 
value instead of six. Let us now examine the form of the six values of t in 
detail, r being the leading parameter of the general quintic (1), reduced to t 
when 6a~^ = 0, as in the shorter quintic (2). 

34. In paragraph 13 we had the symbol c — cycle or circle — so defined that 

c/(ai, Ogi a's» «*• a'6)=/(«i» «%> »«• a^4» ^)+f{^f ««» ^41 a^6i ^i)+/{^^ ^i^ ^^ »i» ««) 
+/{x^yXfi, Xi,X2,Xs) +/(x^,Xi, x^iX^.x^)] that is to say, c represented the 
sum of five similar functions of the roots, each function differing from the one 
preceding by a change in the subscripts, from 1 to 2, and so on, in the order 
1 2345 . Let us hereafter write Oi for c as heretofore used in this sense. For the 
family of six-valued functions of the roots with which we are concerned, there 
are five other possible sequences, which may be distinguished by assigning 
different subscripts to c,* thus: 

Ci: 12345 04:12453 1 

02:12534 05:13425 I (76) 

03:14235 0^:13254 J 

We have had ^^ = CiXi (as, — Og), and ^^ = OiXi (a, — Xs)x^. Similarly, 
^^ = CiXi{x^—x^), a//g = C2Xi(a:a— irB)a:4; ^s = C^i{x^—x^), ^s = 0^i{^i — ^z)^^] 
and so on. It will be observed that each ^ consists of five positive products, 
each of two adjacent roots, according to the sequence employed, plus five nega- 
tive products, each of two non-adjacent roots. Similarly, each 4^ consists of five 
positive products, each of three adjacent roots, plus five negative products, each 
of two adjacent and one non-adjacent roots. Then the six values of «r are 
Tj = ^i^Y^ ; Tg = -^gi^r^ ; and so on. 

* The subscripts were arranged differentlj in the paper of 1885, following Gayley. It is necessary 
for symmetry to make certain changes. 
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35. I say now that 

It will shortly be shown that it is an alternating function, that is to say, one 
which has the same value, but with the opposite sign, whenever any two roots 
are transposed one for the other. As such, being of the fifteenth degree in the 
roots, it must be composed of two factors, one namely of the tenth degree, con- 
sisting of the product of the differences of the roots, (ari — x^){xi — x^) .... {x^—x^), 
which changes sign when a transposition occurs, the other a symmetrical func- 
tion of the fifth degree, upon which a transposition produces no effect. If, hav- 
ing this in mind, and expecting the product to consist of a large number of 
terms, we attempt to evaluate (76) we are met nevertheless by a zero coeflBcient 
for the first term we deal with, and again for the next term, whatever it may be, 
and so on, until we cannot but be convinced that the symmetrical factor must 
vanish, if it exists at all even as a phantom. To evaluate the myriads of terms 
contained in the product would be impossible. It is, however, feasible to reduce 
greatly the number of terms which it is necessary to examine. Every term 
found non-existent proves the non-existence of every other term of the same 
form with different subscripts, since transposition leaves the value unchanged 
unless in sign. Each of the three factors of (76) consists of terms in which no 
one root enters in a power above the second, so that no term of the product 
can contain any power of one root above the sixth. The three factors of (76) 
contain 24 terms each, which when examined show that the product can contain 
no term of three letters, and that no term can, as to its literal part, be a perfect 
cube. Each factor is of the form 4^n,^n — ^^n^m} and every term of i^^^c^^ is repre- 
sented in 4'fl4>m hy a complementary term affected by the same coeflBcient, the 
literal parts being such that the product of the two is a^^rjxfajxs ; and it follows 
that when any term in the product is found to vanish, the complementary term 
must likewise vanish. For example, xlx^x^ is complementary to XiO^a^lxly 
equivalent as a form to a^xfa^xlx^. For the same reason there can be no term 
cefa^s^S^y which is besides to be set aside as a cube. It thus results that the 
number of terms in the product which, to make sure that every term vanishes 
it is necessary to examine, and which I have examined, is reduced to sixteen. It 
is unnecessary to present the details, but to assist any one who may wish to look 
into the matter I illustrate the process of evaluation by an example. 
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36. Let us take x\q^7^^ as the term in (76) whose coefficient is to be exam- 
ined. Now (76) consists of five grand terms, the first of which is (^'i^^s — '^'j^) 
(4'»4>4 — 4'4^»)(4'6^e — "^^^^ ^^^ the others are derived from this by successive 
repetition of the cyclic substitution XiX^x^^x^. The coefficient of xlst^od^^ in the 
second grand term is therefore the same as that of xlx!^x^ in the first ; in the 
third is the same as that of arja^aja, in the first ; in the fourth the same as that of 
xl^iX^x^ , and in the fifth as that of ajajga^i . The sum of the coefficients of these 
expressions in the first grand term is therefore the coefficient desired from the 
whole of (76) for xlxlxlx^. The three factors of which the first grand term is 
composed consist each of 24 terms, of which I quote the following (all to be mul- 
tiplied by 2) as bearing on the present example : in the first factor, — Jcfarja^, 
scixla^, — x^Qf^^t — oc^x^x^y 2a^X2X^4; in the second factor, — aa^l^s* — aia^» 
a¥4^6» — ^i^hi 2cc|a-ga4X5; and in the third factor, a^a^a:,, afxsa^, —XiO^xij 
— XiO^j — a^a^Xj , argalxf . We find that 27ixffl:^^ ( — a^a^ajg) arja^a^s = — 2a:Ja:Ja:|ar4 ; 
that — a^x^l (— a^fajarj) (— aja^J) = — a;Ja:|a:Jaj5, and Xia^a^ ( — aja^ajj) (arjarjxj) 
= — arJxs^iXB,- that there is no term a:JxJa;Jar,; that — a-Ja:Ja;B(2a4a:3X4a:B) ( — afa^arj) 
= 2a:JxJa;Jar8; and that — alxfajj (— a;ixfa|)a:2a|a| = a:5a:Jaia:i, and —X^^.x^f44 
( — aria^lal) = xlxlxlxi. The sum of the coefficients is zero, and there is therefore 
in (76) no term xlx^x^Xi. 

37. It remains to be shown that (76) merely changes sign when any two 
roots are transposed. Let us consider first the first grand term (^'i^^s — '4^8^i) 
i'^f^i — '^i^){'^^t — '4'«^6) » aiid let us begin by excluding the root x^ from trans- 
position. In the following schedule we have the effects produced upon the 
several functions 4^ by the transpositions noted at the left, and it is to be observed 
that the same effects, as to both signs and subscripts, are produced upon the cor- 
responding functions ^. 



— ^4 — 4« ! 



(oiarg) — o/zj — 4i —-4,^ _4,j _ ^^ — ^ 

(a^iarj) — ^6 —'^a — 4^4 — '4'a — "^i — '4'3 | 

(oia^s) — '4'4 — 4^2 — '^'s — 4l — ^6 — 'J'sJ 



(77) 



Each of the transpositions (a^a^j), (ariarg), (xiX^), therefore, affects the first grand 
term only by changing its sign, and as all other transpositions of a:i, a;2i arj, arj, 
may be transformed into an odd number of the transpositions named, the same 
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is true of all transpositions not affecting x^. Since the other grand terms are 
derived from the first by successive cyclic substitutions according to the sequence 
XiX^ffic^^f any transposition affects every grand term only by a change of sign, 
except transpositions includiug X4 for the first grand term, Xi for the second, Xg 
for the third, x^ for the fourth, and x^ for the fifth. Any single transposition, say 
(^1X4) , affects three grand terms only by a change of sign, and we shall now see 
that, as regards the other two grand terms, it merely transforms each into the 
other, again with a change of sign. For {xix^) changes o^i iiito i^g* 4^% 111 to ^> 
0^8 ii^to 0^5, 4^4 ii^to '4^9 > '^s i^to 0^8) ^^^ '4^6 ^^^^ 0^4, iu cach case with a change of 
sign, and the same effects are produced upon the functions 4>. Hence {xix^ trans- 
forms the first grand term (•^'i^s — 4'^i) ('4'8^4 — '4'44>2) ('4'6^6 — ^'(j^s) i^to the 
second grand term with its sign changed, namely, — ('4'a^6 — '4^^%){'^4'Ps — ^'8^4) 
(4i4>« — 4^^)i and vice versa^ so that (0:1X4) alters (76) only by changing its sign. 
The cyclic substitution (xix^x^x^^) leaves (76) unaltered, so that successively we 
have, after (X4a:i) the transpositions (xiXj), (x^), (ogXj), (0:5X4), all affecting (76) 
only by a change of sign ; and since all possible transpositions are composed of 
odd numbers of the transpositions named, any single transposition can affect (76) 
only by a change of sign. It should be remarked that the sequence 13254 in 
the roots is equivalent to 12436 in the subscripts of 4> and o^. 

38. By expanding and rearranging the terms of (76) we have, after dividing 
throughout by 2, 

+ '4/5'4/44'e4>i^,^8 — Mi4^t^%^2^i 

+ •4'2'4'4'4'8^4>64>6 — 4'24'64'^1^44>e 
+ '4'5'4'l'4'24>3^4^e 4'64'4^«^l4>«^6 

+ Mi^^1>i1>^^(i — Mi4'!^1>^(i = 0. (78) 

Substituting r^ for i^/, and dividing throughout by ^ipf^^i^5'p$, we perceive 
26 
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that (78) can be collected at once into this form (also an alternating function of 

the roots) : 

C6Ti(Tj — rj) . T« — CeTj (T3 — rjj) r^ = 0, (79) 

where the sequence 13254 applies to the subscripts of r. Therefore, 

^ _ Oe^i {xs — ars) ^4 _ CgT^ (Tg — Tg) r4 /g^x 

* C^Xi{x^—X2) CeTi(T3 — Tj) 

This means that r^ is the same function of the other roots of my resolvent (37) 
as it is of the roots of the quintic. In other words, this remarkable theorem is 
true, that if the sextic resolvent in r have a rational root Te, and if the sextic be 
reduced to a quintic by dividing it by r — r^, the resolvent of the new quintic 
will itself have the same root t^ .* 

39. There are therefore framed implicitly an apparently infinite number of 
resolvable quintics for each one which we may frame directly by means of the 
method of (39) and (40), the new series being produced one from another by the 
formation and, so to speak, decapitation of resolvent sextics of the form (37). 
As an example, we may put g^ = 0, r= — 2,<=2,t(? = 3, so that from (39) and 
(40), or from (69), we have Z=l, v = tV» e = f» ? = — 2, so that the quintic 
constructed is 

CB^ + Vo;— 2 = 0. (81) 

Employing the general resolvent (37), or preferably the reduced form (68) 

which it assumes in this trinomial case, the resolvent for (81) is, after clearing 

of fractions, 

3t« + 4r^— 90t* + 24r — 8 = . (82) 

Dividing this by r — 2, and writing z for r, we have the produced quintic 

32* + IO2J* + 202« + 402«— lOz + 4=0. (83) 

The necessary covariants of this, for developing the sextic resolvent according 

to (37), are 

A = 3r* + IOt* + 20r^ + 40t* — IOt + 4, ^ 

L = 6712t— 1118-4, I (84) 

=— 28t» + 40t^ — 36t — 88 . J 

* As a fact ascertained from a sufficient number of numerical examples, but as yet devoid of proof, 
this theorem was laid before this Society by the writer on taking his seat as President in December, 
1890 ; and was also, shortly afterwards, communicated in a private letter to Professor Cayley. 



McCuntock: Further Researches in the Theory of Quintic Eqvatwns. 191 

The resolvent (37) being al — 250* = 0, we see that the work can be somewhat 
reduced by using Jo and Jc and II, and we have this resolvent for the pro- 
duced quintic (83) : 

67t«+ 11196T*—8500r* — 800T'—46360T*—2464T— 29792 = 0. (85) 

According to (80), this also has t = 2, and dividing by r — 2, as before, and 
writing a^, for t, we have this second produced quintic: 

674 + 11330;^ + 141602^ + 275202? + 86802^ + 14896 = . (86) 

The process naay be continued indefinitely, but it becomes more diflBcult. The 
first produced quintic (83) might have been framed as an original quintic by 
assuming the following values for the parameters, besides 6a"^ = |: 3 = ff, 
r = T^, ^ = f , w = ^. The value of v is ^^ as may be verified by using the 
covariants (84) in either of the formulae (38) . 

40. The sextic (85) is a function of the coeflBcients of the quintic (83), sup- 
plying seven equations from which it would appear that the five fundamental 
coefficients of (83) may be obtained in terms of, and as rational functions of, the 
coeflBcients of the sextic. We might therefore work backwards, starting from 
the quintic (86), and multiplying it by z, — 2 to produce the sextic (85), then 
using the coeflBcients of the latter to determine those of the quintic (83). Simi- 
larly, from (83), knowing its resolvent 2, we could produce the sextic (82), from 
which the coeflBcients of the quintic (81) could be obtained by the solution of 
seven equations. In like manner it would seem that we could work backwards 
from our original quintic (81), multiplying it by a; — 2 to produce a sextic, from 
which the coeflBcients of another and, so to speak, prior quintic could be ascer- 
tained, the chain of resolvable quintics thus produced one from the other extend- 
ing in both directions without apparent limit. 

41. The property just discussed, possessed by the sextic (37) in «r, cannot 
reasonably be looked for in connection with any other resolvent. It depends 
upon the relation (80) by which the rational resolvent r« is the same function of 
the other roots of the sextic as it is of the roots of the original quintic, and this 
can only happen when, as is the case with t, the function is of weight 1 . It is 
not to be presumed that any other resolvent function of weight 1 exists which is 
possessed of this peculiar property. 
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42. I add a suggestion for the benefit of those who may have occasion to 
employ (34) or (37) to determine whether or not a given numerical quintic is 
resolvable. The regular course would be to determine the numerical values of 
the coefficients of the sextic, and then to examine the sextic to see whether it 
has a rational root. Referring, for example, to the quintic (83), the regular 
course would be to frame the resolvent (85) and to examine it for a rational 
root. It is however usually easier to find the values (see paragraph 4) of 
4>(t) = al — 25c^, for T= — 1, r=0, T=l,etc., by reference to the known 
values of A, L, and c, as for example in (84), without actually determining the 
numerical values of the coefficients of the sextic. In (84), what we have to do, 
after dividing l by 8 and c by — 4, is to find a value of r which shall reduce to 
zero <^ (r) = (3t* + 10t*+ 20t»+ 40t2— lOr + 4)(839-t — 1398) — 50 (7t^ — lOr* 
+ 9r + 22)*. The first of these two terms must in that event be positive, and 
must be divisible by 50, so that t must be even, and we might thus be led 
speedily to t=2. Proceeding regularly, however, we find 4>( — 1)= — 3.30839 ; 
<^(0)= — 32. 19.49; <^(l)= — 27 • 17. 167. Among the divisors there is no 
ascending sequence with the common difierence 67, which is the coefficient of 
T*, but we perceive — 3, — 2, — 1 , also 1 , 2,3. We next find 4) (2) = 0. 



PosTSOEiPT, Fehniary 7, 1898.— Critical Case F: rz= — (d^'\-tH') -4- 2(J/. This case is 
normal as regards solution, but if we attempt to produce a resolvable quintic of this form we 
find I indeterminate, so that special measures become necessary. In fact, if we substitute — 'itydt 
for d^ -{-tH in (42) we have at once i = — y^ whence g' = — 1, which causes the denominator 
of the constructive expression for I in (39) to vanish. It is therefore necessary that the numera- 
tor, t^w^ — r^ — r^w^y shall vanish also. To effect this we must assign a rational value to the 
usually irrational quantity m in the equation w = 2m -f- (m^ — 1), and we must also limit r to 
the value r = %mt -5- (wi^ + 1). We have therefore three available rational parameters, besides 
qz^ — 1, namely, ^, w, r. ThenZ = — r> ^ = — (^ + 0r> v = r^ -*- (l + ^^)> a^d the values 
of e and C follow from (40) and (41). In this case v is a perfect square and v*, fa , and 8^ are 
rational. For example, let t=iq-=. — 1, w = — 2, and r = 5; then «; = — |, r = ^, <J=1, 
v = 9 , c = 0, C = — 22, and the quintic is y^ + 50y« -j- 10^2 — 22 = 0. Since this paper was 
read I have devised many resolvable numerical examples involving the suppression of e, but 
my impression, conveyed in the text, that a general method for suppressing e is probably imprac- 
ticable, is not weakened. 
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Oti the B^ots of the MypergeometHc and Bessel^s 

tnctions. 

Bt M. B. Porter. 



Introduction. 

The questions discussed in this paper relate primarily to the real roots of 
Bessel's functions of negative order, the real roots of the convergents of the con- 
tinued fraction for Jn/Jn+n 8»nd the real roots of the hypergeometric series. The 
theorems obtained are applied to the problems of enumerating the imaginary 
roots of Jn(x) and the roots of F{a, /?, y, a) between and 1. 

The methods employed throughout are those developed by Sturm in his first 
Memoir, on the real roots of functions defined by homogeneous linear differential 
equations of the second order, published in the first volume of Liouville's Jour- 
nal. The theorems of the above-mentioned memoir, as enunciated by Sturm, 
are applicable only to intervals of the cc-axis, the end points being included, in 
which there are no singular points of the differential equation. It is found, how- 
ever, that in certain cases these theorems admit of a generalization to the case in 
which one or both of the ends of the interval in question are singular points of 
the differential equation. These generalized forms of Sturm's theorem are espe- 
cially useful in dealing with the roots of the principal branches of the hypergeo- 
metric and Bessel's functions. 

The following theorems of Sturm^s memoir, which for convenience of refer- 
ence will be stated at this point, are of constant application : 

I. p and q being corUinuous reed functions of the real variable a, between two 
successvoe roots of a solution of the differential eqtiation 

^^^t + ^-o 

will lie OTie and only one root of amy linearly indefpendent solution.^ 

*IiouYiUe, torn. I, p. 135. 

29 
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A somewhat generalized form of this theorem is the following : 
F. If, within an interval ah (excluding the ends) the coefficients of the differen- 
tial equation 

are continuous^ and if there exists a solution yi which does not vanish between a and h 
and such that its ratio to a linearly independent solution y% approaches zero as we 
approach each end of the interval, then y^ vanishes once and only once between 
a and b .* 

In the case of a regular singular point at a, yi would be the solution cor- 
responding to the larger exponent of a , 

II. If ^i and <j>2 being continuous real functions of the real variable x, ^i <[ ^2> 
and if y\ and y^ both vanish at a point x^ and satisfy respectively the equations 






then if y^ has n roots to the right {left) ofx^, yi will have at least n roots there and the 
x^^ root of y^ will be greater (less) than the x^^ root of yi from XQ.f 

III. In a certain interval a^ of the x-axis, if ^i (x) and ^^ {^) ^^^ continuous, 
and <j>i (x) <C ^2 {x) , then between two successiveX roots, lying in this interval of a 
solution of the equation 

g = ^x(»)y. [1] 

there cannot lie more than one root of a solution of the equation^ 

^ = <?'.(«)y. [2] 

Here it is to be noted that the continuity of ^i and ^^ restricts the application 
of the theorem to an interval of the x-axis containing no singular point of either 

*Math. BuU., Mar. 1897, p. 211 and footnote. 
tLiouville, torn. I, p. 125. 

tXhe ends of an interval a^y-ia;^ determined by two consecutive roots are not excluded. Of. 11, 
above. 

I liouville, torn. I, p. 186. 
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[1] or [2], although a or /3 might be singular points of [1] or [2]. A slight 
generalization of III, which will be useful, is the following : 

Iir. Let yi be any solution of [1] and Xx be the root of yi which in the 
interval a/3 is nearest a, then no solution of [2] can vanish more than once hetween 
Xi and a. This follows directly from I and II, for let us suppose that y,, a solu- 
tion of [2], did vanish more than once between a?i and a, then by I, a solution y, 
of [2], which vanishes at aji, will have at least one root between Xi and a, and 
by II so must yi , which contradicts our hypothesis that Xi is the root of yi nearest 
a in the interval a/3. 

On the Roots of Bessel's Functions. 

The first questions that will be considered relate to the real roots of the 
transcendental function J^ {x) , where it will be supposed that the index n is real. 
The case where the index is positive has already been treated in considerable 
detail in the Math. Bulletin, Mar. 1897, in the paper by Professor Bocher, *'0n 
Certain Methods of Sturm and their Application to the Roots of Bessel's Func- 
tions."* We shall accordingly consider mainly the case where n is negative. 

J^ {x) is a particular solution of the homogeneous linear differential equation 

and is defined by the seriesf 

^^ ^^^ ~ 2»r(l+n) L^"" l!(l+n) (t/ "^ 2!(l+«)(2 + n) ("2"^ ~"J 
except when n is integral we have the linearly independent solution 

*'-"^*^ ~ 2-»r(l-n) L^~ l!(l— n) \~2) "*" 2!(l-n)(2 — n) Vi) ~\ ' 
the general solution being, when n is not integral, of the form 

When n is an integer we have the important relation 

J_„(x) = (-l)V«(x). 

* This paper will be referred to in future by Math. Bull., Mar. 1897. 

t For other definitions, e. g. by oomplez integrals, see Qray and Mathews' ^^ Bessel Functions," p. 69. 
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Sturm deduced, by the methods developed in the memoir already referred 
to, the well-known theorem that «7„ (sc) has, when n is real, an infinite number of 
real roots. 

The series for J^ (cc) shows that the negative roots are numerically equal to 
the positive roots, so that in future we shall only speak of the latter. 

§1. — On the Variation of the Roots of Jn{x). 

In the 10*^ vol. of the Math. Ann. (footnote, p. 137), Schlafli has shown that 
the positive roots of Jn{x), n positive, increase with n* When n is negative, 
the corresponding theorem is : the positive roots of J^{x)^ n<iO, decrease with n. 
Both statements can, of course, be embodied in the single theorem : the positive 
roots of J^ (ar) decrease as n decreases. To prove this, when n is negative we pro- 
ceed as follows : The large roots of J^ {x) are given approximately by the expres- 
sion iCo = ^ (2w + 1 + 4p) »t P taking on in succession all large integral values ; 
so that if n <C decrease, Xq will decrease. It is only necessary to note that 
yz=z \/xJ^{x) satisfies the difierential equation 

and that ^{x, n), W"<0, as n decreases, increases for all values of x. Thus 
when a^o > decreases, all the smaller positive roots must decrease, for other- 
wise we should have two roots /„_.(a:) {x ]> 0) between two consecutive roots of 
Jn (a), which by III is impossible. 

Since, as n increases, the roots of J^ (x) and J-n{^) are moving in opposite 
directions, they must pass each other, and this takes place when and only when 
n passes through an integral value ; for it is only then that J^ and e/l^ cease to 
be linearly independent of each other. Theorem IIP tells us that, ifxi denote the 
smallest positive root of Jn{x), n < , J^^^ix) {x > 0) cannot have more than one 
root between and Xi. 

Let us now suppose that w, starting with the value — i, in which case 

/ (a?) =v — cos X 
^ ^ ^ nx 

decrease, the positive roots of /» (a) will decrease. 

* For a proof of this theorem see p. 308. Another deduction of this theorem, which I shaU extend to 
the case where n is negative, is given on page 212, Math. Bull., Mar. 1897. 
tGray and Mathews, '' Bessel Functions," p. 40. 
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The curve y:=zJn{x), to the right of the origin, will consist of an infinite 
number of arches which, as x increases, become flatter and flatter while near the 
origin, the curve has an infinite branch going oflf to infinity in the positive direc- 
tion. When n passes through the value — 1 , the T-function in the expansion 
for J^ {x)p changes sign and the branch at the origin goes ofiF to infinity in the 
opposite direction. Thus it is clear that when n decreased from the value — i to 
the value — 1 — c, where 5 is a small positive quantity, an odd number of roots 

disappeared at the origin. The positive roots of «7_|(sc) = y — cos a; are: 

cci = — - , ojj = -— .... — x^=' — - — 7t . . . . The interval 0, -— is by IIF the 
2 2 2 2 

first to become vacant, the root x^ decreasing from the value -^r- to while the 

2 

*7f 'Kit 

root a^ remains in the interval —- , — - , so that but one positive root was lost 

2 2 

when n decreased through — 1 . In the same way it is shown that when n 
decreases through any negative integer^ one positive root is lost at the origin and only 
one. The negative roots of J^ {x) being equal in absolute value to the positive 
roots, behave precisely like them, and consequently when n decreases through a 
negative integer, one and only one negative root is lost at the origin. Denoting 
by x^ the n^^ positive root oi Jn{x), w<C 0, a question that naturally presents 
itself is: how large can we let — x{x<^0) become and J^^^{x) still have a 
single root in each of the intervals Oaji, a^a^, o^a^, etc. The preceding considera- 
tions enable us to answer this question at once. If n and x are negative,^ the . 
positive roots of J^ (x) and J^^^{x) vrUl separate each other if — x<CE{ — n + l)+n. 

^2.—Determinaiion of Intervals for Roots of J^ix). 

The theorems relative to the motion of the real roots of J^ (x) as n decreases 
can be applied to some interesting questions concerning the distribution of these 
roots. 

Besself showed that if we divide the axis of reals up into intervals of -^ , 

2 

the first interval to the right of the origin being 0, ^ , then the roots of Jo{x) 

*If n and k are positive, the corresponding theorem (Math, fiull., Mar. 1897, p. 212) is : If k<2 
the positive roots of Jn («) cmd •/,+« (x) separate each, other. 

t Berlin. Abhandlungen (1824), §14, *' Untersuchung des Theils der Planetarischen Stdrungen,'^ etc. 
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all lie in the even intervals to the right and left of the origin, in each of which 
there is an odd number of roots. Neumann,* slightly modifying BesseFs proof, 
shows that Jn(x), — i < w < i, has an odd number of roots in the intervals in 

question. We have seen that if ^~ < n < ^"J , where it will be supposed 

that i is a positive integer or 0, the x^^ positive root of J^ {x) lies between the x^^ 
positive roots of J^^^(x) and Jgi-n (^)» a.nd that /„ (cc) has but one root in this 

interval. When i = , we have : The x^^ root o/Jn{x), — i < n <i , Zies between 

the x^^ root of J^^{x) and of J^{x). Since J1^(x)=y cos a and J^(x) 

I 2" 2x 1 

=y sin X, the x^^ root of J^ (x) lies between — - — n and xn, i. e. in th^ tP^ even 

' TtX 2 

qvadrant. 

When i = 1 , we have : The x^^ root of J^{x), i < w < f , lies between xn 
and the x^^ root of J^ (x) , 



•^■w=v'i(=^— ^)' 



the first positive root of J^ (x) is greater than n, the first positive root of J^ {x) , and 

it is readily seen fhj substituting in J^{x) the values a:= — , — ; 7t, 27t, etc. J 

that the x^^ root of «7j (x) lies in the x + V^ odd quadrant. Thibs the x^^ positive 
root ofJ^{x), 3 < n < I, lies in the x+ 1** odd quad/rant. 

In the same way we could go on determining comparatively narrow limits 

for the roots oi J^{x), n>f , by determining the intervals of -^ in which the 

roots of t/i+i {x) lie. Unfortunately there seems to be no simple law governing 
the distributionf of the smaller roots oiJi^^{x). 

Very good approximations to the roots of Jq {x) , which we have seen lie one 
by onej in the even quadrants to the right and left of the origin, are given by the 
mid-points of the intervals in question. 

* '' Theorie der Bessersche Funotionen," pp. 66-6. 

tM. P. Rudski (tome XYIII of the M6m. de la Soo. Royale de Li^ge), after a somewhat cumbrous 
analysis arrives at the result, which is readily seen from the tables to be erroneous, that the *^ root of 

Ji +1 (») (i integral) lies between (*+ 2* — 1) ^ and (»+ 2/c) -^ . 

{A fact noticed in the review of Qray and Mathews' '^ Bessel Functions,'' Math. Bull., May, 1896, 
p. 258. 
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§3. — On the Boots of J^{x) and Jn+i{x). 

When i is integral, and in this section we shall suppose it so, J^ {x) and 
Jn + i{^) are kindred (venoandt) functions and relations of the form* 

2 
exist where the g^& are rational integral functions of — . Such relations are 

X 

only a limiting case of a general class of similar relations connecting three 
kindred hypergeometric functions. 

The rootsf of these rational functions play an important role in the study of 
the roots of /«(»). The first case to be considered is where i = zh 1 , and here 
we have the theorem :J The positive roots ofJ^^i (x) and J^ (x) separate ea^Ji other. 
This follows at once from the two formulaB 

^\x--Ux)\ =-x-V„+,(»), (1) 

■^\^^'J.^.{x)\= x»+^j;.(»). (2) 

*Gray and Mathews' '^ Bessel Functions," p. 18. 

tHurwitz, ''Ueber die NuUsteUen der Bessersohe Function," Math. Ann., Bd. 88 (1888). 
X Van Vleck (vol. XIX, p. 76, American Journal) first established this theorem by means of the 
relation y _ 2 sin (n 4- l)7 r /^ ,^^ ^, j ^ j^ _\\ 

extending the method to the contiguous P-functions of Riemann by means of the analogous relation 
connecting two pairs of linearly independent contiguous P-functions. In the Math. Bull., Mar. 1897, 
this theorem is proved by methods more analogous to those here used. Van Vleck 's method can be 
applied to similar questions concerning the real roots of any solution y of the homogeneous linear differ- 
ential equation 

i/'+py'+gy=o, [i] 

and the real roots of y' and j^^ Here we make use of Abel's relation (a) y i^i — PiVl = — Ac"/'*', and its 
derivative (/3) y\yz—y%yi = —AperJ^t where yi and ya denote linearly independent solutions of [1] . 
The functions y{ and yi ' satisfy a homogeneous linear differential equation of the second order with the 
singular points of [1] and, in general, certain accessory singular points besides. Equations (a) and {P) i 
applied to Bessel's equation, show that if \x\^\n\the reed roots of either Ji(x) or Ji' (a?) and ofJn (x) 
separate each otJ^er, This theorem was given in the Math. Bull., Mar. 1897, p. 207. It is to be noted 
that the theorems thus obtained do not, in general, relate to corresponding branches of contiguous func- 
tions. Applied to any solution y of the hypergeometric differential equation 

(a) yields: la anymtervcdof thex-axie contcdningno sinfftdar point of (2), the roots of ^ and %^+i sepa- 
rate each other. And in the same way, tJie roots of i% (x) and PS+^ {x) between + 1 and — 1 separate 
each other (Pi (a?) denoting the associated function of Spherical Harmonics). 
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(1) by RoUe's theorem shows that between two consecutive positive roots of 
Jn (x) lies at least one root of /„+ 1 (a;) , and (2) that between two consecutive posi- 
tive roots of Jij+i (x) lies at least one root ofJn{x), hence the theorem. In the 
same way it can be shown that the positive roots of 

yn = aJ^{x) + hJ^^{x) (3) 

and of —cuTn^i (a) + hJ^n-i (a) (4) 

separate each other. It is to be noted that (1) and (2) are not contiguous unless 
a or & vanish or n is integral. 

Attention has already been called to the relation 

The following lemma of constant application will show the use that can be 
made of the roots ofgUi (x) in determining the relative positions of the roots of 
Jn{x) and Jn+i{x). Let xj and xj^ihe two consecutive positive roots of «7',»(ar), 
we have 

and /n+i(»i+i) = 9i%{xj^i) Z^+i (a^+i) . 

Since neither Xj nor Xj^i is zero, neither Jn+iixj) nor Jn + i{x^ + i) can vanish. 
We know that Jn+i{x) changes sign once between xj and a^ + i, therefore unless 
9i^-i{^) change sign an odd number of times between Xj and sc^+i, Jn^i{x) will 
have an odd number of roots between Xj and x,+i . if \h + i\^{n)t J^+i (x) can 
have at most one root between Xj and Xj^i, by theorem III of Sturm, p. 194. 
Thus from the relations, 

Jn + Ax) = ^^''+^h ,^,ix)-J^ix), n>0 

X 

we get the general theorem : The positive roots of J^^^ (x) and J^ {x) separate each 
other.* 

§4.— On the Ftmctions (r{*^(x). 

The rational functions that we have denoted above by gl'^i {x) and g[^l^ (x) 
are computed at once from the relations inter contiguas. We have 

•Math. BuU., Mar. 1897, p. 207. 
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J _ 2(?t + t — 2) J J. 

J _2(njM-3)^ ^ 



J - 2(«+2) ^ ^ 

r _ 2(n + l) y _^ 



07 



Thus J, + , =9'^^Jn+i-,—9':tl{«)Jn+i-.-i 

= y?-i (») ^«+ 1 — 9t-% («) /„ , 
where gr(«) (x) = 2(n + t-») ^j„_) ^ ^^^ _ ^j»^^ ^^^ j-j-j 

X 

and fl^i^U^) = 0, s^'*^(a^) = l, 

thus gT\x) is a polynomial in — of degree x. 

X 

From the recurring relation I we get 

X 

Sri«)(x) = ^(n + *-3)(n + i-2)(n + i-l)--|-2(n + »-2), 

and by inspection, 

gr(»)(a) = -f-Cw + i-x){n + i — « + 1) ....(« + i- 2)(« + i- 1), 

27 
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the r^^ term being 

Since the expression (^ + 1 - r^x - ^ - V (^ " ^ + ^) is always a posi- 
tive integer, the sign of the r*** term depends only on the factor 
{n + i — X + r— 1) . .. . (w + i — r), 

2 
moreover, the coefficients of the various powers of — are rational integral func- 
tions of n and are therefore rational numbers if n is rational. 

If J^ (x) and Jn + ii^) both vanish for the same value of a as Oq =#= Of we must 
have grj^i (scq) = ,* i. e. if n is rational or merely algebraically irrational, the com- 
mon root Xq must be algebraically irrational. If we knew that the positive roots 
of Jn {x) were, when n is rational or algebraically irrational, transcendental 
numbers, we could at once conclude that Jn{x) and «7«+i(aj) have no positive root 
in common.f 

When n is the half of an odd integer it is easy to show that the roots of 
Jn {x) are transcendental numbers. 



J^{x) = ^^Bmx, 



TtX 



The coeflScients of the various powers of — in the gr-functions are rational 
numbers, and it is clear from the relation (I), p. 201, that g^J^^ (x) and g^^ii (x) can- 

* Since Jm (^) and Jn +i (x) have no root in common save . 

tBourget, Ann. de I'&ole Normale, 1866, p. 66, stated such a theorem when n is integral without 
proof. 
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not both vanish for the same value of x. Let ccq q^ be a root of e7i^.^(aj), and 
suppose that gr" "•" *^ (xq) qf: , we have 

where, if ccq is merely algebraically irrational so is a. Ill becomes in terms of 
exponentials 

1 — ai ' 

Lindemann's equation,* from which he deduced the transcendental irra- 
tionality of 7t, asserts that if Xq is algebraically irrational, this equation is impos- 
sible. Thus : No two BesaePs functions whose orders are the hilves of odd integers 
cam, have a positive root in common. 

The recurring relation connecting three consecutive gr-functions suggestsf a 
useful expression of gr<"> ix)/g^^ii{x) as a continued fraction. 



r-.W/#2.W = ?^-^^_ 



x 



2(nH-2:--^' 



X 



This is evidently the i — 1** convergent of the continued fraction 

Jn+i{x) X 2(n±2) 1 

X 2{n + Z) 



etc. 

X 



from the continued fraction itself, it is easily seen that if, when n and x are posi- 

2 fn -4- 1^ . ^ 
tive, we slightly increase n , x remaining constant, the term \ ~ ^ increases 

X 

while ^(x, n) decreases, thus: when n increases, the positive roots of s^-i(a;) 
inoreaee, ifn^O. 

It is easily shown that the roots of srj?li(a;), as i increases indefinitely, dus- 
terj about the roots of /«(»)» so that we get a new proof of the theorem§ that 
the positive roots of «/„ (a:) , w > 0, increase with n. 

• Math. Ann., Bd. 20, p. 224. tHurwitz, Math. Ann., Bd. 88, 1. o. 

I Horwitz, Math. Ann., Bd. 83, pp. 25a-59. I Quoted on p. 196. 
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On page 200 it was seen that the roots of s^i±i (x) can be used to find those 
intervals determined by consecutive positive roots of Jn (x) in which no root of 
Jn+i{x) lay. From the expression for g\1Li (x) on page 201 we see that gt'Li {x) has 

at most E ( ^~I j positive roots. It is shown (p. 212, Math. Bull., Mar. 1897) 

that, ifnis positive and 2p <C « ^ 2p + 2 where p is any positive integer, in ea/ih of 
the intervals* hounded by successive positive roots of J^ (a;), there will he one and only 
one root of J^^^ (x), except in p of these intervals , in which there will he no root of 

/n+ ic (^)- Thus in the case we have just been considering there will be ^\}—k—) 

vacant intervals, and consequently, if n and i are positive, all the roots of g\^li (x) are 
real and, moreover, at most one lies in any interval determined hy two consecutive 
positive roots of Jn{^)*\ When both n and i are negative we have a similar 
problem and one whose solution is deducible directly from the case in which n 
and i are positive. We have 

J _ 2(n + t+l) X _r 

r _ 2(ra + t+2) r r 



X 



J _ 2(n— l) j. _j 

X 

where both n and i are negative. 

Eliminating as in the case where both n and i are positive, we get 

and readily obtain the relation 

Thus since the roots of g[^li (x) are all real, we have the roots of jf{*^(a;) are all real. 
If n is an integer we have «/»+<(»)= (—l)**"^*«^-ii-.i(a^) and Jn{x) = ( — l)V_n(a)» 

so that there are eC ^~ j of the intervals determined by the consecutive 

* When J»+it (^) and Jn {x) h&ye a common root it may be regarded as lying in either of the inter- 
vals abutting on the common root. 

jHurwitz shows by a different method, p. 256, 1. c. Math. Ann., Bd. 88, that when n>0 all the 
roots of gil i {x) are real, but does not show that not more than one root of ffi*li (x) can lie in the interval 
delimited by two consecutive roots of /« (x) . 
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positive roots of Jn{x) in which there is one root of g{^i{x) and no root of 
Jn+i {x). When n is not integral it is only necessary to let n increase to the 
value — £J( — n) . We know that before n began to increase there were at most 

E f ^ ~ J vacant intervals to the right of the origin, and when n reaches the 

value — E{ — n) we have seen that there are exactly Ef ~^~ ^j such vacant 

intervals. It is, moreover, clear that when n increased to the value — £J( — n), 
no intervals were gained since the large roots of c7^+^(x) and Jn{x) all move out 
by equal amounts. Thus : in each of the intervals delimited by the consecutive posi- 
tive roots of J^ix), n<CO, lies one and butane root of J^^^{x), i<10, except in 

E ( K'~ ) ^f '^^ intervals in which no root of J^j^i[x) lies. 

The method hitherto employed does not enable us to treat the question of 
the reality of the roots of gf^ (a) when n and i have difiFerent signs. Here, in 
general, as the method of Hurwitz* readily shows, imaginary roots present them- 
selves. The analytic expression for g^liix) on page 201 shows, however, that if 
i = 2af+l>0 and n<0; ifx<— w<;5 + l, all the roots oi gfLi{x) are 

imaginary (all the coefficients of powers of — being of same sign j , so that the 

positive roots of Jn^iix) (n<CO and i odd) and Jn{x) separate each other^ if 

i — 1 ^ ^ i + 1 T .. x i — 2 ^ ^ i + 2 

— — - < — n < — |r — or when i w even when — -— <C — n < — - — . 



§5. — On the Complex and Px(/re Imaginary Roots of Jn{x). 

Hurwitz, in his paper " Ueber die NuUstellen der Bessel'schen Function," 
which has already been referred to, first enumerated the imaginary roots of J^ {x) , 
when n is real,t and determined the regions of the complex plane in which these 
roots lie both when n is real and when n is pure imaginary. 

The theorem on page 197 affords an easy means of solving the first of these 
questions, and it is to this that we shall next turn our attention. 

•Hurwitz, Math. Aon., Bd. 88, 1. c. 

tit has long been known that when n >.— 1 , aU the roots of </'» {x) are real ; the proof follows at 
once by the method due to Poisson (Theorie de la Chaleur, p. 178) from the integral 

y^vj, (fi^v) J^ {/i,v) d V = ^._^i !>«/» (M J^i Cu«a) — fiJn (^«a) J^i {ft,a)] . 



1 
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The imaginary roots of 

•'^ ("^^ = r(l+n) (t) [^~ T+U (t) "^ 2!(l+n)(2 + n) (t) ~ ^H 
are the same as the imaginary roots of 

•^(''' '^^ = r(l+n) [^-r^C-r) "^ 2!(l+n)(2 + n)(T) "1 

where it is to be noted that /(a, n), regarded as a function of the two complex 
arguments x and n, has the following important properties : 

If S denote a piece of the finite region of the a;-planes, and Z a piece of the 
finite region of the w-planes. 

1^ For any given value of n in the region Z, /(a5, n) is a finite, continuous, 
and singly- valued analytic function of x throughout S. 

2°. For any value of x in the region S^/^x, n) is a finite, continuous, and 
singly- valued analytic function of n throughout Z. 

To prove these properties of /(ic, n) it is only necessary to note that for 
values of n in the neighborhood of a real negative integer — i, we have 

^,^^^ = (n + i)o,{n + i), 

where oh (n + i) is analytic at w = — i, while ^ (iCi, n) = — -—. cj, {x^ n + {), 

n -J- 1 

where 02 is analytic at w = — i; so that, since the product of two analytic func- 
tions is analytic, /(x, n) is an analytic function of either x or n in the regions in 
question. 

Concerning functions of two arguments, which satisfy the conditions 1** and 
2°, the following general theorem* holds : 

^f f{x , n) = , where n is a point within the region Z^ has no roots on the 
boundary of the region S; the number^ of roots of f{xj n) within S will remain 
unchanged, ifnbe changed to n + An , wTiere \ An \ <[ p and where pis a sufficiently 
small positive quantity. 

*See, for instance, Neumann's Abelsche Integrale, p. 141. 
t A K-fold root is, of course, to be counted as k simple roots. 
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Let us now suppose that n, starting with a value — i, in which case, since 

J^ (x) = V cos fiC, 

all the roots of /(a, n) are real, decrease through the value — 1 . All the roots 
of/ (a, n) are moving towards the origin, and when n passes through the value 

— 1 , the two that reach the origin when n = — 1 , disappear from the axis of 
reals and must, therefore, by the theorem just quoted, become conjugate imagi- 
nary. In the same way, when n continually decreasing passes through the value 

— 2, two more roots become conjugate imaginary. When n decreases to the 
value n (not integral), 2E ( — n) roots become conjugate imaginary by disappear- 
ing from the axis of reals at the origin. Since J„ (x)* can have no multiple roots 
save at » = 0, all the imaginary roots of /(a, n) must arise at the origin and at 
the point oo. It is easy to show, however, by means of the asymptotic value of 
Jn{x) that no imaginary roots can come in from the point oo. In the region of 
the a-plane to the right of the axis of pure imaginaries, we have asymptotically f 



and along the axis of pure imaginaries,^ 

Since, if Xq be a root of /«(») so also is — Xq, we need only consider the 
quarter of the plane bounded by the positive halves of the axes of reals and pure 
imaginaries, and here the asymptotic values given above show that all the large 
roots of Jn (x) are real. 

The considerations on pages 197-8 show that when — l<n<— i, all the 
roots of Jn{x) are real. If then we let n, starting with a value a little greater 
than — 1 , increase, all the roots of /(a, n) will move away from the origin, and 
as no roots can disappear from the axis of real, we have the theorem : 

Except when n ia a negative integer, J^ {x) has 2E{ — n) conjugate imaginary 
roots^ together vnth an infinite nv/mher of real roots. 

*Jn {x) and / (a; , n) have the same roots save at the origin. 

fOray and Mathews, Bessel Functions, p. 70, and Jordan, Cours d' Analyse, torn. 8, p. 265, §213 
(1895). 

X Qray and Mathews, p. 68. 
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As n approaches a negative integral value, the moduli of all the imaginary 
roots become indefinitely small, since, when n is mtegral, we have J^(x) 
= ( — lYJ^^{x), so that here all the roots are real. 

Since the roots of J^ {x) are symmetrical with respect to the origin and the 
axis of reals, \i E{ — n) is odd, there must be at least two pure imaginary roots. 
Hurwitz shows, and the result could be deduced by the considerations we have 

employed, using — T-^} instead of x as the independent variable, that when 

E{ — n) is odd there are only two pure imaginary roots, while if E{ — n) is even, 
all the roots are complex. 

Hitherto we have considered only questions relating to the roots of the 
Bessel's functions and the convergents of the continued fraction for t/Ji//n+i- 
The same methods are, of course, applicable to functions defined by any homo- 
geneous linear differential equation of the second order; but as the variable 
parameters become more numerous, the theorems obtained become more special 
and the conditions under which they hold more restricted. 

In the case of the BesseFs functions, the asymptotic value of the solution 
corresponding to the lesser exponent enabled us to determine the motion of the 
roots as n decreased. This method is, of course, not applicable to the correspond- 
ing problem in the case of the hypergeometric functions with which the second 
part of this paper deals. 

II. 

On the Roots of the Hypergeometric Series. 

§6. — On the Variation of the Roots 0/ jP'(a, /3, y, a) vMi the Parameters. 

The hypergeometric series satisfies the differential equation 

^y _^ y — (« + /?+ l)a; dy g/? .. 

da?^ x{\—x)' dx x{\-xy~ ' ^^ 

where the singular points are 

00 and 1, 

and the corresponding exponents are 

0, 1 — y; a, /?; 0, y — a — fi. 
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The exponent-differences being 

where it is supposed that a, /3, and y are real. 
By the change of dependent variable 

y = yx 2 (1— a) » , 
(1) becomes 

When X is positive, and in the present section we shall always suppose that 
this is the case, the solution corresponding to the larger exponent of a = is the 
ordinary hypergeometric series 

where, since a and ^ are interchangeable, we may always assume 
Moreover, since 

a4>(;i, (I, V, x) _ _ 1 ft 
d(i ~ ^x{i—x)' 

we see that ^ decreases with the increase o{ (i for all values of a between and 1. 

By III' we see that if Xr = ^r (f^) denote the r*^ root of y(x, ji) = F(a , /? , y , cc) 
between and 1 , Xr will increase as (i decreases. UV is, of course, not applicable 
in the case X< 0, and as yet I have found no way of treating the variation of 
the roots of a solution corresponding to the lesser exponent. 

The next question that we shall consider is the following : If fi decrease by 

a small amount, Afi, X and p remaining constant, we have seen that all the 

roots of 

y{x, (i) = F{a, ^, y, x) 

between and 1 are slightly increased and there will therefore be one and but 
one root of y{x, (i — A(i) in each of the intervals XiXz, x^, ....,«*! deter- 
mined by the roots of y{xj fi) between and 1. The question is, how large 



* Using Xm to denote the root of y (x /i,) which in interval 01 is nearest 1 . 
28 
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may A/u become and y{pB, (i — Aft) still have one root in each of these intervals. 
To answer this question it is necessary to have recourse to the explicit expression 
o{ F{a, ^, y, x) in terms of the two (in general) linearly independent solutions 
about x=l. We have 

F{a,^,y,x)=aF(a, ^,a + ^ — y+l, 1—x) 

^b{l-x)-'F{y — fi, y — a, y — a—fi+l, 1 — x), (2) 

where* r(l+a,)r(— ») 

" p/ l + a — ^-r \p> l+a, + /t-r y 

x- r(i + a,)r(2 + r) 

r ('Lt-^L+JL+J') r a + ^—ii+v \ 

expressed in terms of exponent differences 

Fia,p,r,x) = F(l±^L±E±Jl, i±AzJL±i:, 1+a, x). 

If ;i and V are positive, all the terms of this series are positive, and it can 
have no positive roots unless 

Let us suppose that (i^ starting with a value jii, decrease ; all the roots of 
JF'(a, ^, y, a5) in the interval 01 will increase, and in each of the intervals deter- 
mined by the consecutive roots of y{x, Ji) which lie between and 1, there will 
be one root ofy{x^(i — Afi) , if Afi is sufl&ciently small. 

It is clear by IIP that this state of afifairs will not be altered until the root 
x^ reaches the point 1 , thus the roots are lost one at a time as fi decreases, disap- 
pearing from the axis of reals at the point cc = 1 . To determine when the root 
x^ reaches the point 1 we have merely to refer to (2), above. 

Since r ]> , the sign of F{a, j3, y , a), for values of a; a little less than 1 , 

depends only on 6, and therefore only on V f-^ — ~ f^ + ^ J = r (^) . When, 

therefore, /?, by the decrease of (i, increases through the next negative integer, 
the r-function changes sign and the root x^ must have moved up to the point 1 , 
so when /?, continually increasing as fi decreases, passes through the next 
larger negative integer, the root x^^i passes into the point 1 and we have the 



*Oaa88, Oes. Werke, Bd. Ill, pp. 911-18. 
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theorem: When r >• 0, ^(a — x, ^3 + x, y, x) will have one and btd one root in 
each ofthje intervals a^iXg, ccgXj, . . . . , a^l, determined hy the roots of jF'(a, j3, y, a), 
»/ 0<x< — /3 — j&( — j3) <Ac extremity of the interval x^l being included. Or 
more generally : F{a — x, (3 + Xj y , a) im7? have one and hut one root in each^ of 
the i/ntetvals XiX^^ x^n^ • . ..x^l except in i of these interval, in which no root of 
F{a — x, fi + x, y, x) lies, if 

n + i — l<x<n + i; P + x<0, 

when ri = — p — E{—P). 

When V < (we assume that ^ and (i are always positive), since 

F{a,p,y,x)={l-x)'-^F{y — P, y-a, y, x), 

and since F{y — ^, y — a, y, a) satisfies a diflferential equation with the 
exponent diflferences >l, f£, — v, we have the theorem: When v<CO, 
F{a — Xj ^ + Xj y, x) has one and hut one root in each of the itUervah cciXj, 
XfCi • • • • x^l , except in i of these intervals in which there is no root of 
F{a — x, fi + Xj y,x)if 

Yl+i—l<x<Yi + i, 

where ^ = a — y — E{a — y) and a — y — « > . 

In precisely the same way, since 

ifX>0. 

ifi/>0. 

By r F{a + x, ^ + x, y + ae, a;) ti;i?Z ^t>e 0W6 and hut one root in each of the 
intervals aJiXg, . . . . , a^l, delimited by the roots of jP(a, ^, y, a), «aw t, in w?AicA 
there wiM he no root ofF{a + «, ^ + «, y + 2x, a) i/ 

^ + t— l<ic<i7 + t and i^> 0, 

when, as before, 17 = — /? — -E(— ^3) and ^ + x<0, or if i/<0, i7 = a — y 
— ^(a — y) and a — y — »>0« 

♦When F(a, A y, x) and ^(a — «, ^8 + «, y, a?) have a oommon root, it may be regarded as lying in 
either of the intervals separated hj the common root. 
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In both cases we have, of course, the restriction 

1— y— 2;e<0. 

By V we have in the same way, when j^^O, i^(a + », /3 + x, y^ «)» 
have one and hut one root in each of tlie intervals iCiXg, x^x^ • • • • x^l , save in i of 
these intervals in which there will he no toot of F{a + x, (3 + x, y, x) when 

yj +i — 1 <x<>7 + i and /3 + x<[ 0, 
or if r < 0, tJiere will he i intervals containing no roots of F{a — x , /? — Xj y, x) if 

>7+i — l<CxS>7+**> OL — y — «!>0, 
where >/ = a — y — F{a — y).. 

These theorems are analogous to the theorem for the Bessel's function 
quoted on page 204. 

The theorem that we have just obtained might be used to get certain results 
concerning the separation of the roots of a hypergeometric function by those of 
a contiguous function, but the general* theorem is so much more easily estab- 
lished by the methods employed by Van Vleck that it is not worth while to con- 
sider them here. We need only note that as in the case of the kindred Bessel's 
functions, if F and F^ denote two kindred hypergeometric series, the vacant 
intervals which the considerations of the previous pages show must, in general, 
arise, are determined by the vanishing of a convergent of a continued fraction, 
which, in the chain of contiguous functions, 

F, F^, F,,.... i^_i, F,, is either F/F, or FJF^^^. 

The considerations of page 210 admit of an immediate application to the 
question of the enumeration of the roots of i^(a, /3, y, x) between and 1. The 
word root will, in the next section, be used to denote a real root. 

§7. — On the Numher of Roots of the Hypergeometric Series hetween and l.f 

This problem, of which Klein J first published a solution in 1890, depending 
on the conformal property of the Schwarzian ^-function and a discussion of the 

*The theorem referred to is due to Van Vleck (Anier. Jour. XIX, I. c.) ; it may be thus stated : 
In an interval of the x-aocis containing no sin^fular points of the differential equation, the real roots of 
two contiguous hypergeometric functions separate each other, 

tThe solution here given is, with slight alterations, the same as that published in my paper in the 
Math. BuU., May, 1897. % Math. Ann., Bd. 87. 
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shape of the circular triangles on which the a>halfplane is mapped, has been 
solved more recently by Hurwitz* and Gegenbauer.f The solutions of Hurwitz 
and Gegenbauer both depend on the determination of a chain of contiguous 
hypergeometrio functions which can be used as a set of Sturmian functions. 
Klein's method, on the contrary, only makes use of the diflFerential equation, but 
while extremely elegant and interesting, does not lead to this result so directly 
as the methods of Sturm which we have been employing. 

On page 210 we saw that when X > and v > 0, one root in the interval 
01 was lost whenever /?, through the decrease of (i, increased through a negative 
integer. When j3, always increasing, reaches a value a little greater than zero, 
^(1— ^)J roots will have been lost, and as the hypergeometric series then has 
all its terms positive and can have no roots ]> 0, all the roots between and 1 
must have been lost. Thus when ^ > and r > , the hypergeometric series 
has E (1 — j3) roots between and 1 , and in the same way by the considerations 
on page 211 when X > and v-<0 the hypergeometric series has E(^\ — (y — a)) 
roots between and 1 . 

When X<C 0, we must take, not the hypergeometric series, but 



y 



= »-'f( '-'^ + f + \ '-\<' + \ l-X. x), 



which is then the solution corresponding to the larger exponent of the origin. 
The hypergeometric series on the right which we may denote by ^(a', j3', /, x) 
satisfies a differential equation whose exponent differences are — Xy (i^v, so that 
in the interval 01 F{a', /?^ /, x) has ^(1—/?') roots if r>0 and ^ [1 — (/—a')] 
roots if i/<0. 

All four results can be stated in the one formula 



X 



^^/f^HWziM±i) 



When >l<0, we determined not the number of roots of ^(a,/?, y, x) 
between and 1, but the number of roots of a solution which, in general, is 
linearly independent of jF'(a, i3, y, a). 

Theorem F of the introduction shows that in this case F{aj i3, y, sc) has 
Nzzzx or ;k + 1 roots between and 1 , the even or odd value of N being chosen 
according as y^^i is > or < 0. There are thus two cases to be considered. 

*l£ath. Ann., Bd. 88. tSitz. Bericht, Wien. Akad., Bd. 100, 2a. 

X Eifi) denotes the largest positive integer less than b , while ^ (a) = if « < 1 . 
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r. v > 0, Here, according as 6 is > or < 0, i. e. according as 

r (1 + X) r (i±A±ii±i') r (L+A^iL+Jf) is > or < 0. 

the sign ofy^^i is > or < 0, 

2**. r < 0. Here, according as a is > or < 0, i. e. according as 

r(i + ;i)r( ^ + ^7^-^ )r( ^+^+^-^ )is>or<o, 

y.^iis >or<0. 

If in r 6 = 0, i. e.i{{l+^ + fi + v)/2 or (1 +X — f£ + r)/2 is zero or a 
negative integer, JP(a, ^, y, x) ceases to be linearly independent of jF'(a, ^, 
a + i^ — y+1, 1 — x), which, when v > 0, is the solution corresponding to the 
larger exponent of x= 1, so that by the theorem I' of Sturm JF'(a, i^i /i a) has 
in this case x roots between and 1 . 

For the same reason in 2^, when a = 0, i. e. when (1+X — (i — v)/2 or 
(1+^ + (I — r)/2is zero or a negative integer, the hypergeometric series has x 
roots between and 1 • 

It will be noticed that in discussing the general problem of enumerating the 
roots of F{ay /3i y, a), we have been led naturally to consider the case where 
^ = or a negative integer, and have in a certain sense generalized the results 
of Stieltjes, Comptes Rendus, tom. 100, and Bfilbert, Crelle, Bd. 103, which refer 
to this case. 

Habtabd Univiersity, June 8, 1897. 



A Reinvestigation of the I^oblem of the Autotnorphic 
Idnea/r Transformation of a Bi/pa/rtite QtuiMiric, 

Bt Thomas Muir, LL. D. 



1. If the bipartite quadric be 



X 


y 


Z • • • m 




<h 


<h 


d^ m • • • 


a/ 


h 


\ 


Og m 9 m • 


t/ 


• • • 


• • • • 


C3 • • • • 


2! 

• • 



the problem is to find two matrices 

(aj 03 a^ • • • • ) 

n n Ys — 



( nil ^s ^3 . • . • 

Til njg Tig » t m . 

Ti Tg rg . . . 



such that after perfoi*iniiig the substitutions 

(a, y. z )=(«! «! os •••.) (?»»?. ? ). 

Yi y» y» — 



(«', y, 2/, ....)=( »»! «»8 «j, — ) (5', n', ^', — ), 

til ^ 723 .. . 

»'l '*» *"8 . . . 
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we shall have 



a, 



f I ^1 s > • • • • 



«1 


<h 


(Z3 • • • • 


a/ 


«! 


«2 


CC3 • • • • 


r 


h 


h. 


Og • • • • 


y 


i-i 


b. 


O3 • • • • 


»?' 


• • • 


• • • • 


c, . . . . 


2' 

• • 


• • • 


• • • • 


Cg . . . . 


• • 



2. The mere performance of the substitutions changes the given bipartite 
quadric into 

(Xi a> a^* • • • Pi /?2 /?8 « ' « * yi y? ys « * * « 



«1 


<h 


ttj .... 


\ 


h 


&s • • . • 


<h 


<H 


(^ .... 



which by a property of bipartite functions,* 



mi 


m^ m3 • • • • 


f 


v 


^' .... 


«! 


"8 


ns 


^' 


V 


r .... 


»1 


»"8 


r, .... 


r 


»/ 


^' .... 



tti 


Og 


OC3 • • • • 


«i 


&X 


C| • • • • 




A 


/?8 


Ps • • • • 


«« 


J. 


c, 




yi 


y» 


yj . . . . 


«8 


63 


Cs 




















«ll 


nj 


ri 


r 








»!, 


«» 


r, 


»/ 








• • • 


• • • 


rs 





Consequently if we denote the square array of the original quadric by Z), and 



♦ Trans. Roy. Soc. Edinburgh, XZXII, pp. 461-482. 
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those of the two substitutions by S^ St respectively, the transformed ftinction 
may be written* 

? *7 ?... . 



s, 



trD 



trS, 



e 
r. 



But this by another property of bipartites is equal to 



i, VI ^ .... 



tr S^.D.S^ 






SO that the problem is changed into finding two matrices 8^ ^^^ ^ which will 
satisfy the equation 

The problem is evidently indeterminate, there being two unkoown matrices and 
one matrical equation to be satisfied, or 2n* scalar unknowns and r? scalar equa- 
tions for obtaining them ; the solution therefore should involve r^ arbitrary 
scalar constants. 

3. It is immediately clear that we shall obtain a solution — and the most 
natural one — by putting 8^ or S^ equal to any arbitrary matrix and then solving 
for A% or /Si. Doing this and denoting the arbitrary matrix by M we have the 
alternative solutions 



trSt=DM-'D-\) 



**' tr D " is used, as by Oayley, for the * transverse' of D, the symbol tr indicating the operation of 
TO w-and- column exchange: '^conj. D" would have been more appropriate, considering the way in 
which * conjugate ' is already used in connection with the elements, terms and minors of a determinant. 
29 
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4. A symmetry more in keeping with the character of the equation will be 
attained by putting Si equal to the product of an arbitrary matrix and Z>, and 
then as before solving for S^ . This course of procedure gives us 



or 



tr S, = M-^n^^i 

Si=M-^DA 
trS, = MD'\} 



In all these forms of solution, it will be observed, Jf , though in other 
respects arbitrary, must not have a vanishing determinant. 

5. Takmg one of the forms, say the third, we have the following simple 
theorem for the transformation in question : 

The transformcUion of 

{x,y,z p][a/, 3/, 2/, ) into (f , n , ^, . . . 4PW^ V» ^ • • • •) 

can he effected hy the svbstUvtiona 

(cc, y, «,... .)= {MD J^, >7, f,... .), 
(a/, y, ^,....) = tr{M'-'I)^'ie, >?', ?^ •.. .), 

where Mis any arbitrary matrix with a non-vaniehing determinant. 

6. For the case of an ordinary quadric, viz. where D is axisymmetric, equal 
to A say, and 8^=^ S^ ^= S say, the equation for solution is 

trS.A.S=A. 

Now the left-hand member, as well as the right-hand member, of this is axisjrm- 
metric ; for by the law of row-and-column exchange in a product 

tr {tr S.A.S) = trS.trA. tr {tr S) 
= trS.A.S. 

The state of matters here therefore is that though there is one unknown matrix 
and one matrical equation to determine it, there are n? scalar unknowns, and 
only in(w + l) scalar equations to be satisfied. The problem is thus again an 
indeterminate one, there being in{n — 1) arbitrary constants to be expected in 
the solution. 

One solution of the equation is evident, viz. 

trS= — li 
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it follows therefore that tr S+ 1 is s, factor of trS. A. S — A. Denoting the 
other factors — the first terms of which must evidently be A and S—hy 

A + x and S + y, 

and bearing in mind that the product of the three is axisymmetric, we see from 
the law of row-and-column exchange in a product that 

and X is axisymmetric. 

The first and third factors being thus known, the second is readily found to be 

A — A{l-S)-^-{l — trS)-'A 
and our equation is 

(tr S+1){A- AiS+l)-^ -{tr S+ 1)''^A\{S + 1) = 0. 

The solution got from the first factor is clearly identical with that got from the 
third. Taking the remaining factor we have, on doubling it, 

A — 2A{S+ir^ + A — {trS+l)-'^A = 

or iA-2A{S+l)'''\ + tr{A-2A{S+iy'\ = 0, 

the solution of which is evidently 

A — 2A{S+ 1)"^ = any zero-axial skew matrix. 

Denoting by — iV such a partially arbitrary matrix— that is to say, a matrix 
involving as was desired in(n— 1) different elements — ^we have 

2A{S+1)'-' = A + N, 
and .-. i{S+ 1)A-^ = {A + N)''\ 

and finally S=2{A + N)"^A—1. 

7. We have thus reached the following theorem : 
The trana/ormaiian of 

(aj, y, a, . . . •lAfx, y ,«,.... ) into (f ,y» f , • • • •J-^Jf , ri, f ) 

can be effected hy the subslUviion 

{x, y, ^, ,.. .) = {2{A + N)^'A- lli, n, ^, ... .), 
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where N is any zerouxial skew matrix arbitrarily chosen except for the condition 
thai the determinant of the matrix A^ N must not be zero. 

Or, following Cayley's example when dealing with the much simpler case of 
an orthogonal substitution, we may put the result in the form of a **rule," viz. 

7b obtain the coefficients a^, of the linear substitution which t/ransforms the 
quadric 

ax* + 6y^ + cz* + • • . . + 2fyz + 2gzx + 2hxy + . . . . 

into itself form the determinant K adjugate to 

a h + V g — (I • • • . 
h — V b /+ >l • • • • 
g + fi f — >t c .... 



or A 



when r^ps 



and then put 

A.a„= 2(r*'^ col of Kfs^^ col. of A) 

and ' A .arr= 2(7^^ col. of Klr^^ col of A) — A, 

A being the discrimvnant of the quadric. 

This is manifestly just as concise as Cay ley ^s rule for the very simplest case. 
It is seen to pass into the latter when a = 6 = c=....=l and/=gr = A 
= = 0. 

8. It should be noticed that the equation 

trS.A.S=A 

resembles an ordinary algebraical equation which has only even powers of the 
unknown ; for, if S=^(i be a solution, it is clear that S= — fi is also a solution. 
Indeed instead of resolving tr S .A. S — A into 

{tr S+ 1)\A- A{S + l)'' — {tr S+1)''A\{S+ 1), 

we might have resolved it into 

{trS-l)\A-A{l — S)'-^-{l-trS)-^A}{S-l), 

the solution tr S=^ 1 being, to say the least, just as manifest as the solution 
trS=—l. 

The roots obtained are thus : 

±1, ±{2{A + N)'^A—1\. 
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9. Another point worthy of attention is the fact that the identity of 

{trS+\)\A-A{S+\Y^ — {trS+\Y^A\{S^-l) 
and trS.A.S—A 

is quite independent of the form of A, and that therefore whatever A may be, 

the root of 

A — A{S+l)-^ — {trS+l)-^A = 

is a root of 

trS.A.S—A = 0. 

When, however, we proceeded, towards the close of §6, to solve for the root of 

the former equation, we introduced the condition A = tr A: consequently when 

A is unconditioned* it cannot be expected that the root thus reached will be a 

root of the equation 

trS.A.S—A = 0. 

10. Returning now to the general equation with which we started, viz. 

trS^.D.S, = D, 

let us give Sx a form analogous to the form 2 (J. + NY'^A — 1 obtained for S 
in §6, changing A, of course, into the more general D and, in order that we may 
have the full number of arbitrary constants, putting a perfectly arbitrary matrix 
M in place of the zero-axial skew matrix N. Our equation then becomes 

trS^.D.\2{D + M)'-^D—l\ = D 
or trS,.\2D{D + M)-W — D\=D 

or trS,.{2D{Di'M)'^—l\D =2), 

and .-. trS^ = { 2D {D + M)-^-l ]'\ 

11. In place therefore of the simple theorem of §5 we have the following as 
a useful alternative : 

The transformation of the bipartite quadric 
(x, y^z,... .\D\d, j/, 2/, . . . .) into (^, >?»?»•• • A^W^ V* ^'» • • • •) 

* The solution of -4 — -4 (5+ 1)" * — (ir ^ + 1)" *w4 = , when A is unconditioned, does not seem to 
be easy. As we see readily from the complete equation tr8,A.S=:A^ there are then implied n* 
equations for the determination of n' unknowns. 
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or, as the saying is, into itself, can he effected by (he substitutions 

{x,y,z,....)= {2A'^D-ll^,n,^, ....), 
(af.y^, ^,... •) = </• (2Z)A-^-l][f, V, ^', ... •), 

where A=^D + an arbitrary mairix and has a non-vanishing determinant. 

1 2. Bearing in mind the equation tr S^.D.Siz=zD,wq see that the foregoing 
result rests finally on the identity 

(2Z)A-i— l)-iZ)(2A-^2)— 1) = Z), 

which is the same as 

2)(2A-^2)— l) = (2Z)A-i— 1)2)* 

This latter however leads with equal naturalness to the identity 

(22)A-^— l)2)(2A-^2)-l)-i = 2), 

so that another form of the solution of the equation 

trS^.D.Si = D 



is available, viz. 



S2 = tr{2DA-^^ 1).J 



13. The existence of an alternative form of solution is, of course, what 
might have been expected from the character of the function under discussion, 
which itself has two forms : 

a/ y^ 2/ . . . . 



X y 



Oi Os 03 • . • • 

bi b^ &3 • • • • 
Ci Og Cs • . • • 



and 

QCf Oi bi Ci • • • • 

y' a, 6, C| . . . . 

2/ Os &8 <^ • • • • 



or 
and 



{x y 2 • • • .][ DJa^ \f 2/ ....), 
(a/ rf 2/ . . . .J^r D^ y 2 . . . .). 



* The ultimate basis is, of coarse, the fact that 



is equal to either 



J:)(2A- »/> — !) or (aZ)A-» — 1)2>. 
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Consequently, when we obtained the eolation 

/^=2A-»D— 1, ) 

S, = tr{2DA-^-l)-\) 

we might, by attending to the evidently permissible interchange, have foretold 
the solution 



Sg=2trA-^trD—l, ) 

8, = ir(2trDtrA-^— 1)-K) 



Si = tr(2irI)trA-^— 1)" 

And this latter will be found to be identical with the second solution obtained 
above ; for — to take only the value for Si — by the laws of matrix algebra 

^{2trDtrA-^ — l)-^ = \tr{2irDtrA-^ — l)\-^ 

= {tr{2trDtrA-^)— If"* 
= {2A-^D—l)-\ 

14. Further, however, it must be noted that, there is no reason a priori for 
the unlikeness — which is notable in both of these solutions — between the value 
of Si and the value of S^ ; and the presumption to which we are thus led that 
either form must be suitable for both, is fully borne out on investigation. Thus, 
taking the form for tr Sg in the first solution, we have 

{2DA-^ — l)-^={{2D—A)A-^\-\ 
= A{2D—A)-\ 
= \2D—{D-M)\{D-M)-\ 

= 2D(Z>— Jf)"'— 1. 

which closely resembles the form for Si in the same solution. Similarly, taking 
the form for Si, we have 

2A- »2? — 1 = A-» (2Z>— if ), 
= A-^{D^M), 
= \iD-M)-'A\-\ 
= \{D — M)-^{2D—D — M)\-\ 
= \2D{D—M)-^—l\-\ 

which is quite similar to the form for tr S^ in the same solution. 
16. And this is not all, for, since 

and .-. (Z> + M)-W + (i> + if)-'Jf= 1 , 
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it follows that 

2{D + M)''W—1 or /Si=l — 2(2) + if)-iJf, 

and similarly, 

2D {D — M)'^ —1 or trSi=l + 2M{D — M)''K 



It also appears incidentally in the preceding paragraph that 

S, = {D + Mr'iD-M) ,) 
and tTS^={D + M) {D — M)'\) 



16. We have therefore four identical expressions for /Si in our first solution, 
and four identical expressions for /^, each of the former being quite similar in 
form to one of the latter, viz. 

S^=2{D + M)-^D — 1, and <r /%= 2i?(2> — Jf)-> — 1, 
= 1 _ 2 (2) + Jf)-iJ|f , = 1 + 2M{D — if)-^ 

= {D + M)'^{D — M), ={D + M){D — M)-\ 

= \2{D-M)-'D—1\''\ . ={2D{D + M)-^-l\-\ 

Looking at the first and last of the four forms we see that each of the eight 
expressions is such that to change the sign of M in it is the same as to take its 
reciprocal. Since therefore, in the second solution of §13, the values of Si and 
S^ are respectively the reciprocals of Si and S^ in the first solution, it follows 
that the second solution can be got from the first by merely changing the sign 
of M. But M is entirely arbitrary ; consequently the second solution is not 
really difierent from the first. 

17. The only advantage of these more complicated forms of ^Si and S^ is 
that specialization from them is very easy. 

Thus, when D is axisymmetric, equal to A say, and Si = S2t we have for 
the conditioning of M 

2{A + M)''''A—l = tr{2A{A — M)-^—l\, 
whence (A + M)'^ A = tr{A — M)-^ tr A, 

and .-. {A + M)- ^=:(trA — tr Jf)~ \ 

and finally, ' if = — tr M^ 

which is the definition of a zero-axial skew matrix. 
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.18. In order that previous work on the above matters may be known, I 
append hereto a first approximation to a complete list of writings on Matrices. 
A supplementary list, to which I invite contributions, will be published when it 
is sufficiently bulky to warrant attention. 

LIST OP WRITINGS ON THE THEORY OF MATRICES. 

(1857-1893.) 



1857. 

Caylet, a. a memoir on the theory of matrices. Phil, Trans. R. S. London, 
CXLVIII, pp. 17-37 ; or Collected Math, Papers, II, pp. 475-496. 

Oatlet, a. a memoir on the automorphic linear transformation of a bipartite 
quadric function. Phil. Trans. R. S. London, CXLVIII, pp. 39-46 ; 
or Collected Math. Papers, II, pp. 497-505. 

1867. 

Laguebbe, . Sur le calcul des syst^mes lin6aires. Joum. de I'^^cole Polyt., 
XXV, pp, 215-264, 

1870, 

Peibce, Benjamin. Linear associative algebra. American Joum. of Math., IV, 
pp. 97-215. 

Peibce, Chas. S. Description of a notation for the logic of relatives. Mem. 
Amer. Acad. Sci., IX. 

1872. 

Spottiswoode, W. Remarks on some recent generalizations of algebra. Proc. 
Lond. Math. Soc, IV, pp. 147-164. 

1877. 

Fbobenius, . Ueber lineare Substitutionen und bilineare Formen. Crelle's 
Journ., LXXXIV, pp, 1-63. 

1879. 

Catley, a. On the matrix \ J and in connection therewith the function 

\c d\ 

"^t J • Messenger of Math., IX, pp, 104-109. 
ex + <* 
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1882. 

Sylvester, J. J. Sur les puissances et les racines de substitutions lin^aires. 
Oomptes Rendus . . . . , Paris, XCIV, pp. 56-59. 

Sylvester, J. J. Sur les racines des matrices unitaires. Comptes Bendus • • • • , 
Paris, XCIV, pp. 396-399. 

Sylvester, J. J. On the properties of a split matrix. Johns Hopkins Univ. 
Circular, pp. 210, 211. 

1883. 

Buchheim, a. An identity in the theory of matrices. Messenger of Math., 
XIII, pp. 65, 66. 

Sylvester, J. J. On the equation to the secular inequalities in the planetary 
theory. Phil. Mag. 6th ser. XVI, pp. 267-269. 

Sylvester, J. J. On the involution and evolution of quaternions. Phil. Mag. 
6th ser. XVI, pp. 394-396. 

Forsyth, A. R. Proof of a theorem by Cayley in regard to matrices. Messen- 
ger of Math., XIII, pp. 139-142. 

1884. 

Sylvester, J. J. Lectures on the principles of universal algebra. Amer. Joum 
of Math., VI, pp. 270-286. 

Sylvester, J. J. On the solution of a class of equations in quaternions. Phil 
Mag. 5th ser. XVII, pp. 392-397. 

Sylvester, J. J. Sur les Equations monoth^tiques. Comptes Rendus . . . 
Paris, XCIX, pp. 13-15. 

Sylvester, J. J. Sur F^quation en matrices pxz=ixq. Oomptes Rendus . . . 
Paris, pp. 67-71. 

Sylvester, J. J. Sur F^quation en matrices pjc = a:g^. Comptes Rendus . . . 
Paris, XCIX, pp. 115, 116. 

Sylvester, J. J. Sur la solution du cas le plus general des Equations lin6aires 
en quantity binaires, c'est-a-dire en quaternions ou en matrices du 
second ordre. Comptes Rendus . . . . , Paris, XCIX, pp. 117, 118. 

Sylvester, J. J. (Theorem regarding two matrices which have a latent root in 

common.) Educational Times, XXXVII, pp. 297, 385 ; or Math, from 

Educ. Times, XLII, p. 101. 
Sylvester, J. J. Sur la r6solution g&i6rale de T^quation lin^aire en matrices 

d'un ordre quelconque. Comptes Rendus • • • . , Paris, XCIX, pp. 

409-412. 
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Sylvester, J. J. Sur la rSsolution g6ii6rale de I'^quation lin6aire en matriceB 
d'un ordre quelconque. Comptes Rendus, . . . . , Paris, XCIX, pp. 
432-436. 

Sylvester, J. J. Sur lea deux m6thodes, celle de Hamilton et celle de Fauteur, 
pour r6soudre T^quation lin6aire en quaternions. Comptes Rendus 
. . . . , Paris, XCIX, pp. 473-476. 

Sylvester, J. J. Sur Tachfevement de la nouvelle m6thode pour r6soudre 
r6quation lin6aire la plus g6n6rale en quaternions. Comptes Rendus 
, Paris, XCIX, pp. 602-505. 

Sylvester, J. J. Sur T^quation lin6aire trinome en matrices d'un ordre quel- 
conque. Comptes Rendus . . . . , Paris, XCIX, pp. 627-529. 

BucHHEiM, A. Proof of Sylvester's " Third Law of Motion." Phil. Mag. 5th 
ser. XVin, pp. 459-460. 

Sylvester, J. J. Sur la solution explicite de P^quation quadratique de Hamil- 
ton en quaternions ou en matrices du second ordre. Comptes Rendus 
. . . . , Paris, XCIX, pp. 655-558. 

Sylvester, J. J. Sur les conditions de Texistence de racines 6g&les dans T^qua- 
tion du second degr6 de Hamilton, et sur une m^thode g6n6rale pour 
r^soudre une Equation unilaterale de n'importe quel degr6 en matrices 

d'un ordre quelconque. Comptes Rendus Paris, XCIX, pp. 

621-631. 

BuGHHEiM, A. On the theory of matrices. Proc. Lond. Math. Soc., XVI, pp. 
63-82. 

Caylby, a. On the quaternion equation qQ — ^ = 0. Messenger of Math., 
XIV, pp. 108-112. 

Sylvester, J. J. On Hamilton's quadratic equation and the general unilateral 
equation on matrices. Phil. Mag. 5th ser. XVIII, pp. 464-458. 

1885. 

BuGHHBiM, A. A theorem in matrices. Messenger of Math., XIV, pp. 167, 168. 

Caylby, A. On the matrical equation qQ — Qg/ = 0. Messenger of Math., XIV, 
pp. 176-178. 

Weyr, Ed. Sur la th6orie des matrices. Comptes Rendus • • • . , Paris, C, pp. 
787-789. 

MuiR, Thomas. New relations between bipartite functions and determinants, 
with a proof of Cayley's theorem in matrices. Proc. Lond. Math. Soc, 
XVI, pp. 276-286. 

Weyr, Ed. Repartition des matrices en espfeces et formation de toutes esp^ces. 
Comptes Rendus • • . . , Paris, C, pp. 966-969. 
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1886. 

BuCHHEiM, A. An extension of a theorem of Professor Sylvester's relating to 
matrices. Phil. Mag. 5th ser. XXII, pp. 173, 174. 

1887. 

BuCHHEiM, A. On a theorem of Professor Klein's relating to symmetric matrices. 
Messenger of Math., XVII, p. 79. 

BuCHHEiM, A. Note on matrices in involution. Messenger of Math., XVIII, pp. 
102-104. 

1890. 

Taber, Henry. On the theory of matrices. American Journ. of Math., XII, 

pp. 337-396. 
Taber, Henry. On certain identities in the theory of matrices. American 

Journ. of Math., XIII, pp. 159-172. 

Taber, Henry. On the application to matrices of any order of the quaternion 
symbols S and 7. Proc. Lond. Math. Soc, XXII, pp. 67-79. 

1891. 

Taber, Henry. On certain properties of symmetric, skew symmetric, and 
orthogonal matrices. Proc. Lond. Math. Soc., XXII, pp. 449-469. 

1892. 

Metzler, W. H. On the roots of matrices. Amer. Journ. of Math., XIV, pp. 
326-377. 

Metzler, W. H. On certain properties of symmetric, skew symmetric and 
orthogonal matrices. Amer. Journ. of Math., XV, pp. 274-282. 

1893. 

Taber, Henry. On the linear transformation between two quadrics. Proc. 
Lond. Math. Soc, XXIV, pp. 290-306. 

Metzler, W. H. Compound determinants. Amer. Journ. of Math. [XVI, pp. 
131-150], pp. 149-150. 

Taber, Henry. On orthogonal substitutions that can be expressed as a func- 
tion of a single alternate (or skew symmetric) linear substitution. 
Amer. Journ. of Math., XVI, pp. 123-130. 



On the Primitive Substitution Groups of Degree Sixteen. 

By G. a. Miller. 



The object of this paper is to determine all the primitive groups of degree 
16 and to study them in regard to solvability. It will be seen that the number of 
these groups is considerably larger than it has been supposed to be.* The paper 
is divided into two sections. In the first we determine the groups by very 
simple methods and study them with respect to the given property. In the 
second we prove that it is impossible to construct a primitive group of degree 
16 that is not given in the first section. 

§1. 

Determination of the groups. 

It will be proved that all these groups, with the exception of the two that 
include the alternating group of this degree, contain a self-conjugate subgroup of 
order 16. As a self-conjugate subgroup of a primitive group is transitive, this 
must be regular. Since the entire group must transform each of its substitutions 
except identity into a system that generates it, it must be the Abelian group 
that contains 15 subgroups of order 2. We shall denote it by H and suppose 
that its substitutions are 

1 ai .bj .cJc.cU.em ./n.go.hp /, 

ab.cd .e/.gh.ij .kl.mn.op B, aj .bi.cl .dk,en./m.gp .ho J, 

ac.bd.eg./h.ik.jl.mo.np Gy ak.hl.ci.dj .eo .fp.gm.hn K, 

ad.hc.eh.fg.il.jk.mp.no D, al.bk.cj .di.ep./o.gn.hm Z, 

ae.b/.cg .dh.im.Jn.ko.lp E^ am.bn.co.dp.ei.fj .gk.hl M^ 

af.be.ch.dg.in.jm.kp.lo F, an.bm.cp .do.ej ./i.gl.hk N, 

ag .bh.oe.df.io.jp .km .In O, ao.bp.cm.dn.ek.fi .gi.hj 0, 

ah.bg. cf.de.ip.jo.hfh.lm H, ap.bo.cn.dm.el.fk.gj .hi P. 

^Only 12 of these groups that do not contain the alternating group are given in Jordan's enumera- 
tion, Gomptes rendus, voL 75, p. 1767. We shaU prove the existence of dO such groups. 
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The group of isomorphiems of H* is evidently doubly transitive, of degree 
15 and order 15.14.12.8 = 8!-^2. It is known that there is only one group 
that satisfies these conditions, and that it is simply isomorphic to the alternating 
group of degree 8 {K) . To every subgroup of K corresponds a transitive group 
of degree 16 that contains H as self-conjugate subgroup. Its subgroup that 
includes all its substitutions which do not involve a given element is simply 
isomorphic to the corresponding subgroup of K. We shall confine our attention 
to the primitive groups. 

The subgroup of the group of isomorphism that corresponds to a primitive 
group must transform each of the substitutions of ff, excepting identity, into 
substitutions that generate JBT. It must therefore be of degree 16, and its order 
cannot be less than 5. To a subgroup of order 5 in JT corresponds a group of 
order 80 that contains H as self-conjugate subgroup. This group ((?i) must be 
primitive, for it contains no self-conjugate subgroup besides H and 1 , and there 
is no transitive group of degree 8 and order 80. It is solvable since its factors 
of composition are 2, 2, 2, 2, 5. It may be generated by ^and 

boefc . dpJenI .fhgim .f 

Prom the preceding paragraph it follows that to every subgroup of K whose 
order is divisible by 5 there corresponds a primitive group of degree 16 that 
contains -ff as self-conjugate subgroup. If we include K, there are 16 such sub- 
groups, viz. (aiccfe) eye, J {ahcde)iQ, (abcde) eye. (fgh) eye, \{abcde)2o{/g)\ pos., 
{abcde)^Q{/gh) eye, {abcde) pos., (abcde/)^, \{ctbcde)fSQ{fgh) all} pos., \ (abcde) all 
{fg)\ pos., \{abcdef)i2o{gh)\ pos., {abcd-e) pos. (/grA) eye, {abcde/) pos., \{abcde) all 
{/gh) all} pos., \{ahcde/) all {gh\ pos., {abcde/g) pos., {abcde/gh) pos. As all the 
subgroups of K that are similar to any one of these are conjugate, there can be 
no more than 16 primitive groups of degree 16 that contain -ff as self-conjugate 
subgroup and whose orders are divisible by 5. We proceed to prove that no 
two of these 16 primitive groups are simply isomorphic and to find their factors 
of composition and generating substitutions. 

* Hdlder, Mathematische Annalen, yoL 48, p. 314. 

t The substitutions that are to be added to H to generate the required groups permute the substitu- 
tions of H in exactly the same manner as their own elements ; i. e. they have been selected in such a 
way they they are the same as the corresponding ones in capital letters. 

tCayley, Quarterly Journal of Mathematics, vol. 35, p. 71. 
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The group of order 160 {G^ may be generated by Oi and 

hj .dl.eo .fh .gm.np. 

Since it contains Oi as maximal self-conjugate subgroup, its factors of com- 
position may be found by adding 2 to those of Oi. Hence it is solvable. The 
group of order 240 (6^3) may be generated by Gi and 

hmn . dk . deh .flo . gpj. 

As it contains G^ as maximal self-conjugate subgroup, its factors of composition 
may be obtained by adding 3 to those of (tj. It evidently contains 16 conjugate 
subgroups of order 15. The groups of orders 320 and 480 ((?4, Q^ may be 
generated, respectively, by G^ and 

h^o . dglm .fnhp . ilc, hmn . cik . deh .flo . gpj. 

Since G, is a maximal subgroup of each of these groups, their factors of compo- 
sition may be obtained by adding 2 , 3 respectively to those of G^ . Hence they 
are solvable. G^ contains G^ as self-conjugate subgroup. 

Since K contains 3 subgroups of order 60, there are 3 primitive groups of 
degree 16 and order 960 that contain ff as self-conjugate subgroup. Only one 
of these ( G^) is solvable. It may be generated by Gg and 

6e/o . dglm . fnhp . ih . 

It is solvable since its factors of composition may be obtained by adding 2 to 
those of G5. We have now found the 6 solvable primitive groups of degree 16 
whose orders are divisible by 5. The remaining 12 groups whose orders satisfy 
this condition are insolvable. 

The remaining two groups of order 960 correspond to 

{(ibcdef)^, (abode) pos. 

in K. Hence each of them contains only two self-conjugate subgroups, viz. 
J7and 1. Their factors of composition are 2, 2, 2, 2, 60. The former (G^) 

may be generated by G^ and 

bpo . end . ekl , ghi . 

The latter (G^) may be generated by H and 

boifc . dpgnh . emjlk , bop . cge . dil .fmj . hhi . 
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Since the substitutions of order 3 in Q^ permute only 1 2 of the substitutions of 
-ff while those of G^ permute 15, these two groups are not simply isomorphic. 
The two primitive groups of order 1920 (Gg, Gi^ correspond to 

] {abcdef\^ (gh) } pos., ] {ahcde) all (/g) } pos. 

in K. Hence each of them contains 3 self-conjugate subgroups, viz. H, 1 and 
the one of order 960. Their factors of composition are obtained by adding 2 to 
those of the preceding two groups. They may be generated by adding 

bdjl . ck . epon . fmhg , bpch . di . efmk .fgon 

to G^ and G^ respectively. They cannot be simply isomorphic since their self- 
conjugate subgroups of order 960 do not have this property. 

The group of order 2880 {Gy^ may be generated by G^ and 

bmn . dil . ceg . hoj .fhp . 

Its factors of composition may evidently be obtained by adding 3 to those of G^. 
The two groups of order 5760 ((?i,, (rig) correspond to 

\{ahcde) all {fgh) all} pos., (abcdef) pos. 

Since the former contains Gn as self-conjugate subgroup, its factors of composi- 
tion may be obtained by adding 2 to those of Gn. This is the last of the six 
primitive groups of degree 16 whose solution depends only upon that of the 
alternating group of degree 5 . It may be generated by Gn and 

bjx:h . di . g'mk */gon . 

The factors of composition of Gis are evidently 2, 2, 2, 2, 360. It may be 

generated by G^ and 

bop . cge . dil .fmj . hkn. 
For 

bnlqj . cpekd .fJiimg X bj .dl.eo.fh. gm . np = bpo . end . ehl . ghi , 
bpo . ceg . dli ,fjm . hnh X bpo . end . ehl . ghi = bop • chi . deh .fjm . gnl. 

Hence the given generator corresponds to a substitution in the same elements in 

Kss G^. It clearly corresponds to a substitution of degree 3. 

The group of order 11520 (G^^) contains Gis as selt^onjugate subgroup. Its 

factors of composition may therefore be obtained by adding 2 to those of (rig. It 

is generated by Gis and 

bdJL oh . epon . fmhg . 
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(?i3 and G^i4 are the only two primitive groups of degree 16 whose solution 
depends only upon that of the alternating group of degree 6 but not upon any one 
of its subgroups. 

The group (Oi^) which corresponds to the alternating group of degree 7 in 
K may be generated by H and 

biophjg . clnmeJc/j bed . emi .fol . gpj . hnJe . 

For the former of these generators is transformed into its square by 

eln ./km . gjp . hio. 

Since the latter is commutative to this, it must correspond to a substitution of 

degree ^luK whose elements are included in the substitution of degree 7 to 

which the former generator corresponds. The factors of composition of O^ are 

2, 2, 2, 2, 2520. 

The largest group that contains H as self-conjugate subgroup (G^u) may be 

generated by (?i5 and 

bd.fh.jl.np. 

For the alternating group of degree 8 contains only two types of substitutions 
of order 2. We have seen that the substitutions which correspond to those of 
the type cib.cd permute 12 substitutions of H. The given generator must there- 
fore correspond to a substitution of degree 8 in K. The factors of composition 
of (?nare 2, 2, 2, 2, 20160. 

We have now considered all the possible primitive groups of degree 16 that 
contain ^as a self-conjugate subgroup and whose order is divisible by 6. We 
have seen that 6 of these 16 groups are solvable, 6 others depend upon the solu- 
tion of the alternating group of degree 6, while the remaining four depend upon 
the solution of the alternating groups of degrees 6, 7 and 8. There are 4 addi- 
tional primitive groups that contain ^ as a self-conjugate subgroup. We pro- 
ceed to consider these. 
Since the groups 
{ae . bf. eg . dh){abc) eye. {e/g) eye.,* {ae . bf. eg . dh)\{abc) all {e/g) all } pos., 
{a/be . eg . dh){{abc) all {e/g) all } pos., {ae . bf. eg . dh){abc) all {e/g) all 

are maximal subgroups that do not contain any self-conjugate subgroup besides 

* Gayley, loc. cit. 
31 
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identity of the four groups, in order, 

{de . bf. eg . dh){abcd) pos. {e/gh) pos,, {ae . hf. eg . dh) \ {abed) all {efgh) all \ pos., 

{afhe . eg . dh)\ {abed) all {e/gh) all} pos., {ae . bf. cg.dh){abcd) all {e/gh) all, 

each of the latter four groups is simply isomorphic to a primitive group of degree 
16.* As each of these groups is evidently solvable, its factors of composition 
are the same as the prime factors of its order. 
The first ( Gn) may be generated by H and 

bjofpm . ceg . dnihlJe, bpo . end . eld . ghi. 

Hence all its self-conjugate subgroups, except identity, contain H. From this it 
follows independently that it is primitive. Gjg may be generated by Gy^ and 

bmpjof . ehi . dghlen . 

It contains Gi^ as self-conjugate subgroup. It is of order 576 while G^ is of 
order 288. G19 is of the same order as G^. It may be generated by J7and 

bpo. end. eJd. ghi, bm .cide.fqjp. gMh. 

Gfo contains G^y Gig, G^^ as self-conjugate subgroups. It is of order 1152 and 
may be generated by G^^ and 

bjofpm . ceg . dnihlk . 

We have now found the 20 primitive groups of degree 16 that do not con- 
tain the alternating group of this degree, and have seen that 10 of them are 
solvable while the remaining 10 are insolvable. Since the given generating 
substitutions, excluding H, do not contain a, they generate a subgroup G'l whose 
order is obtained by dividing the order of the group by 1 6. If (?{ is a times 
transitive, the corresponding group is a + 1 times transitive. The class of Gi is 
the same as that of the corresponding group, etc. The (?i of G^i is the group of 
isomorphisms of H. By adding the alternating and the symmetric group to the 
preceding we obtain the 22 primitive groups of degree 16. The last two are 
evidently unsolvable. Their factors of composition are respectively 16!-r-2; 
2, 16!-^ 2. 

§2. 
Proof thai there are no other primitive groups of degree sixteen. 

As we have examined all the possible groups that contain -H as a self-con- 
jugate subgroup and whose orders are divisible by 5, we do not need to consider, 

* Dyck, Mathematische Annalen, vol. 22, p. 102. 
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in what follows, the groups which satisfy these two conditions. We shall con- 
sider the simply transitive and the multiply transitive groups separately, begin- 
ning with the former. The group in question will generally be represented by 
G and its subgroup which contains all its substitutions that do not contain a 
given element by &. 

A. — Simply transitive gr(mps. 

We shall make frequent use of the following theorems : 

Theorem I. Cf cannot contain a transitive subgroup. 

Theorem 11. All the prime numbers which divide the order of one of the transi- 
tive constituents of Gf, divide the order of every other constituent. 

Theorem IIL If a transitive constituent of & is of a prime degree^ all its other 
transitive constitiierUs are of an equal or a larger degree. 

Theorem IV. If p"^ is the highest power of a prim^e number that is contained 
in the order of O^ the subgroups of order jp* are transformed by the substitutions of 
G according to a transitive group whose order is divisible by p^ bvi not by j/ "*" *. 
Q contains a self conjugate subgroup of order p'^~^. 

Theorem V. If Q contains a self-conjugate subgroup {R) of degree n — a, 
n being the degree of G^ W must be the transform, with respect to substitutions of G, 
of a — 1 otJier subgroups of & {E{ , j^ ...... , Hl_^. The substitutions of G that 

transform H^, (^ = 1 , 2, .... , a — 1), into W transform also all the substitutions 

of & that are commutative to H^ into substitutions of &. 

Theorem VI. & transforms H(, H^, . . . . , -ffj_i according to the elements in 
one of its constituents of degree a — 1 , and wo two of these subgroups can have all 
their elements in common, nor can any of them contain all the elements of H'. 

Theorem VII. The group generaied by HI, H^, . . . . , HJ^i is of degree n — 1 , 
and & is a maximal subgroup of G . 

Theorem VIII. Every self-oonjugaie subgroup of a primitioe group is tran- 
sitive. 

& contains a transitive constituent of degree 12. 

The other constituent is the symmetric group of degree 3. To 1 in this 
group must correspond an intransitive subgroup of the constituent of degree 12 
{H'). The systems of intransitivity oi W are systems of non-primitivity of the 
constituent of degree 12. These systems could not be of degree 2 since they 
would have to be transformed according to a regular group, and W would then 
contain all the substitutions of G^ whose degree < 13. 



236 Miller : On the Primitive Substitution Grrotips of Degree Sixteen. 

The given systems could not be of degree 3 since they would have to be 
transformed according to a transitive group whose order is divisible by 4. As 
the degree of the systems of JT could evidently not exceed that of a constituent 
of (y, it is impossible to construct a primitive group of degree 16 in which C? 
contains a transitive constituent of degree 12. From one of the given theorems 
it follows directly that O^ could not contain a transitive constituent of degree 11. 

O^ contains a transitive constituent of degree 10. 

The constituent of degree 5 must clearly be transitive, and its order must 
be the same as the order of (?' ; i. e. O^ must be obtained by establishing a 
simple isojnorphism between a transitive group of degree 10 and one of degree 5. 
When the order of (?' is 5, 10, or 20, the subgroups of order 2* in G must be trans- 
formed by its substitutions according to a transitive group of degree 5. Hence 
there must be a self-conjugate subgroup of order 2^, ^ > 0, in G, according to 
the given theorem. Since the substitutions of order 5 are of degree 15, we have 

the congruence 

2^=1. mod. 6. 

As a < 8 , /? = 4. We have considered all such groups. 

When Gr' is of order 60 or 120, G must transform its subgroups of order 2* 
according to some transitive group of degree 5 or 15. In the former case G con- 
tains a self-conjugate subgroup of order 16, as we have just proved. In the latter 
case the corresponding group of degree 15 must be non-primitive, since the orders 
of the primitive groups are divisible by 9. Since such a non-primitive group could 
contain no substitution besides identity that leaves all its systems unchanged, it 
must be simply isomorphic to a transitive group of degree 6. Hence the preced- 
ing proof applies also to this case. 

& contavns a transitive constituent of degree 9 . 

Since the order of & cannot be divisible by 5 , the constituent of degree 6 
must be either non-primitive or intransitive. If the order of & would exceed 
that of the constituent of degree 6 , the constituent of degree 9 would be non- 
primitive and & would contain an W of order 3*. As the substitutions of 
order 3 and degree <C 9 in the constituent of degree 9 are commutative, those of 
order 3 in the constituent of degree 6 could not be commutative, i. e. this con- 
stituent would be transitive and it would contain 4 conjugate subgroups of 
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order 3. As this is clearly impossible, the order of C?' is the same as that of the 
constituent of degree 6 . 

The order of & cannot exceed that of the constituent of degree 9, since the 
order of the quotient group of the constituent of degree 6 with respect to a 
suitable self-conjugate subgroup would not be divisible by 9. Hence G' must 
be composed of two simply isomorphic groups whose degrees are 9 and 6 . The 
latter must be transitive, for if it were intransitive all its subgroups of order 3 
and degree < 15 would be self-conjugate. 

From the preceding it follows that & must be of order 18, 36, or 72. G 
must therefore contain 8 conjugate subgroups of order 3 and degree 12. As 
none of its substitutions besides identity can transform each of these subgroups 
into itself, it must be simply isomorphic to a transitive group of degree 8 and 
order 288, 576, or 1152. There are only 4 such transitive groups. We have 
seen that each of them contains one maximal subgroup that does not include any 
self-conjugate subgroup besides identity and whose order is obtained by dividing 
the order of the group by 16. In other words, we have seen that each of these 
groups is simply isomorphic to one primitive group of degree 16. As each of 
the given groups of degree 8 contains only one set of conjugate subgroups of the 
required type, each of them is simply isomorphic to only one primitive group of 
degree 16. 

& contains a transit^ oonstUvent of degree 8. 

It is clear that the constituent of degree 7 must be transitive. Since the 
two transitive constituents of & would be primitive, they would have to be 
simply isomorphic. Hence & would be of order 168. Its substitutions of order 
2 would be of degree 12. The 6 systems of such a substitution are transformed 
according to \ {ahcd\{ef) } dim. by the substitutions of &. The substitutions of 
G would have to transform these systems according to a transitive group of 
degree 6 and order 16. This is clearly impossible. 

If & would contain a transitive constituent of degree 7 the other would 
have to be transitive and of degree 8. We have just seen that this is impossible. 
We have now considered all the cases when & contains a constituent whose 
degree exceeds 6. The remaining cases do not lead to any additional group, 
and are so simple that it seems unnecessary to consider them here. 
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B. — Multiply transitive groups. 

We shall begin with the cases when G' is non-primitive and contains an 
intransitive self-conjugate subgroup (Hi). If 5i contains 3 systems of intransi- 
tivity it must be composed of three simply isomorphic transitive groups of degree 
6, since its order cannot be divisible by 25. If its order is 6, 10, or 20 it must 
contain a self-conjugate subgroup of order 16, as has been proved above for a 
similar case. Its order could not be 60 or 120, since the number of its sub- 
groups of order 3 and degree 9 would not be divisible by 7. 

If Hi contains 5 systems of intransitivity its subgroup of order 3' must 
satisfy one of the two congruences 

3*=1 mod. 5, 3*= 3 mod. 5, 

since a substitution of order 5 in Hi could not transform two of its subgroups of 
order 3 into themselves. Hence a = , 1, or 4. If a were 4, Hi would contain 
5 or 10 subgroups of order 3 and degree 6, for only 20 such subgroups are found 
in the group of order 3^ and the two of the same degree could not occur in Hi. 
In G each of these subgroups would have to be transformed into itself by a 
subgroup whose order is divisible by 5. This is clearly impossible. Hence 
a = or 1 . 

We have seen that O contains a self-conjugate subgroup of order 16 when 
a= or when a=: 1, and the systems of intransitivity of Hi are permuted by 
O^ according to the metacyclic group or one of its subgroups. When Hi is of 
order 3 and GP transforms its systems according to the alternating group of 
degree 6, its 3 substitutions that correspond to a substitution of order 3 in this 
alternating group must be of order 3, two of them must be of degree 12 and the 
third of degree 15. All the substitutions of GP must therefore be commutative 
with each substitution of Hi . Hence all its subgroups of order 1 2 that do not 
include any self-conjugate subgroup are conjugate in two sets. Since one of 
these two simply isomorphic transitive groups* of degree 16 contains substitu- 
tions of order 3 and degree 9, we need to consider only one Q. We may sup- 
pose that it is generated by 

adgjmhehhncfilo , adh . hei . cfg . mon . 

The substitutions of G that transform the latter of these generators into 
itself must permute its systems according to the alternating group of degree 4, 

* Jordan, '^ Trait6 des Substitutions," p. 273. 
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since those of & permute them according to the alternating group of degree 3. 
Hence and from the fact that bc.dh.eg . if. hi . mn transforms the given G into 
itself, we may suppose that G contains one of the following substitutions : 

amdohn^ fbce/ig^ c.^j^^ 

andmJu>VUgecin <jj,.pi' 

aodnhm J I b/egic ) \ 

By trial we find that only one of these 18 substitutions, viz. amdohn . bcefig .jp.Mj 
generates a group whose substitutions that do not contain p are contained in G. 
The cube of this last generating substitution and its transforms form the 15 sub- 
stitutions differing from identity of a self-conjugate subgroup of order 16. Hence 
the group which contains the & that transforms the systems of E^ according to 
the symmetric group of degree 5 must also contain a self-conjugate subgroup of 
order 16. 

There could be no primitive group containing the H^ of order 6 since such a 
group would have to contain one of the two preceding as self-conjugate sub- 
group. This is impossible, since the substitutions of degree 12 and order 3 in 
& could not transform the negative substitutions of H^ among themselves. 
Hence it remains only to consider the cases when (r' is a primitive group of 
degree 15. 

There are only 4 such primitive groups that do not include the alternating 
group, viz. those which are simply isomorphic to the symmetric group of degree 
6 and the alternating groups of degrees 6, 7, 8. Each of these groups contains 
substitutions of degree 12 and order 3. It will not be difficult to find substitu- 
tions of G that are not contained in & and that are commutative to such a 
substitution. We shall pursue this method to find all the possible groups and 
then prove that each of them contains a self-conjugate subgroup of order 16. 

The & of order 360 may be generated by 

abc . efg . ijm . kin , ahcf. bedg . imkn .jl, adjhl . bmnci . eohfg . 

Since the first of these generators is transformed into itself by 9 substitutions of 
O' which permute its first three systems cyclically, and all the substitutions of 
this type are conjugate, G must contain a subgroup of order 36 that transforms 
it into itself and permutes its systems according to the alternating group of 
degree 4. Hence it must contain one of the following substitutions : 

debfcg \ ( ihjlmn \ r dh . op 
afbgce > I iljnmJc > < do .hp 
agbecf J KinjJcml) \dp.ho 
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As the required substitution must be transformed into its 5^** power by 
a/, be. eg .dh.ij.U, it must be one of the three used as factors in the following 
products : 

aehfcg . injktnl .dh.ojp X ahcf. hedg . imJm Jl = adcb . gh .jnlm . op , 
afhgoe . injkml .dh.op X ahof . hedg . imhn .jl = od . ehgf .jnlm . op , 
aghecf . injkml .dh.op X ahcf . bedg . imkn .jl = abdc . efhg .jrdm . op. 

From these products it follows that only the last can occur in G since & is 
of class 12. The transforms of its cube generate a self-conjugate subgroup of 
order 16. 

The & of order 720 may be generated by the preceding & and ae.hf.cg.dh. 
Since the squares of the first two of the given three products are not contained 
in its subgroup of order 48 generated by the first two given generators of the 
preceding GF and the one just given, there can be only one G that contains 
this &. It evidently contains the same self-conjugate subgroup of order 16 as 
the preceding Q. These two groups are doubly transitive. As the remaining 
two primitive groups of degree 15 that do not contain the alternating group are 
doubly transitive, the corresponding groups of degree 16 will be triply transitive. 

The & of order 2520 may be generated by 

aem.bfn.gjk.hil, cek.d/l.gin.hjm, akodn.h/mij .cgehl. 

All the substitutions of & that are similar to the first of these generators are 
conjugate in & and each is transformed into itself by 9 substitutions which per- 
mute 3 of its systems according to the alternating group. Hence G must con- 
tain one of the following substitutions : 



abe/mn \ ( ghjikl \ red. op 
a/enmb > < gijlkh > <co .dp 
anebm/j \ gljhki J \cp.do 



Since the required substitution must be transformed into its 5^ power by 
the last of the three generators given above, it must be one of the three employed 
in forming the following products: 

anebmf . ghjikl .cd.op X akodn . b/mij . cgehl = biopdglefkcnh , 
anebmf . gijlkh .cd.op X akodn . b/mij . cgehl = bi . cnhe/klopdgj , 
anebmf . gljkhi .cd.op X akodn . b/mij . cgehl = bie/kjl . cnJuopdg . 
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From these products it follows that only the last can occur in O. The trans- 
forms of its cube generate a self-conjugate subgroup of order 16. 
The GP of order 20160 may be generated by 

ab.od.e/.ghf aem.b/n.gjk.hUj aJccgemJ.bldh/hi, aocgjmk.bdn/lih. 

As all the substitutions of Gf that are similar to the second of these generators 
are conjugate, this G must also contain one of the 27 substitutions given in the 
preceding case. Since the required substitution must be transformed into its 6^^ 
power by em .fa . gh . A7, which is contained in &, it must be one of the three 
used as factor in the following equations : 

anebmf .gljhJci .cd .op X akcgemj.bIdh/hi^=aiel.1>j/k.ch.dg.mn.op, 
a/nebmf. gljhJei. oo .dpY, akcgemj . bldhfni = aiel . bjfh. cogdph . mn , 
anebmf .glJhJci . cp . do X aJccgemj .bldhfni ^:^ aiel .bjfh. <ypgdoh.mn. 

Hence only the first of these three can occur in a G^ . The transforms of its 
cube generate a self-conjugate subgroup of order 16. We have now considered 
all the possible primitive groups of degree 16 that do not contain the alternating 
group, and have found no group that is not contained in the enumeration of the 
first section. It may be observed that the substitutions upon which our argu- 
ments have been based may be selected in many different ways. As suitable 
substitutions can readily be found by means of the given generating substitu- 
tions, it did not seem necessary to indicate in every case how the particular one 
that has been employed has been obtained. 

It is well known that a solvable primitive group must be of degree ^*, p 
being a prime number.* The following table gives the enumeration of all these 
groups whose degree is less than 27 : 

Degree, 3 4 6 7 8 9 11 13 16 17 19 23 

Number of groups, 223427 4 6 10 6 6 4 
Pabis, «Aitie, 1897. 

* Gf. Jordan, '' Trait6 des Bnbfltifcations," p. 808. 



Point Transformations in Elliptic Coordinates of 
Circles having Double Contact with a Conic. 

By E. 0. LovETT. 



There are two systems of circles having double contact with a conic, the 
chords of contact of each system being parallel to one of the axes of the curve. 

u the conic, these two systems are 

a!» + y»— 2e»a!ia: +M — V = 0, (l) 

«^ + y'+^y— ^y!-«*=o. (2) 

corresponding respectively to the chords of contact 

a — »i = 0, y — yi = 0. 

The equation (1) may be written in the form 

a?+y»— 2cajcose + c»cos»e — 6*sin»e=0. (3) 

This equation is transformed into its equivalent in elliptic coordinates 

/^* + r* — 2iiv cos — a* sin* 6=0, (4) 

by assuming a? + y* = /M* + 1^ — cjj, ) ,gv 

CXzzzflV. ) 

The equation (4) may be replaced by the relation 
whence, by differentiation, 



cos-^ii±co8-^^ = e, (6) 



—Jt=^zk: ^ -A (7) 



J 
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the differential equation of the system of circles (1). Similarly we find that 

VO^»-a»)(^»-c») V(a»— 0(c* — r>) ~ ^ ^ 

is the differential equation of the second system of circles (2). 

It is proposed now to find the general point transformations in the elliptic 
coordinates /ti, v which leave these families of circles invariant. 

Let the general infinitesimal transforniation of the group which leaves the 
first system of circles invariant be 

Um!i{ii,v)^-\-v{ii.v)^. (9) 

Putting -T- =p, the general infinitesimal transformation of the first extension 
of the original group is 

W^i{ti^v)^^ + n{ii.v)^ + x{i^^^^9)^^ (10) 

where xU^^ ^» p)=^i* + (^. — ^Jp — ?^'- W 

By this transformation a function A(fi, r, p) receives the increment 

«a=I7'a5< = |^«/^ + ^5i; + ^«p, (12) 

where 5f£ = f (f£, v)i<, hv = ri{ii^,v)ht, ip = x(f*» ^i p)^'- (18) 

If the function A is to be invariant, then h£i ib zero. 

The function A for the case in hand is given by the equation (7), which 

may be written 

A(/;i,i/,p) = \/a* — y^zbpVa* — ^» = 0. (14) 

The total variation of A becomes 

aA = /i£p% — v5r±V(a» — /;i»)(a» — i/«)«p=:0, (16) 

which by the relations (13) assumes the form 

{/^ =F'^(a»-/£»)(a>-i^}p»± (,7,-fJp-i^>7 ± i7.V(a»-|^)(a»-i;«) = 0. (16) 

which must be true for all values of p ; accordingly we find the following equa- 
tions of condition for the functions |(/Ei, 1^) and 97(/Eii 1^) : 

4 =^ = ±V(«*-^(a*-A (17) 

i, = V.. (18) 
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The logarithmic integration of equations (17) gives 

C — *^ a, I /-gx 

in which *(.)=;^., *W = ;^. (20) 

^(ji) and 4(^) l^^^g arbitrary functions. The equation (18) leads to the deter- 
mination of the forms of* and 9, for, subjecting (19) to the condition (18), there 
results 

si^-i(L^in-S-~sin-^il^*-^T~'^" (21) 



whence, integrating by parts, 

4>(/;i) = ±8in-^A±log|-^[(^+VS*=V^ nv)=^{v). (22) 

Accordingly the infinitesimal transformation sought has the form 

Uf= ei'<^« ") J^ + c± '<"• **> ^ , (23) 

where =fc F(ji, v) = ± * (fi) sin""^ — . 

In like manner we may find the infinitesimal point-transformations which 
leave invariant, respectively, the system of circles (8) and their orthogonal 
trajectories, 

It is to be observed that we cannot pass from the form (23) to the form of 
Cyin Cartesian coordinates by equations (5) solved for /tx and v in terms of a 
and y, since the equations (6) do not represent a continuous group of transfor- 
mations. 

Pbinoepon, Nbw Jebsbt, October 12, 1897. 



Note on the Integration of a certain System of 
Differential Equations. 

Bt John Eieslamd. 



Professor Craig, in an article which appears in the present volume of this 
Journal and is entitled "Displacements depending on One, Two and Three 
Variables in a Space of Four Dimensions," deduces the following system of 
differential equations : 

-£- = —Pi^+Pt^+p»B, 



dt 



^= Pi^—Pa^-^PM^, 



(1) 



which are satisfied by the four groups of direction cosines a,b, c, d; a'^V, cf^ df; 
of', V\ c", d'' ; a!'\ V\ c"', dl" and admits of the integral 

a' + i3« + y* + ^ = const. 

We shall first consider the case where the constant differs from zero. By 
dividing the left side by a suitable constant, we may always suppose that 



a» + /?» + y» + ^=l. 
We now employ the transformation 



(2) 



a 



V«*+i' 



v;?TT 



^~v^' ^-v?TT' 
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where a^ = ^* + /«* + •»*. The system (1) now takes the form 



dt 



=Pu + Puft—Puv •i-^iPi^ + Puti + Puv), 



-^ = « 



dt 

dv_ 
dt 






(3) 



which is a generalization of Ricatti's equation. 

If now we consider ^t fijV as coordinates in ordinary space and t as time, 
this system defines an infinitesimal transformation : 

a/ 



W= \Pu + Pial^—Puv + A, ipu^ + pMlt + puv)\ -^ 
+ \pu—Pi^+P»v + n {pi^ + p^^p^v)}-^ 

+ {PU+ Pl^ —Pt3l* + v{pi^-\- pMft + PuV)\ -^ , 



(4) 



which is performed on the point ^yfiyV in the element of time dt. A point 
Xj (i, V is thus transformed from an initial position Xq* f^i ^o ^^o another general 
position X, (ij vhj means of a projective transformation which changes with the 
time t. The general integral of (3) will therefore have the form of a finite 
projective transformation 






<54n + d^ ' 



^^ d^ + hefiQ + CsVo + d^ ^ 

«4^ + *4/^ + CiVo + d^ " 



(6) 



where the coefficients a^, i|, C|, di, {%— 1, 2, 3, 4) are functions oft, and X^, /i/^), ^o 
are the coordinates of the initial point and play the role of arbitrary constants 
of integration. It is easily seen that the coefficients Og, bt, Ci, d^ are particular 
solutions of the system (1). In fact, the general integrals of this are 

a = A^oi + Ajfei + icfii + k^di, 

y = *1«8 + *8&8 + *8C8 + *4<?B. 

S = k.a^ + hjb^ + ^4 + M4» 



System of Differential EquoHona. 
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where Oi, hi, Ci, di] a,, ^, c,, d^; a,, b,, c,, d^] at, (4, C4, dt form a set of four 
particular solutiouB of (1), and from this system of int^rals we readily pass to 
(5) by taking into account the relations 



X = 



T 



^ = 



X' 



' = ^ 



Suppose now that we know a set of three partioular solutions of the system 
(3). Let this be Xi, ^, X^] f^u l^j Ihi ^n ^8> ^d the determinant of which we 
suppose different from zero. We are able to express the general system of 
integrals by means of these solutions. 

An easy calculation will show that this system is 



^1 



^+ / a*. , M»+ 



th 



n + 



N 






V = 



'Xo + 



■1*9 + 



Vo + 



where 



\ = 



1*1 


"1 


1 


fh 


", 


1 


th 


V9 


1 



vl^+T'^-^v^TT'^'^v^+T '^v^T+T 



K vi 



(6) 



^4 = 



1 
1 
1 




^ |Kl 1 
X> fl, 1 
Xt fl, 1 


A 


Xi fli Vi 
X, (t, V, 
X, lit Vt 




t "4— " 


A 


. A—-' 





Returning now to the system (3), we will consider X^ fi, v^ t as cocMrdinates 

in a four-dimensional space. An integral hypersurface may be represented by 

the equation 

v — pX + afi + t, (7) 

p, (T, and r being certain unknown functions of t. Differentiating and substi- 
tuting the values of ^ , -^ , -^ given by (3), we get 



248 



EiBSLAKD : Note on the Integration of a certain 



— 9 {Pu+Pafi—Pitt* + ^{Pu^ + Ptili+PMv)\ 

— 0{Pti—Pi^ + Pti>'+liiP»^+P*tli+P»iV)\ 

and, since v= pX-^a/i + r is an integral hjpersurface, this equation must be 
identically zero for all values of % and ft, when we substitute for v its value 
given by (7). We thus arrive at the following system of differential equations 
satisfied by the functions p , <r and r : 

-^= Pa + Pvfi' + Pu'P + piPvip — Ptfi + Pu'P)' 



dt 

-^— I'm— i>i4p— i»»4<y + 'r(i>Mp— iw' + i^''). 



■i'up + i>«o + <y (j>up —Pifi + jPm't), 



(8) 



a system analogous to (3). 

Suppose now that we know a particular solution of (8) ; then the integral 
hjpersurface is known, and we shall prove that thd system (3) can he reduced to a 
Imear system in three variables. Let the surface be written as before 

v = fX + aii + r, 
where p, (T, t form a particular solution of (8). If we intersect this surface by 
the linear spaces t = const., we get an infinity of planes which stand in a projec- 
tive relation to each other by virtue of the transformation (4). We now intro- 
duce a projective transformation of coordinates, whereby the plane of each space 
t = const, is transformed to infinity. Such a transformation is 

X ji_ _ 1 



a,i = 



Vi> 



(9) 



V — fX — an — r' ^^ V — pX-'—Ofi — r' '* v — pX — <S(i — t 

Introducing these new variables in (3), taking also account of the equations 
(8), we get the following linear system : 

dKx _ 
dt "" 



<^i 



dt 



— i>i8— (jP44'»'+ ^Pvif — PvP)K-\-{Pi»—PvP)lti + {pu—pvie)vi, 
I'll — (/>u — i^) ^ — CPm* — 2pa^ + l>ap) ft, + (i)»4 + P»t) r„ 



-^ = —Pu—{Pu+P«f)>^ — (Pu+Pn<i)lti—{pt^+ ^Pafl — Ptfi) 



~sr 



V. 



(10) 
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A knowledge of a particular solution of (8) has thus reduced the integration of 
(1) to the integration of the linear system (10), which we shall write in thd 
general form 

-^ = a, + oi^i + oi^i + o^vi , 



^ zsii + 5,;ii + 5j^, + b^vi, 



dt 

dvi 

dt "" 



Cl + Cl^ + <^l + C4V1. 



(11) 



We now proceed in the same way as before, writing 

where pi, Ci, Ti are unknown functions of t. Differentiating and substituting 

the values of ^ , -^ , ^ , we get 
(U cU cU 

and this equation must be identically zero for all values of ^i and (ii when we 
substitute for vi its value. This gives us the following system of differential 
equations : 

^ = <h—{<h—Ci)fi — b^<ri — pi{a^i + hai), 
^ ^ (12) 

_L= Cj — aipi— Vi— Ci'T'i — ^i(a4pi + b^Oi). 

Let us suppose that the first two equations, which do not contain the variable Ti , 
have been integrated. Substituting the values of pi and (Tj in the third it reduces 
to the form 

which may be integrated by two quadratures. The general integrals pi, (Tj, Ti 
having been found, all the integral hypersurfaces vi = pi^i+<Ti/ii + Ti are known, 
and therefore also all the integral curves. We may therefore say : If a particular 
edtiHon of the system (8) is knovm, the integration of (3) is reduced to the integration 
of a system of generodized BicaitVs equations in ttoo variables and two quadratures. 
33 
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We may now proceed with the system (12), using a method identical with 
the one employed for three variables."^ An integral surface may be written 

<^i = 4>pi + '4', (13) 

where ^ and 4 are particular solutions of the equations 

r^ = c^ — o^ — {h— 04)^ — 4> M — *^) • 
Employing the transformation 

p( = h . a[= ^ r, 

we finally arrive at the linear system 

(14) 

the integration of which can by a method identical with the one employed in the 
case of three variables be reduced to the integration of a Ricatti equation in a 
single variable and two quadratures. We may therefore say, if a particular 
solution ^y a, t of the system (8) and also a particular solution ^^'^ of the system 
(14) are Jenoumy the integration of the original system (1) is reduced to the integration 
of a Ricatti equation and four quadratures. 

II. We shall now consider the case where a, /?, /, j is a set of particular 
solutions satisfying the relation 

(^• + /?* + y' + ^ = o, 

and let us suppose that the ^'s are imaginary functions oit. In this case we are 
able to find a transformation by means of which the problem of integration is 
simplified a great deal. 
We put 

Y — i8 a — i^ 
g — tjg _ _ y + ig 1^ 

Y — iS a + i^ y 



(16) 



* For a complete discuBsion of the generalized system of Ricatti 's equations in two Tariables see 
Sophus Lie's ^' Vorlesungen iiber continuierllche Orappen,'' p. 778. See also an article by Alf. Ghilberg, 
^^ Zur Theorie der DifPerentialgieichungen,'' in CreUe's Journal, yoI. 115. 
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which give us the relations 

X — y IT' X — y T^ ' a — y o ' 
or, introducing a factor of proportionality p, 

a=— pi(l— ay), ^ = p(l + a;y), y=pt(a; + 2^), 5 = p(a; — y). 
Differentiating, we get 

The first two of these equations give us at once 

dt dt dt ' 

Substituting this value of -^ in the last two equations and solving for -^ 

and -^ , we get 
at 

Introducing on the right-hand side the variables x, y and p and reducing 
we get the following equations : 



dt 2 



I —iPi»-\-Pu) — iPu + Pn)i ^ 



^ = -iiP.-P.)y+ (P«-P-)^-iP--P-) 



I —(Pw—Pn) — {P28—Pld* ^ 

Q dt 2 2 



(16) 
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The equations in x and y have the well-knowji Bicatti's form, and resemble 
those deduced by Darboux in his '' Lepons sur la Th6orie des Surfaces," vol. I, 
p. 22. We now put 

u = x+ -^, vrzy+ — , 

A (I 

the above-mentioned equations will take the form 

dX _ — {Pis + Pu) — {Pu + Pn)i 
dt 2 

+ P(i>18 — i>84) + \{PiZ + Pu) + (PU + Pu) i\ «] ^, 

dfi _ — jPiz—Pu) — (Pn — Pii) i 
dt 2 

+ P iPi2 — Pu) + \ (PiB—Pti) + (p^—pu) i\ y] f*> 

which may be solved by means of 4 quadratures. We have thus arrived at the 
following result : If a, ^, y, She a particular sohUicn of (1) satisfying (he relation 
a*-(-/3* + y* + y = 0, and if also the p^a are imaginary functions of t, then four 
quadraiurea will he necesaary for the complete integration of (l). 

Suppose that the p's are real ; if a; be a particular solution of the equation 

in X, then will — -r , where zf denotes the conjugate imaginary of x, also be a 

Xf 

particular solution of the same equation. This is easily seen by changing i into 
— i on the right-hand side and putting a/ for a. (Compare Darboux, "Lefons," 
p. 23.) The same holds for the equation in ^, so that we get two pairs of par- 
ticular solutions a5i — -T-J y> r • ^"* w® know that if two solutions of a 

af yf 

Bicatti equation are known, only one quadrature is necessary for the complete 
integration of the equation. It follows therefore that when the p^s are real 
functions of t , only two quadratures are necessary for the complete integration 
of (1), a, Pj y, S being a ^ven particular solution* 



Compound Determinants. 

By William H. Metzlbe, Ph.D. 



It is proposed in this paper to show, by a method similar to that employed 
in the Am. Jour, of Math., vol. XVI, No. 3, pp. 131-150, how the value of 
certain minors* of the m^ compound of a given determinant may very easily be 
found in terms of the given determinant and its minors. 

1. If A denote a determinant of order n, then A (m) will denote the m**" com- 
pound of A, and A(n — m) will be termed the adjugate of A(m). We have 
the well-known relation connecting minors of A(m) with those of A(n — m), 
viz. any mimcr of A (m) of order h is equal to the complementary of the correspandr 
ing mincyr ofA{n — m) multiplied by A* "" ^" ~ *^".f 

2. For the sake of definiteness, let us start with a determinant of order five : 



then 



A8> = 





«ii «i2 «i8 «i4 a^ 






Oa Ojw 028 «24 «86 


• 


A = 


<hi ^ <hs <hi ^ 

^41 ^42 ^48 ^44 ^46 

• 

O5I «52 «68 O54 «B6 


» 


-4lM -^128 -^IM -^m -^128 ^m -^IM -^US -^1«S -^US 
m 124 126 184 185 146 284 285 24B 846 


-^124 -^124 -^124 -^124 -^124 -^124 -^124 -^124 -^124 -^124 
128 124 U5 134 186 146 284 285 245 845 


-^126 -^125 -^125 -^128 -^125 -^125 -^126 -^125 -^125 -^126 
128 124 126 184 185 146 884 286 246 845 


-^184 -^184 -^184 -4ij4 -4i84 -A184 -4,84 A^^ J.134 A^^ 
128 124 126 184 185 146 284 285 245 845 


-^185 -^186 -^185 -^185 -^186 -^185 -^185 -4-186 -^185 -^MS 
12s m 125 184 186 145 234 286 246 845 


-^145 -^146 ^^146 -^14ft '^146 ^^146^ -^145 -^lii- '^145 -^145 
l28 1t4125184ia»M6284286245846 


-^284 -^284 -^284 -^234 -^284 -4284 -^284 -4»4 -^884 -^284 
128 IM 12» 184 188 145 284 886 246 845 


-4^5 A^ -4,35 -^5 -^286 -^286 -^285 •^286 -^285 •^285 
1281114125 lS4 186 14&28428ft2468tt 


4m6 -4.145 -^245 -^5 -^245 -^245 -^245 -4846 -^^45 -^246 
128 124 U5 184 186 14A 284 286i 245 846 


-^845 -^846 
128 124 


-^845 -4845 -^846 -^845 -^846 -^84 
125 184 186 146 284 21 


5 -^345 -^845 
Hk 245 846 



* AU those which are expressible as a product of minors of the given determinant. 
tTide Muir's '' Theory of Determinants," 2176. 
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As) = 



•^IS -^U -^la -^M -^W -^W -^U -^It -^M -^11 

IS 18 U 16 28 M 80 S4 » 45 


-^18 -^18 -^18 -^18 -^18 -^18 -^18 -^18 -^18 -^18 
18 18 H 16 18 84 86 84 86 45 


-^14 -^14 -^14 -^14 -^14 -^14 -^14 -^14 -^14 -^14 
M 18 14 15 88 84 85 84 86 45 


-Al5 J.15 J.15 4i5 -4ij J.|5 -4.^5 ^15 A-^i -4^ 
18 18 14 16 88 84 86 84 85 46 


-^88 -^88 -^88 -^88 -^88 -^88 ^Zi -^28 -^88 -^28 

18 18 14 16 88 84 85 84 85 46 


'4^84 -^Ji -a.j4 -Aj4 -d|4 A^^ A^ Ai^ A^ A^ 

18 18 14 15 83 84 85 84 85 46 


-0^25 -^86 -^85 -^85 -^86 -^86 -^25 -^85 -^86 -^86 
18 18 14 15 88 84 86 84 86 45 


-4.84 -^84 -^84 -^84 -^34 -^84 -^34 -^84 -^84 -^84 
18 18 14 16 88 84 85 84 86 45 


-^85 '^85 -^85 -^35 '^85 -^85 -^85 ^85 ^^85 A^ 
18 18 14 16 88 84 85 84 85 45 


•^45 -^45 '^45 "^45 -^46 '^45 ^^45 ^45 "^45 -^45 
1818 14 15 883426848545 



A4) = 



and J.U J.1, -4i3 A^^ J.^ 

A^i Ag^ -A|3 -4jj4 A^ 
All A^ A^ 4j4 -4.85 
A^x A^ A^ -^44 -4^5 

Al -^68 ^8 -^ -^55 

By Laplace's theorem we have 

A^ = Ojl-^U <*l»^16 + ^18^15 ^4-^15 > 

16 86 85 45 

= — «aA6 + «28A6 — «28^6 + «844b8 = ©tC., 
16 86 85 45 

= «U^16 — «$i-4jj6 + <hl^ — ^41^ = etc., 

16 15 16 16 

A^ = Ou J.ia — Oijili, + Oijil,, — dv^rt = etc. 



(1) 



14 



45 



= — Oflilij + a^A^ — OisiliB + a3i4-4iB, 

16 86 86 45 

= a^Ay^ — aa-4i5 + a^i^ — 0,4^.15 = etc., 

15 86 86 45 

= — a^A^^ + (inAn — On^n + <^i^^iii = «*«• 

16 16 16 16 

•^45 ^" ^^-4845 "~ ^^^88-4845 T" ^1-4845 ^^ etC., 
45 845 815 145 

= ^^845 a83^845 + «18-^145 = et<5-i . 

846 845 846 ' 

«U^184 — «18^184 + «14^184 = ©tC. 



•^84 — 

86 



186 



845 



(2) 



(3) 



/ 
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= — (hs^na + (h^m — «a-^M6 = ©tc, 

MS M6 146 

=^ ^-^IM <*68-^184 + «51-^li4 ' 

1S6 »5 Stf 



; = etc., ) 

[ 

. = etc. \ 



255 
(4) 



J.55 — J.j45-4j|5 -4g45^i,5 + 4845-Au5 

846 126 246 188 888 146 

+ ^846^186 -^846-^186 + -^846-^188 =^ ^^C, 

146 886 186 846 188 846 

-^88 ^^ -^188-^846 -^123-3^846 + -^188-^846 

188 846 184 888 186 884 

+ -4.iM-4j45 ^128-^846 + -^188-^846 ^ ^^^ 
884 186 886 116 846 188 



(6) 



— Jl^s^ut -^846^] 

846 



186 H" -^846-^186 
126 846 186 886 146 

+ -^846-^186 -^846-^186 + -^846-^186 

146 886 186 846 126 846 



= etc. j 



(«) 



Operating on these equations by the Law of Gomplementariea* we get 

AOgs = AxiAf^ A-i^A^g^ + •^18-^884 -^14-^884 • 

884 184 184 118 

= ^n^l84 + -^-^184 -^88-^184 + -^-^184 ^^ ®t^'» 

284 184 184 128 

= ^11-^884 — 4si-4ij4 + A^Ai^ -d^x J.118 = etc., 

884 284 284 884 

^24 = -^11-^346 -4 18-^846 + -^18-^846 — -^16-^846 ^^ ^t^- 

286 186 186 128 



(1') 



— J.g| J.|S4 + ^fsAm -^88-^284 + -^84-^284 — ^^C., 

884 184 124 128 

= — Aij^A^^ + -428-^184 -^88-^184 H" -^42^128 ' 

884 284 884 884 



I = etc., ) 

i = etc. j 
1 * 



AA 



188- 
188 



AiiuB = 



186- 
184 



•^88-^12 -^88-^18 + -^1-^12 — ^^- 

18 18 28 

-^88-^18 "^ •^*8f^l8 "i -^18*^88 "" OtC, 
;12 12 12 

■^11-^86 """ -^12^86 "T" Ai^A^/^ ^ etc. 
X 84 14 18 



(2') 



(30 



= -4g8^18 + -^2^18 -^-^12 = ^tC, ) 

18 13 88 I 

^^ -^1-^86 -^-^86 H" -^-^86 ^^ ^ W5' I 

84 14 12 ^ 



(40 



• Vide Muir, '' Theory of DeterminantB/' 808. 
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IS 84 IS M 14 Sd S3 14 

""■ •^IS^fi T" -^1S'^S4 ^ 6tC., 
S4 18 84 IS 

4518 85 U 8415 1584 

— ' ^ 45 " I S "i "45^1S "^ ©tC« 
U as IS 46 



(6) 



— A^j^Af4 — Aij^A^ 4" -^is-^ "t" -^is^«4 



IS 84 



— A^A^i + -iitAi = etc. I 

91 in lu 1ft / 



18 S4 



84 18 



14 88 

■IS-^ • 
84 U 



(6') 



Operating on equations (3) and (4) by the Lmo of Extensible Minors* we get 



^55-^ — -^84-^lS4 -^84-^184 + -^84-^184 — ^^n 

84 1S4 S4 184 14 884 

= A^A^j^ — A^Ai^ + -4.i4-d|«4 = etc., 

84 1S4 84 184 84 184 

^45-^ = -^18^S85 -^1»^«5 + -^lS-^«85 = ^t^* 



18 884 



SS 184 



84 1S8 



J.j4-di34 + -4.j4-4.i84 ji|4^]94 — CtC,, ) 

84 184 84 184 14 S34 I 

= Ay^Aisg — -^is-^iss "T -^-ijAug = etc. i 

^18 884 88 184 84 188 ' 



(3") 



(4") 



3. If for the sake of uniformity we write A for A, Ar for Ars, A^ ... ^ for 

« 88 ....n 

Oil, etc., then in each factor of every term of the foregoing expressions there are 
two lines of suflSxes. I shall refer to them as the upper and lower. We may 
make the equations homogeneous in the J.'s by multiplying any term when 
necessary by Aj^g ^ which is unity. 

188.... n 

4. If we are given any combination of n numbers A; at a time, the combi- 
nation of the remaining (n — k) numbers is said to be the complementary 
with respect to n of the given combination. Considering any n numbers 
di, a^i (h* •• • <^Hi l^t ^m + ii ^m + 8 • • • • ^n deuotc the combination complemen- 
tary with respect to n of the combination ai, a, , • • • • a„«. 



•Muir, '< Theory of Determinants," 2179. 
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5. The equations of art. 2 are all of the form 

where r + « = m , and ai, ociBf • • • • ^r ctre some r of the numbers ai, Oj, . . • . a^ 
and T^ii T'si • • • • >"« are the remaining m — r =.« numbers, that is, ai, a^, • • • • a,. 
and yi, yj, . . • . y, are complementary combinations of the numbers ai, a,, ... a«; 
similarly j^^, j^g* • • • • /^r and ^i, £2* • • • • ^« are complementary combinations of 
the numbers hi^ h^^ . . . . h^. The o's are those numbers that are found in the 
upper line of the suflSx of both factors of every term, and the d's are those 
numbers that are found in the lower line of the suffix of both factors of every 
term. Either the a's and y's remain the same for every term while the ^'s 
and 5's vary, or the /?'s and S's remain the same for every term while the a's and 
y s vary. The numbers in the line of the suffixes which vary from term to term 
are the combinations r at a time with their complementaries of the m numbers 
Oi, Oy • • • • a,„. 

The value of v for any term is given by the equation 

1 1 

where ^ = the number of as > a^+i , 



K = 


IC 


f«i = 


« 


fi« = 


(i 






If the c's and d^a are the same, we may in practice neglect the second term 
in the value of v. 

If w — m = 0, then ^, = (i, = 0. 

If iz= 0, that is, if there are no repetitions, ji^^^^....^ becomes A and equa- 

didt ...dT 

tion (A) takes the form 

which is the form of equations (1'), (3'), (6'). 

* The a's, the b's, the e's, etc., are mippoeed arranged in their natural order (order of magnitade). 
34 
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6. Since the numbers in the upper line denote the rows and the numbers in 
the lower line denote the columns, it is evident that putting an a equal to a ^ 
is equivalent to making two rbws identical, and putting a ^ equal to a £ is equiv- 
alent to making two columns identical. If an a be put equal to a ^ or a j9 to 
a 8^ then two a's or two Vs become identical and the expression vanishes, and 
the equation is of the form of (2), (4), (6), (2^), (4'), (6'), (4"). 

7. Operating by the Law of Gomplementaries is equivalent to replacing each 
line of every suflSx by its complementary with respect to n, and operating by the 
Laiv of Extensible Minors is equivalent to striking out the same j c's and the same 
y cZ's from the suflBx of each factor of every term. It is possible therefore to 
reduce all equations to the form of equation (B). It may often happen that the 
same result is obtained by the operation of these two laws. 

8. Let (n|m), (n|m), ... . (^|m) represent the n^=/£ combinations of the 

1 8 fA 

n numbers 1, 2, 3, .... n taken m at a time,*^ and let (njm), (njin), . . • « (njm) 

12 fL 

denote the complementary combinations. If we take any combination of the 
numbers m at a time and combine the numbers in it in all possible ways Z at a 
time, there would be mj = % such combinations. Let 

(n|m|Z), {n\m\l), . .. . {n\m\t) 

a 1 at a A 

denote the ^ combinations of the numbers in the combination (n | m) taken Z at a 

a 

time, and let (n | tn | Z) denote the combination complementary with respect to m 
of the combination (w|m|?), that is, the combination formed by the numbers 

a fi 

remaining after the numbers in the combination (n | w | Z) are taken from the 
combination (n | m) . Let (w | w | Z) {n\m) denote the combination of the numbers 

a a fi a 

in the two combinations (n | m | Z) and (n | m) , and so in general one combination 

following another will denote the combination of the numbers in the two com- 
binations. 



*Let it always be understood that the numbers in every combination are arran^c^d in their natural 
order. 
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9. With this notation, equation (B) may be written as follows : 

/^z ^^^ A» I ■• I o-^(« I » 1 ^ -^ • A« I ■•) » (y) 

mamt^ a fi a fi a 

por8=l (»|m|n (n|m|0 {n\m) 

y a y 8 y 

where / means that when ^ varies from 1 to ^l , ^ is constant, and when S 

/lor 8=1 

varies from 1 to ;i, j9 is constant The value of v is the same as before. 

10. If we operate on equation (0) by the Law of GompTementariea we get 

/8 or 8 = A 

X^^^" Am » 1 0(5 1 ■•) A» I ~ I /)(«!■•) 

bST = 1 «^^ * a fi a 

" (n|»lD(i|m) (n|»im»l>») 

y 8 y y 8 y 

= A«I»»)(fl|l»)A«|W) 
« a a 

(nlmKnlm) in\m) 
y y y 



— AiTlm) > 



since ^(-j^j^,,,^) = l. 



(n|wi) 



(nImXnIm) 
y y 

This is the equation that would be obtained on expanding the minor 
An|m) by Laplace's theorem. 

(n\m) 
y 

11. Let A denote a determinant of order n, let A^^^ denote the m^^ com- 
pound of J., and let A«i»») denote the l^ compound of -4(„,„), etc. 

am a 

(n|m)^' (n|m) 

y y 

The upper line of the suffix is the same for every constituent in the same 
row of J.(^) and the lower line of the suffix is the same for every constituent in 
the same column.* 

The upper lines of the suffixes of the constituents in the columns from top 
to bottom and the lower lines of the suffixes of the constituents in the rows 
from left to right are the combinations (n | m) , (w] m) . . . . (n | wi) . 

* If the rows and oolumns were interchanged, this statement would be reversed. 
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12. The determinant J.(7| M) 



M(n|m)(n \m | J)A«|w)(»| ■• I £) • * * • -^(n | ■•)(«! «|lA 
^ (n|m)(n I m|I) (n|m)(n|m|l) (w|«)(n|m|l/ 

YtI YyJ y y k 



(n I m) (n I m) 



Operating on this equation by the Law of Extensible Minors we get 

(^n\m\iy^n\m\l) • • • • A«l«|/)^ 
V a1 at a k J 

^ (n|m|I) (nImlO (nlwIO' 



y 1 y t y A 






(n|») 
y 



This is Sylvester's theorem, '^ since the constituents of the determinant on 
the left-hand side of the equation consist of the minor J.^^ | »> bordered in all 



(n|»») 
y 



possible ways with I of the remaining rows and columns. It is evidently a 
minor of order ^ of the determinant ^n-o» *^^ (^ — ^)^ compound of J.. 
Similarly ^ii-,^) 



_ a (m-Z) 
(n|m) 

y 



= M(n| m)(n | »loAnIm)(« | m M) • • • • -^(« I ~)(*l ~ I «) ) 
\ a al a aS a a k j 

(n I m)(n|m|l) ^|m)(fi | m\l)\ (n|m)(n | » 1 1} 

yyl yy* yy^ 



(n|») 

y 



Operating on this by the same law we get 

M(n|m|oAn|»|i) • • • • An|»|0) 

y «1 a % •^/ 



(«l~l«) {n\m\l) (n|»|0 

y 1 y » y A 



^^(»-i),-.^(.-i,.^ (10) 



(n|») 
y 



Equation (4) might have been obtained from equation (1) by the Law of 
Gomplemjentaries. 

* Vide PhiloBophical Magazine for 1851 ; also Camb. and Dublin Math. Jour., YIII, 60. 



I 

I 
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1 3. The h^ compound of A^^ ,15 ; ^ (jj , ^) is 

« ^ a 

(n|m|l) {n\m) 
Y « y 



M(«|m)(n(»|l)(n|i»| / | *) A« I ■•)(« I ~ I «) (« I ■• |l |Ir) • • • • An | m)(n | » | Z) (n | » |I |*)] 
(n (■•)(« I'm I 0(«l •» Ml*) (S I wKn I wi I (» l«IMfc) («|i»H» l~ M)(»I»»IM*) 

and is equal to 



1. ^ 
(«|m)(n I »|0 
T 7 « 



Operating on this equation by the Law of Extensible Miruyra we get 

M(« !»)(» \m\l\k)A(^\mMfi, \m\l\k) • • • • An|m){n| m| I IkA 

^ (fi|») (filmMI*) (n|m) (n|i»|/|k) (» ( m) (n | m 1 n k) ^ 

y Yol Y Y*8 Y y • o 

= il<'-^^*>4<'-^>*-* (12) 

(nim) -^(S|i»)(» I »|/) ^ ^ 

(w|m) (n|m)(n|mM) 
Y Y y • 

and Mj^j-jJiD^^ , ,„ |j|]k)-4.(,»|S|,j(„ | »|i|fc) • . . . A»|»l Din \ m\l\h)\ 

y a fi a/31 a/I a/3S a^ a fi a J 

(n\m\l)(n\ m\l\k) {n\m\l) in \m\l\k) {n\m\Din \ m\l \k) 

y i y41 y^-y^J. y 6 y 6 o 

a ^ a 

(n|»|/) (i»|») 



y a 



and 



M(» I » I « I »)-^(» 1 m I n *) • • • • A« I ~ I « I *) 1 

V a/11 a/3t a/3 9/ 

^ (n|»|I|*) (n|«M|*) (nImlMfc)' 

Y«l y i % y i 9 

= 4"-"* 4T:^f,7'. (14) 



a ^ 
(» I m 1 1) 
y « 



14. If the constituents in the intersection of the last r columns and the last 
(n — r) rows are zero, then J. = (—l)"^*"''^* id A«|r) and equation (8) becomes 



M(n I » I l)^(n I m I • • * * An I >» I ) 

V a 1 a • a A / 

^ (n|i»M) (n|»!/) {n\m\iy 



(n|n-r) (n|n-r) 



y 1 y 8 - y ^ 

i(i»— 1)» jw-Dt-i 






. 1 1 

(njn— r) (n|ii — r) (n j m) 
1 1 y 
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If n — r = r, then equation (15) becomes 

( A« I « I An I m U) • • • • A* I « I 0^ 
V al a 2 a \ I 

^ {n\m\p (n|»||) (n | » | j/ 



=(-ir<"-"'<,y>' A^,,, <r4'-\* (16) 

(n|n-r) (n | n-i') (n | «* 
1 X y 



Similarly for equations (10) and (14). 
15. The determinant 

( A« I « I M *)A« I ~ I z I *) • • • • A» I ~ I /I *)'\ 

V ajSl a fi 2 a B ff J 

(n\m\l\k) (nimlM^) (n | m | Tl *)^ 

y«l y«8 y«<r 

is a minor of order a of 



f A« I » I *)-^(n I » I fc) • • • • -4(n 1 » I fc)^ 
V al a2 Ap/ 

^ (n|»IJk) (n|mifc) (n | « | fe^P^** 



y 1 y « 

and by equation (14) is equal to 



a ^ 
(• I ~ I 

y i 

16. The determinant 

M(n I m I fc) An | m | fc) • • • • A« I «» I *)^ 
V al a % ap/ 

^ (n|m|A) (n|»tlr) (»|m|V 

y 1 y t y p 

^ ^(n I m) > 

(n|m) 

y 

and the determinant 



M(n I m I fc)An I » | *)•••• A" 1^ I *)^ 
^ a 1 a S «t P J 

(n|lir|*) (n|«|k) ("llS"!*) 

y 1 y t y p 

=^<-«*-A:r.^ (Art. 12). 



y 



•Of. Scott, Proo. Lon. Math. Soo., vol. XIV, §8. 
tCf. Scott, ibid. art. 6, p. 96. 
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The product 



(■^{n I m I k)-4(n | m | k) • • • • -^(n | m | fc)^ 

^ (n|mlft) (n|»|ft) (n|«»|fc/*<P 

Y 1 y 2 y < 

X /^(n I m I *)A» I » I *) • • • • ^(n\m\k)\ 
y ol a % <^ ? I 



(n I m I &) (n I m I (n | m | k) 

7 1 y » y p 



-^ -^(n I ») M(« I m I k)-4(n | » | Jfc) • • • • -^(n | m | fc) ) > 

o, \ a <+l a »+S a p y 

^"'v^ (n|m|k) (n|mlfc) (n|»|4:) 

^ y <+l y<+2 y p 

•• ['^{iK I m I *)A'» I m I fc) • • • • -4(n | m | k) ) 

^ (n|m|k) (n|»|k) (n I « I k/ 

y 1 y » y < 

= J. "* *"*-4(„,,») *M(„|j;j,fc) J^„,^|4.) . . . . J.(^l~,;fc)\ (17) 

a y « i-fl A «+J « P / 



(n|») (n|m|k) (n | » | k) (n | m | k) 

y ^ y i-f-l y i+2 y p 

If J. has a block of zero constituents, its value may be given as in art. 14.* 
17. The product 

^ (ii|»|m-l) («|»»|>i-l) (n|»»|»-l) (n|jH|m-l)^ 

1111 18 Im 

X (-^(nlwIiw-D-^Cnlmliw-l) • • • • -4(^ j jjj | „^ _ jA 

(»|»»|m-l) («|m|m-l) („|,»|>»-i) 

11 12 1 m 

=: J." -4(„j„) -4^,|.»__i)(i-|n-l) A»l»'-t)<»|«-2) • • • • -^(nlDfnln-fiH-l) 
(n|») (n|iH) (n|m) (n | m) 

the product of the constituents along the principal diagonal of the product. The 
truth of this is seen on observing that all the constituents on the lower left-hand 
side of the principal diagonal of the product are zero. 
The determinant 



M(»|m|i»-l)-^(n|m|m--l) • • - • A* I ~ I ~ - 1) ) J 
y 1 1 2 \ m J 

(n|m|«-l) (nl»|»-l) (,|^|m-l) 

11 2 1 m 



* Cf . Scott, ibid, art 9. 



264 Metzler: Gompcund Determinants. 

beiDg a minor of order m of ^(n-i) is equal to 

-^ -^« I m) • 

Therefore 

/-4(«|m|m-l)A»l~l«»-«)(»'l»-l) • • ' • -^(»|« — jH + 1) J 

^ (nlmlm — 1) (ii|>»|»-l) (« | » | ■• ~ 1) ' 

1118 1 m 

^^-^•-^(«|»»-l)(n|n-l)--^n|i»-«)(n|i»-») • • • • -4(n | l)(n | n — « + 1) • (18) 

(fi I ») (» I •») (» I ») 

This is the theorem given by Muir in his '* Theory of Determinants/' §93. 
18. The product 

^-a(,|in|,»_ 1)A«I»I»»-»)(»I«-1) • • • • A«l»l«»-0(»|ii-i4.i)\ 

^ (»|>»|»»-1) (n|m|»»-D (»|i»|m — 1) ' 

11 18 II 

X /-4^»|iri»»— i)A»ii*i»-i) • • • • -^»|wi»»— lA 

^11 12 I m J 

(»|«|i»-l) (uliTlw-l) (n|»|«»-l) 

1119 1 m 

(»1») (nt») (n\m) 

X /-a^»|«|iii-l)-4(«|»|m-D • • • . -4^«|»|»— D] 

\ ^ *+' i. '+• 2. * / * 

(•|»|»-1) (»|»|»-.l) (»|"»|»-1) 

1 /+1 1 14-8 1 m 

=: A .-4^„|in)-4^|iu_i)(;r|,j_i, • • • • -A^«|iri»— 1) 
111 1 » 

(Him) (»|») (»|»|»-1) 

11 1 » 

X ^ ~" "" • ^« I » — 

^^ -a. -A<»|«)-4^«|»_oA«l«»— lK*l«-li • • • • A»|»»-I4-1)(»"|« — 1+1) • 

• (»!») («|» — I) ("IM) (M|») 

Therefore 

I A«l«»!iH— l)A«l»l»-t)(«|«-l) • • • • -^(n|i»|» — J,.(»|«-I + DJ 
^ («|»|»-1) (»|»|»-i) (»|»|»-1) ' 

= A»i»-oA»i»-i)(«i«-i) • • • • A«i»-« + i).(iri»-i+i)- (19) 
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Operating on equation (18) by the Law of Gomplementaries we get 



f-4(n|»»-l) A»»l«-l|»-«) A«l»-8|«»~8) • • • • A*|n-m+l)^ 



(n|m — 1) (n|m)(n|iH — l|i»-2) (n | «»)(« | m-« | m-8) In | »)(n 1 1) 

^ -^(n|in=l|f»-l)-^(n|n^|m-2) • • • • -^i* | n— m + 1 1 !)• (20) 

(n(m) (n"|ii») (fTlm) 

19. The determinant obtained on writing (n | wi | Z | fc) (w | w | / 1 Z — k) for 
(n I m I ^ in 



(^{n\m\D^(n\m\l) • • • • An I m | 0^ 
V «1 at a k J 

^ (njinlO (n|m|0 (n(~IO^ 



evidently has two rows identical and therefore vanishes. 

20. The determinant Jfj , obtained on writing (n | wi | Z | A;) (n | »w | ? — k) for 
(n|m|Z)* in 

* Y 

M(n I m I T)^{n | « I • ' * ' -^(« I •» M) | 
V a 1 a 2 a Kj 

^ (nimll) (n|m|2) (n | m | 0^ 

/3 1 fi 2 ^ \ 

vanishes, though two rows are not identical. For if we multiply Mi by 

(-4(»|m|0'^(«i»'M. • • • • -^(n I « I /) 1 » 
« 1 a 2 a kj 

(n\m\l) {n\m\l) (n\m\t) 

^ 1 Y « /5 A 

every constituent in the y^^ column of the product will be zero since the upper 
line of every suffix of ifi contains some number in common with the combination 
(n|9ii|2). The product therefore vanishes, and since the multiplier is in general 

* Y 

different from zero, Mi must vanish. 

21. Any determinant Jf, of order X, the upper line of every suffix of which 
contains at least one of some (m — I) or fewer numbers and the lower lines of the 
suffixes are the combinations Z at a time of some m of the n numbers, vanishes. 

This theorem, which is perhaps a little more comprehensive than that of the 
last article, is proven in a similar way. 

* We may, of course, have similar substitutions in the upper lines of the suffixes of the constituents 
in other rows at the same time. 
35 
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Let the numbers in the combination (w | m | ?) be the (m — I) numbers in 

* y 

question, and let the lower lines of the suffixes be the combinations (n|m|Z), 



fi 1 



(n I m I Z) • • • • (n I m I Z) . 



If we multiply M^ by 

(^(n\m\l)^iH\m\l) • • • • -^(ii | m | /A 
^ « 1 a S • ^/ 



(n I » 1 1) (i» I m I /) (n I » I 



every constituent in the y*^ column of the product will be zero, since the upper 
line of every constituent of M^ contains some number in common with the com- 
bination (n|m|Z). Therefore the product and consequently M^ vanishes. 



y 



22. Every minor of the determinant M^ of the last article, which is of order 
^\{m — Jc)i +l\ and which contains any k numbers in at least {{m — A;), + 1 } of 
the upper lines of the suffixes, vanishes. 

Without loss of generality we may suppose that the upper lines of the 
suffixes of the constituents in the first \{m — h)i+ 1\ rows of M^ contain the 
same k numbers. 

Multiplying any minor containing these rows by the same multiplier as in 
the last article, it is readily seen that every constituent in the intersection of the 
first \{m — k)i+ 1} rows and last ]m, — {m — k)i\ columns of the product are 
zero. Therefore the product and consequently the minor vanishes. 



23. Any minor of 

M(n I m I 0-^(n I « I «) • • • • -^(n | m 1 1)\ 
\ al ai a K J 

^ (n|m|l) (fi|m|{) (n | m 1 1)' 



fi I fit fi I 

can be expressed as a product of A and its minors whenever the complementary 
of the corresponding minor of 

/-4(n|m|l)A»l«l') •••• -^(»tl»l01 
^ a 1 « t a kj 

(ii|m|/) (n|m|/) (»l«IO 

^ 1 fit fi k 

can be so expressed. 

If we know the value of any minor of A^^^, the Law of Oomplementaries gives 
us the value of the corresponding minor of J.(».«), and the theorem of art. 1 
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gives us the value of the complementary of the corresponding minor of ii(n.m), 
which again operated on by the Law of Gomplementaries gives the value of the 
complementary of the original minor of A^^y. To determine the value of all the 
minors of J.(») and A^n^m) ^U that is necessary therefore is to know the value of 

the minors of any | ^ [ orders of one of them. 

24. Let us illustrate the foregoing principles by finding the value of minors 
of ^^, the second compound of the determinant A of order five. 
The product 





•^18 -^18 -^18 
IS 18 88 


Af^ — -^m 




^ 
















J-ig J.J5 J.J8 

18 18 28 


. -As A, -^, 


= 


A.Aii, 
i» 





— A AiiAiff. 
us 




1 


•^18 -^18 -^1] 




•4,1 — A^i 


^n 




•'• (-^18 -^18 1 — -4 • -^188 • 
\ 18 18/ 188 






The product 


•^12 -^18 -^18 -^u 
18 18 14 16 




«« — <hs «M — 


a» 






J.1J -d.13 J.18 J.13 
18 18 14 16 




— «8t <hi —<ht 


<hs 






•^14 -^14 -^14 -^14 
18 18 14 16 




a„ a„ a^i 


-a« 






1 




— «M «B «M 


066 






All 








= 


An 
An 

— ^26 «a8 — «48 «66 


= ««^ii. 






.'. lA^ Am AiA=^ a^Aii or AnA^g^. 

\ 18 18 Uy 1284 






The product 


-4.U ^11 -4.18 
18 18 28 

-4.18 -^18 -^18 
18 18 88 

-4w -^ -4w 

18 18 88 


'. 


-4.88 -^88 -^81 

— A^ A^ — J.,! 

-4-18 — -4.11 -4.11 









* I ^ I denotes the greatest integer in ^. 
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A. A, 






lit 



A. A 



128 







A. A 



12S 
128 



— A^ A^ 
128 



[A^A,,A^\ = A.An (Eq.(8)) 

\ \% 13 83 y 188 



The product (by columns) 



12 


15 


A,, 

45 




An 

18 


As 

IB 


^8 
46 


• 


^2, 

18 


15 


A^ 

46 


» 



— -Ajg A^ A^\ 



A.Ay„ 












188 










A . -4-125 


A . -4.^3 







— A • -4.1J8 -4-128 ^188 » 


185 


185 






128 125 145 


A.A,^ 


^.^23 


A 


• -4.188 




845 


845 




146 





[-4.18 -4-13 -4-28 J 
\ 18 15 45/ 



= ^.^128.^188 (Bq.(l8)). 

12S 145 



The product 



-4-18 -4-18 -4-18 

12 18 28 

-4-13 -4-13 -fl.28 

12 18 28 

-4^5 -^26 -4«5 

12 18 28 



AoL -48 



A 



u 



-4-18 



-4-81 

-4^1 
^11 



A. A 



188 
128 



A. A 



128 
188 



A. . .^885 

188 






A. A 



125 
U8 



=^A\A]„A^, 

128 128 



/ill2 -4i8 il26^ = -^ • -^128 -^186* 
I U M »/ 188 188 
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The product 



•^it -^i« Aa -^12 -^w -^M 

IS 18 14 28 84 84 

-^18 -^18 -^18 -^18 -^18 -^18 

II 18 14 98 84 84 

10 







1 







4?4 4m -^ 4m -^ 4m 
18 18 14 S8 S4 84 

1 



•^34 -^34 



84 

■A. 



24 



"■84 

28 



•^84 -^84 

24 18 



A^ — -^M — -^24 



A 



M4 
84 



24 

4^8 
24 

A. 



-A 



A. an 




14 



28 
14 


















-^8 -^14 -^18 

S8 28 88 

-^8 -^14 — 

14 14 

J. . a. 



28 
88 

23 

•^18 -^18 

84 84 23 

-dig -4.12 ^11 

84 24 28 




^12 



14 

A^ - 

14 18 

-^14 -^14 

14 18 

A, 

18 

■A, 



-^84 
18 

4^4 

II 

-4^8 
II 

A. 

12 



-0-18 
14 

•^11 
14 



-A 



Mb 

12 



■■18 
14 



A 



— A 



14 


-^28 -^14 -^18 * -^18 

II II 18 IS 



65 



— A . aB5 ( J.12 -0-14 -AjgU 
\ 12 14 88/ 



The product 



j j1i2 -4.J3 -4^4 ] — [-4.1, -4i4 -428\. 
\ 12 18 84/ \ 18 14 28^ 



J.1, -4i2 -4i£ 
II 18 28 

-4i» -4.111 -4.1 



M8 
IS 



"^18 
18 



18 



-^14 -^14 -^14 
18 18 18 



•^88 -^81 -^81 
-4|8 -4,2 -4|1 

J-i, -4i<| -4ii 





123 








= 





A . J-i,, 

188 







^ . -a.,84 
128 


J..-4],4 

188 






= 0, 



f^, ^13 .4m\ = (arts. 20, 21). 

\ 12 18 88/ 



There are 2 x 10 X 20 = 400 vanishing minors of order three. 
The product 



-^18 -^11 -^U -^U 

12 18 14 15 

•^18 -^18 -^18 -^18 

12 18 14 15 

•^14 -^14 -^14 -^14 

IS 18 14 15 

-^15 -^15 -^M -^15 

18 18 14 16 



Oai «88 «I4 «I5 

«82 ^ «84 «85 

^48 ' ^48 ^44 ^45 

«8« «88 «64 «65 



^n 

ill! 

^1 

ill 



-u 



=^}l. 



[AnA„A,^A,^\ = Al (Bq.(7)). 

\ II 18 14 15/ 
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The product 


























An 

IS 


^1. 

18 




-4.12 -^18 -^18 
28 84 84 




84 


84 


-4m -4-34 

28 14 


-A^ 

18 


ils4 

12 




A, 

12 


18 


^is 

14 


-4-18 -4.J8 -^18 
28 84 84 




-A. 

84 


Ai 

24 


-4.g4 A^ 
88 14 


^4 

18 


-A, 

u 




Ai 

12 


^4 
IS 


^4 

14 


-4-14 -4.14 -^14 
tS 84 84 




A, 

84 


-A, 

24 


28 14 


-As 

18 


As 

IS 




U IS 14 U M 84 


• 


^4 
84 


-Ai 

84 


^14 ^14 
28 14 


-A4 

18 


^4 

12 













10 




-A„ 

84 


A, 

24 


-4.13 -^18 
88 14 


18 


-As 

12 













1 




^1, 

84 


-At 

84 


•4-18 -4.13 
88 14 


-A, 

18 


A. 

18 




A.a„ 


























A 


.^65 



















18 


A.a^ 
A.a^^ 

<^484 -^8 — -^14 -^18 
18 18 18 18 





-A» 

18 


z=A*.aU{AnA^\ 
\ u is/ 






Au - 

18 


- -4^4 -4.|3 J.14 
IS 18 IB 


-^18 

u 


^1. 

IS 










: 


= A* 


.< 


-4 11 -4i,3, 

128 




















•*• (•4-i» -4.13 -^14 A^\ = 

\ 12 18 14 nl 


A. A,,. 


^188 -"1884* 
us 1884 






The 


product 


















An 

18 


^18 

18 


A, 

14 


ill. 

16 




a» - 


-ass 


«24 — 


<% 




• 






18 


18 


14 


^s 

16 




— a„ 


Oss - 


■«8I 


Oas 










Au 
18 


^.4 

18 


^84 
14 


^84 

16 


• 


aa - 


— aa 


«44 — 


a« 












^4. 
IS 


^46 
14 


^45 
16 




««! 


<h» - 


-a54 


Oss 










An 























= 






A. 





^81 






= -^11 Ai Afi A41 , 





















^41 


















' 



(^u4« ^84 ^46^ = ^1 AiAi (Bq.(20)). 

\ 18 18 14 16/ 
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The product 
























A\% -o-ia 


-^18 -^12 


A> 


Ay, 




^« 


-A* 


A» 


Au 


-Au 


Au 




IS 18 


14 SS 


24 


84 




-84 


24 


88 


14 


18 


18 




-^18 -^18 


-a.18 -4j3 


^1. 


A, 




-A, 


A. 


-■4« ■ 


-A^ 


A* 


-A, 




12 18 


14 88 


84 


84 




84 


84 


88 


14 


18 


18 




-^U -^14 


All -4-14 


>lu 


Ai 




>l«, 


-A, 


A, 


A, 


-A, 


As 




18 18 


14 88 


84 


84 




84 


84 


28 


14 


18 


12 




•^16 -^16 


-4-15 -4.J5 


^16 


^« 


• 


Au 


-A* 


^.4 


Au 


-■4u 


A* 




18 18 


14 88 


84 


34 




84 


84 


88 


14 


18 


18 










1 







-^,s 


^,. 


-As ■ 


-A„ 


^1, 


-A„ 














84 


24 


88 


14 


18 


12 













1 




^,. 


-A^ 


^u 


^u 


-An 


A, 










i 1 84 


M 


tt 


M 


IS 


18 




A.a^ 



























^•«56 



























A .a^ 














= 


A.a^ 


A.a^ 


i 


A.a^ 








= 0. 








-Au 


Ai 


— 


^.a» — Jlu 


Au 


-A„ 










18 


18 




13 18 


u 


18 










Au 


-Au 




A^ -O-M 


-Aa 


An 










IS 


18 




18 




18 


IS 


18 









/. (A^Ai^Ai^A^\ = (art. 22). 

\ IS 18 14 28/ 



From this it is apparent that any determinant of order four formed froth the 
matrix 

-^12* A^ All -4 12 ^12 -d.22 

18 18 14 88 24 84 

An ^is Ai2 -a 12 -0-13 -A^s 

IS 18 ' 14 88 84 84 

•^14 -^14 -^14 -^14 -^14 -^14 

IS 18 14 28 24 84 

-4i5 -4-15 -4i5 -4i5 -4.15 -^16 
88 



18 



18 



14 



24 



vanishes. 

There are 2.]76x6} = 760 vanishing minors of order four. 
The product 

10 



-^24 ^U -^24 -^ -^84 A^ 

28 24 86 84 36 46 

-^ -4b -^ -^ -4«6 -4» 

88 24 26 84 86 46 

-^84 -^ -^84 -^84 -^84 -^84 

88 24 26 84 86 46 

-4j5 -^25 A^ A^ A^ -4.25 

88 24 86 84 86 46 

-4^5 -4^5 -4^5 -4^5 -445 -^ 

88 24 86 84 86 46 



-4^5 -445 

46 86 

— -^86 -^86 

46 86 

-^84 -^84 

46 86 

-^86 -^26 

46 86 84 86 



A, 

84 

A„ 

84 

Au 

84 

A, 



-a.45 — -445 -^ 

26 24 88 

-^86 ^ -^86 

86 24 88 

J.24 -4,4 -424 

26 24 28 

-425 ^n -^26 

84 88 



— A 



-424 4l4 -^24 A^ — -424 

46 86 84 86 84 88 

A^ — -^ ' -^88 -4» -^8 -4b 

46 86 84 86 84 88 
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46 




46 

A. 








.0 


















46 46 46 46 



A. ail 

A.dii 

J.. Oil 

A. an 



— Oil -4 -^45, 



[-Ag4 4» -^34 -^86 -^) — -^ ^1 -^ or -^ -4bM6 -^46- 
\MS684t6 46/ 46 814646 



The product 



Ai2 Ai2 

18 IS 

Ai$ -4i8 

IS 18 

•^14 -^14 

IS 18 

-^16 -^16 

18 13 

A%s Afg 

18 18 





•"12 -^la 

14 88 

•^18 -^18 

14 88 

-^14 -^14 

14 88 

-^16 -^16 

14 88 

-^88 A^ 

14 88 





Ai2 Ai2 

84 84 

-0-18 Ai2 

24 84 

•^14 -^14 

84 84 

-^16 -^M 

84 84 

Ai2 A^ 

84 34 

1 



A 



— A 



84 

A,, 



-A 



•18 
84 

Ai2 
84 



84 

Au 

84 

A„ 

U 

■A,, 

84 

84 
84 



28 



-fl.iu — A 



A^ —A 



A 



^84 

14 

14 

14 



^88 
88 

88 

sd 



14 



^4 

18 



A 

A 



4a A 



18 



14 



-^ 



A 



-18 
14 

14 



^14 
18 

A,, 



] 

—A 



— A 



u 



A.Ofi 

J. . asfi 

A. On 

A.ttu A. an A.Oiii 



















Au — An 

u u 



A 



A. Off 

An Ai3 
u u 








^1, 



= 0, 



( An Aif An Ajt Afi\ — . 
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There are { 6 . 6 }* = j 30 f * vaniBhing minora of order five. 



8TKA.0DBI ITmitkbsitt, Sept. It 1897. 



A Theorem in JDeterminoMts. 

By W. H. Mktzlbb, Ph. D. 



The theorem in question is an extension of one given by Binet in Joum. de 
rEc. Polyt. IX, cah. 16, pp. 28a-S02.* 

If we have the four sets of n quantities 

On Oji ^8 • • • • <Zln 

Oa On a28 . . • . o^ 

^41 ^4i ^48 * * * • ^4fit 

and y^A^guf denotes the sum of the n^ determinants of the fourth order obtain- 

able from them, ^Ajg^ denotes the like sum obtainable from the first three sets, 
^^ lit 

etc. Then Binet proved that 

2^i2^ +2^«2^w +2^2^M =2^^ 



^IM 



»°^ SoiiS-^ +S««S^i« +2«n2^« +S««2^«.= 0. 

^^^^M4 ^^^^IM ^^^^M4 ^^^^tW 

These may be extended to the case where instead of four we have in sets of n 
quantities, and instead of taking the sets one and m — 1 at a time, we take them 
I and m — 2 at a time. 

The proof of the general case will be better understood if we first consider 
a special case. 

* Vide Mnir's '' The Theory of Detarminants in the Historical Order of its DeTelopment,'' Pftrt I, 
pp. 86-91. 

tit is to be observed that the notation used throughout this paper is inclusiTe, i. e. ^... 

denotes the minor formed by the constituents in the intersection of the r , a , ^ . . . . rows with the 
« , i;, IP . . . . columns. 
86 
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If 



then 



A=i 



<hi ^1 ^ «u <ht ^6 

«»1 «« «» ««4 «i6 «M 
«81 «88 «88 «84 «35 «I6 



a. 



41 



a^i 



«44 «41 



a^i 



«B1 «M «68 «64 «55 «Be 
«61 «« «68 ««4 ««5 «66 



( -^18 4" -4 12 + • • • 
\ II 18 

(-^18 + -^18+ • • • 

\ IS 18 

+ (-^14 + -^14 + • • • 
\ 18 18 

+ (-^88 + -^88 + • • • 
\ IS 18 

(-^84 "H -^84 + • • • 

\ 12 IS 

+ ( -^84 + -^84 + • • • 
\ 18 18 

^= 2 (-4ij34 + Aif^ + 
\ 1884 1S85 

+ -^1884 + -^1884 + 
18M 1846 

+ -^1884 + -^1884 + 
8846 S846 



• + -^18\M84 + -^84 + • 
68 A 18 18 

• + -^18)(4m + -^14 + • 
6«/\ 18 18 

. +A4y^8+^88 + 
68/\ 18 18 

• + AfgMAu + -^14 + 
' 6<A 18 18 

. + A^^A,, + A,,+ 

66 A 18 18 

6<A 1* IS 

-^1884 + -a.1884 + -^1884 
1886 1846 1846 

-^1884 + -^1884 + -^1884 



.+^84^ 
66/ 

66/ 

. + Ai] 

66/ 

66^ 

. + ^18^ 
66/ 



1846 



1866 



1466 



-^1884 + -^1884 + -^1884 I 
8866 8466 8466/ 



For if we expand the left-hand member, the sum of corresponding terms in the 
products vanishes or not according as the factors of the terms have or have not 
a column in common, i. e. according as there is or is not a number common to 
the lower lines of the su£5xes of both factors. 
Thus 

A^A^ -^18-^ + -^14-^88 + -^88-^14 — -^-^18 + -^84-^18 ^^ ^ , 

18 18 18 18 IS 18 18 IS 12 IS IS 12 

-^18-^84 -^IS'^84 "r -^M-^SS i -"^88-^14 — -^84-^18 "T -^84-^12 ^ > 

1818 1818 18181218 12 18 IS 18 

etc. 

-^18^84 -^18^84 + -^14-^88 "H -^88-^14 -^84-^18 4" -^84-^U ^ -^1284 > 

1284 1284 1884 IS 84 1284 1884 1864 

-^12-^84 -^18-^84 "T -^14-^88 + -^88-^14 -^84-^18 4" -^84-^12 ^ -^1884 » 

18 24 18 24 18 84 18 84 18 84 18 84 1884 

etc. 
It is easily seen that A^^^^ as well as each of the other terms on the right 

1884 
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will be obtained in -^ = 6 different ways, four of which will give a positive 

and two a negative sign, since in the set of combinations 1234, 1324, 1423, 2314, 
2413, 3412 there are four having an even number of inversions and two having 
an odd number of inversions. Hence the truth of the equation. 
In general if 

dll ttjj ttu • • • • ttin 

^hsi ^hsi ^hsB • • • • ^%n 



A = 



then 



Oaii a^s dmS • • • • ^Mw 

1 

^1 «w «w • • • • ^**i» 

( 1)" X A»»I«|I)' Z^^{n\m\l) 

*-* {n\l) *-^ (nlm-O 

a 

a=i»i <sn«-i 

+ ( 1)" ij A»l«|/)' Z^-^(ii I m 1 1) > 

«"1 (nlO «-* ^"**7'* 

+ etc. 



^-«^. 



= 4>(fn, 0.2-^*i«)» 



or 



1 






«=«•- 1 






^=|^• 



=4>(*w» o2^t»i")' 



^-l 



(»l») 



where v denotes the number of inversions in (n|m|Z][n|in|?),* and 4>(m, ?) 

* Y ay 

denotes the excess of the number of combinations in the set 

(n|m|?j[n|»i|?), (n|?w|Z][n|in|Z), (n|m|Z][n|m|Z), 5 = n, 

which have an even number of inversions over those which have an odd number.* 



* For an expliinatioii of this notation Tide this Journal, vol. XX, No. 8. 
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For if we expand the left-hand member as before, it is easily seen that the 
sum of corresponding terms of the products will vanish or not according as (n|Z) 

and {n\m — Z) have or have not any numbers in common. Any term A^n\m) 

I « 

which does not vanish will be obtained in nii ways from those particular sums of 
corresponding terms of products which are given by 

y^^ r 

zA — 1)'l-^(«i»ii)*A»i»i«)J» (5^1,2,...., mi). 

^"* (-lilj (•lilj 

•» 

The coefficient ofA^^^^^ is therefore ^ (m, I).* 

(fii») 

The theorem is thus established. 

Straoubb Univebsitt, Fttruary 10, 1896. 

* Vide Author's pftper read before the Am. Math. Boo., Feb. 2S, 1896, and to appear in a later number 
of this Journal. 



On the Perfect Groups. 

Bt G. a. Miller. 



The necessary and suflScient condition that a group is solvable is that its a^^ 
derivative (derived group) is unity.* When no lower than the a*** derivative is 
unity, the (a — 1)^ derivative must be an Abelian group whose order exceeds 
unity. All the derivatives which are lower than the (a — l)*** must then be non- 
Abelian. Dedekind calls the first derivative the commutator subgroup. The 
more general notation which we employ is due to Lie. 

When a group is insolvable its a^*^ derivative must be a per/ectf group whose 
order exceeds unity. The factors of composition of this perfect group include 
all the composite factors of composition of the original insolvable group. Hence 
the study of insolvable groups is reduced to that of perfect groups. In other 
words, an insolvable group is either perfect or it contains one and only one per- 
fect group as a characteristic subgroup with respect to which its quotient group 
is solvable. 

Since a perfect group is identical with its derivatives, it cannot be isomor- 
phic to any Abelian group whose order exceeds unity. Conversely, if a group 
is not isomorphic to any Abelian group whose order exceeds unity, it must 
coincide with its first derivate, and hence it must be perfect. The totality of 
perfect groups, therefore, includes that of simple groups of a composite order, 
but it is included in that of insolvable groups. 

It is easy to see thai no two of these three totalities are identical, for the 
direct product of any number of simple groups of composite orders is evidently 
a compound perfect group, while the direct product of a perfect and a solvable 
group is insolvable without being perfect. All the symmetric groups whose 

* Quarterly Journal of MathematiGs, vol. 2S, p. 868; of. Frobeniiu, SitEungBberichte der Berliner 
Akademie, 1806, p. 1848. 

t A perfect group is identioal with its first deriTative (lie). 



278 Miller: On the Perfect Oroupe. 

orders exceed 24 are also insolvable without being perfect. We proceed to 
consider some general properties of any perfect group. 

Theorem L — Every perfect group has an a, \ ieomorphism to a simple group 
of composite order. 

When a = 1 the perfect group is simple and of a composite order, and vice 
versa. When the perfect group is compound it must have an «, 1 isomorphism 
to a perfect group of lower order, for if this group of lower order were imperfect 
the original group would have to be imperfect. We repeat this process if the 
given perfect group of lower order is not simple. We shall thus finally arrive at 
a simple group of composite order to which the original perfect group has an 
a, 1 isomorphism. The order of this simple group is a factor of composition of 
the original group. 

GoroUary I. — If an imprimitive svhstUvtion group is perfect it must permute 
all its systems of imprimitivity according to a perfect group. 

Corollary II. — If a perfect group has prime factors of composition it must 
oontavn a sohahle characteristic suhgroup whose order is the product of all these 
prime factors. 

Theorem II. — ^ a perfect group is represented as an intransitive substitution 
group^ all its transitive constituents must he perfect. 

If a transitive constituent were imperfect the first derivative of the group 
could not include all the substitutions of this constituent. It could therefore not 
contain all the substitutions of the group which is supposed to be perfect. This 
is impossible. 

GoTcllary. — A transitive constituent of a perfect substitution group contains only 
positive substitutions. 

Theorem III. — If a transitive substitution group of a prime degree is perfect U 
is also simple. 

If such a group were compound it would contain a transitive invariant 
(self-conjugate) subgroup whose order would be less than the order of the group. 
This subgroup would contain all the cyclical substitutions of the prime degree 
{p) that are contained in the entire group. With respect to this subgroup the 
entire group would have an a, 1 isomorphism to a cyclical group of order 
{p — I)'^i3, ^ being an integer. As a perfect group cannot have such an 
isomorphism, the given group cannot be compound. 

Corollary. — A transitive group of a prime degree cannot contain more than one 
composite factor of composition. 
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If it contained two such factors both of them would be factors of composi- 
tion of its perfect characteristic subgroup with respect to which it is isomorphic 
to a solvable group. This is impossible, since this characteristic subgroup is 
transitive. 

Theorem IV. — If a transitive substitution group of degree 2p, p being any 
prime number^ is perfect, it is either simple or imprimitive. In the latter case it 
must contain p systems of imprimUivity, offid it must permute them accordmg to a 
simple group of degree p. 

Since all the groups whose degrees are less than five are solvable, we may 
assume that p is odd. If the required perfect group were primitive and com- 
pound, all its substitutions of order p would be contained in an invariant transi- 
tive subgroup whose order would be less than the order of the group.* With 
respect to this subgroup the perfect group would have to be isomorphic to an 
Abelian group. As this is impossible, the given perfect group is simple if it is 
primitive. If the required perfect group is imprimitive it must permute its 
systems of imprimitivity according to a perfect transitive group of degree p. 
We proved above that such a group is simple. 

Theorem V. — Any simple quotient group of a compound substitution group of 
degree n may be represented as a transitive group whose degree is less than n. 

If the given group {Q) of degree n is intransitive, it must contain at least 
one transitive constituent which has an a, 1 (a being an integer) isomorphism 
to the given quotient group, since the latter is simple. Hence we may confine 
our attention to the case when (r is transitive, and we may suppose that n is the 
smallest number of elements by means of which O can be represented transi- 
tively. 

If a subgroup of Q , which contains all its substitutions that do not contain 
a given element, corresponds to only a part of the operators of the simple quo- 
tient group (^S^), it is possible to represent /S' as a transitive group of degree 
n^m,9ii]>l. If this subgroup is simply isomorphic to ^S^, it is possible to 
represent /S' as a transitive group whose degree cannot exceed n — 1 . If this 
subgroup is multiply isomorphic to 8, we may use it or one of its transitive con- 
stituents in place of (?. In either case the new transitive group of which 8i% 
also a quotient group is of lower order and of lower degree than O. As this 
process cannot be repeated indefinitely the theorem is proved. 

* Jordan, BuUetin de la Sooi6t6 Mathdmatiqiie de Ftanoe, 1. 1, p. 41. 
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Gorottary. — If a quotient group of Q is perfect and compound^ G ie isomorphic 
to some simple group of composite order which can be represented by a smaller 
number of elements than is required to represent O. 

By means of these theorems we may readily determine a large number of 
perfect groups. As all the simple groups of composite order are perfect we 
need not consider these. We proceed to seek all the compound perfect groups 
which may be represented as substitution groups with 11 or a smaller number 
of elements. According to the preceding theorems the lowest possible degree 
of such a group is 8 , and if a compound group of this degree is perfect it must 
be primitive. As 8 is equal to a prime number plus 3, the order of a primitive 
group of this degree is not divisible by 6 unless it is either the alternating or the 
symmetric group.* The composite factor of composition of the required group 
must therefore be 168 and its order cannot be less than 168 X 8 = 1344, since it 
must contain a transitive invariant subgroup. There is only one primitive 
group of this degree that satisfies the last condition and does not contain the 
alternating group, viz. the well-known triply transitive group of order 1344.t 
That this group is perfect follows directly from the facts that it contains no 
invariant subgroup of order 168, and the seven operators of order 2 in its invar 
riant subgroup of order 8 are conjugate. Hence there is one and only one com- 
pound perfect group of degree 8, and there is no such group for any lower degree. 

If a group of degree 9 were compound and perfect it would also be primi- 
tive according to the given theorems. As its order could not be divisible by 6 , 
and as it could not contain two composite factors of composition, it would have 
to be isomorphic to the simple group of order 168 with respect to a transitive 
invariant subgroup. It could not be isomorphic to the simple group of order 
604, since this cannot be represented by less than 9 elements. Hence the order 
of the required group could not be less than 168.9 =1612. But the primitive 
group of this order does not contain an invariant subgroup of order 9, and there 
is no larger primitive group of degree 9 that does not include the alternating 
group of this degree. Hence there is no compound perfect group of degree 9. 



'Jordan, loc. oit 

t This group is giTen by Kirkman, Proceedings of the Literary and Philoeophioal Society of Man- 
chester (1868), vol. 8; by Jordan, Comptes Rendus, vol. 78 ; by Noether, Mathematische Annalen, vol. 
15 ; and by others. It is singular that Wiman supposed that he established its existence for the first 
time, Naohrichten, Gottingen (1897), p. 68. 
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Since a perfect group of a prime degree must be simple, and there is only 
one simple group of degree 5 and all the groups of a lower degree are solvable, 
there can be only one compound perfect intransitive group of degree 10. It is 
of order 3600, being the direct product of two simple groups of order 60.' An 
imprimitive compound perfect group of this degree must contain 5 systems of 
imprimitivity, and it must permute them according to the alternating group of 
degree 5. Its head can contain only positive substitutions and its order (2*) 
must satisfy the congruence 

2*=1 mod. 5 l<a<5. 

Hence a = 4, and the order of the imprimitive group is 16.60 = 960. There is 
only one imprimitive group of this degree and order.* If it were not perfect it 
would contain an invariant subgroup of order 60, since no subgroup, whose order 
exceeds unity, that is contained in the head can be invariant. Each substitution 
of an invariant subgroup of order 60 would have to be commutative with every 
substitution of the head. As this condition could not be satisfied by the substi- 
tution of order 5, the given imprimitive group must be a compound perfect 
group. 

If a primitive group of degree 10 were compound and perfect it would be 
isomorphic to a simple group of a lower degree whose order is not divisible by 7, 
since a cyclical substitution of a priine degree {p) cannot occur in any primitive 
groups except those of degrees j?, p + 1 , 2> + 2, and those of higher degrees 
which include the alternating group of their own degree. As a transitive group 
would correspond to identity in the isomorphic simple group, and the order of 
such a simple group would be divisible by 5, the order of the required primitive 
group would be divisible by 25. This is clearly impossible, since a group of 
degree 10 and order 25 must contain a cyclical substitution of order 5. Hence 
there are two and (ynly tioo compound perfect groups of degree 10, tfie one is intran- 
sitive and the other is imprimUive. 

The compound perfect groups of degree 11 must be intransitive and their 
transitive constituents must be simple and of degrees 5 and 6 . Hence there are 
two such groups, viz. the direct product of the alternating groups of these degrees 
and the direct product of the alternating group of degree 5 and the primitive 
group of degree 6 which is simply isomorphic to it. Their orders are 21600 and 

* Cole, Quarterly Journal of Mathematics, vol. 27, p. 42. 
37 
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3600 respectively. We give below the enumerations of the simple, the perfect, 
and the insolvable groups which maj be represented bj 11 or a smaller number 
of elements. The lowest order of a compound perfect group is 120. There is 
only one such group of this order. As a substitution group it can be represented 
by 24, but by no smaller number of elements. 



Decrree 


6 


6 


7 


8 


9 


10 


11 


.a^v/^A^w. •••••.•••• •••• •••• . 




Number of simple groups* . . . . 


2 


2 


3 


2 


2 


4 


6 


Number of perfect groups . . . . 


1 


2 


2 


3 


2 


6 


6 


Number of iuRoIvable groups . . 


2 


4 


6 


16 


41 


106 


228 



Chicago, Dec. 1897. 



* This enumeration includes all the possible substitution groups of the given degrees. If we regard 
these groups as operation groups they are not all distinct. 



On Da/rbottx Idnes on Surfaces. 

By James G. Hardy. 



1. The problem which forms the subject of this note was first proposed and 
discussed by M. Darboux in an article entitled ** Des courbes trac6es sur une 
surface, et dont la sphere osculatrice est tangente en chaque point h, la surface," 
which appeared in the Comptes Bendus for 1871, and in which he deduced the 
differential equation of these curves, which is of the second order, and integrated 
it in the cases of the quadric surfaces and cyclides. Later in the same year 
Enneper published in the Gkittinger Nachrichten a paper in which the geometric 
signification of the various terms in the differential equation of these lines was 
pointed out, and in which he deduced their characteristic property that at any 
point of the curve the radius of its osculating sphere is equal to the radius of 
curvature of the normal section of the surface having the same tangent. He also 
showed that If one of these lines be a line of curvature of the surface on which 
it lies, the surface is the envelope of a sphere of variable radius whose centre 
describes an arbitrary skew curve. In 1876 an article by M. Ribacour appeared 
in the Comptes Rendus, in which the author showed that if we trace on a surface 
S a curve of the kind considered, then each of the osculating planes of this curve 
cuts S along a section superosculated by a circle. The last paper to appear on 
this subject is due to M. Cosserat, and is found in the Comptes Rendus for 1896. 
In it he applies to the investigation of these lines methods analogous to those 
used in the investigation of geodesies, employing the theory of integrals of 
determinate form treated for geodesies in Livre VII of the ** Lepons " of M. 
Darboux. I have called these lines Darboux lines because first defined and 
treated by M. Darboux ; M. Cosserat named them Z>-lines, evidently for the same 
reasons. 

2. Suppose that at any point P of a Darboux line 2) on a surface we con- 
struct a trihedron Tq haviug its vertex at P and the normal to the surface as its 
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axis of 2 ; let (d be the angle which the tangent to D makes with the axis of x 
of 7|), and let p and B be the radius of the osculating sphere and the radius of 
curvature of 2) at P respectively. Since by definition the osculating sphere of 
D is tangent to the surface, its center will be at the intersection of the normal to 
the surface and the polar line at P. Then, by considering the right triangle 
whose vertices are the point P, the center of curvature JT, and the center of the 
osculating sphere, if (a:© ^o 2^0) i a^d applying Meusnier's theorem, we have: the 
radius of curvature R^ of the normal section of the surface having the same 
tangent as 2>, is equal to the radius of the osculating sphere of D at the point 
considered. Bnneper, Gott. Nach., 1871. 

Denote by iTthe radius of torsion of 2), by^^the angle between the principal 
normal to D and the normal to the surface at P, and use the formulae given by 
Darboux (Th6orie g6n6rale, II, 359) for the coordinates Xo* yo> ^^o of the center 
of the osculating sphere of any line traced on a surface. We have 



from which 

tan 4> = — r 



If in the last equation we make B = const., we will have 7'= 00 unless 4> = 0. 
Hence when the radius of curvature of a Darhovx line is constant, the line is either 
plane or geodesic. 

Conversely, when ^ = we must have jB = const., since T^O; that is, 
when a Darboux line is geodesic its radius of cv/rvatv/re is constant 

If we use the formula 

geodesic torsion = -=-= [^ — -^ J sin o cos = -^ — ^ , 

we find for the geodesic torsion of D 

1 _ 1 d .^j. 

l;--t-SS^^^^8i2.. 

Then for 4> :5^ , -^ can only be zero when B^ is constant. But when -=- = 

Ig Ig 

the line Z> is a line of curvature ; hence if a line of curvature be a Darboux line, 
the principal radius of curvature corresponding will be constant. Now in this 



= -B cos 4> - 


rpdB 

da 


sin ^■. 


= 0, 


^ B 


dB 
da 


and 


T=i- 


tan^ 
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case one sheaf of the evolute of the surface reduces to a line and, as Monge 
proved, the surface may be determined as the envelope of a sphere of variable 
radius whose center describes an arbitrary skew curve. (Enneper, Gott. Nach. 
1. c.) This same result can be obtained in a different way, as will be seen later. 
If both systems of lines of curvature be Darboux lines the surface will be a 
cyclide of Dupin ; for M. Bonnet has demonstrated (Journal de TEcole Poly- 
technique, XLII) that if a smface be such that along each line of curvature the 
principal radius corresponding to that line be constant, the surface is a cyclide 
of Dupin. 

In a note published in the Bulletin des Sciences Math6matiques, 21, 1898, 
M. Demartres gives some formulae concerning skew curves which have interest- 
ing forms when applied to Darboux lines. The distance between the centers of 
the osculating spheres at the extremities of an arc SS' of such a line is 

and the angle i^ under which these spheres cut is 

, _ ds^ d log R^ 
^~ T d\ogB • 

Along a line of curvature we have "^^ = 0, but (unless the Darboux line be plane) 
this requires that B^ be constant, or that S = 0, in case R :^ constant. That is, 
if a line of curvature be a Darboux line it is a spherical line or a line of constant 
curvature. 

Using the definitions of absolute and relative spherical torsion given by M. 
Demartres, we may define Darboux lines as those lines whose absolute spherical 
torsion is equal to their relative spherical torsion. 

The formula just used for geodesic torsion leads to a neat form in the case 
of Darboux lines on an ellipsoid referred to its lines of curvature. Employing 

the values given later for sin cj, coso, ds^ and (-J-) » we get 



j^ = c.(u — t;)iy/ (^~^)^^~^) . c = a constant 

This puts into evidence the property of lines of curvature made use of. 

The line joining the points P and if generates a ruled surface 2. The locus 
of the centers of the osculating spheres of D is the edge of regression of the polar 



1 
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surface, and its osculating plane, which is the normal plane of 2), remains tan- 
gent to 2. Therefore the locus of the centers of the osculating spheres of J? is 
an asymptotic line on 2 . Then along any Darboux line the normals to the sur- 
face generate a ruled surface on which we know an asymptotic line. 

3. The general differential equation of Darboux lines, as given by M. Dar- 
boux, is 

,^ 22ePx.c?4^+2(fo.(P-|^ 
/j\ Zars _ cx ox 

zdx.d -;5— 
ox 

where ^= is the equation of the surface on which the lines lie, and the sign 
2 indicates summation with regard to the three coordinates x, y, z. This equa- 
tion in the case of surfaces of the 2nd degree takes the form 

dx . d -jr- J , X = a constant. 

or, introducing elliptic coordinates, 

/^x {u — x) du* {v — x) di^ 

If we denote by B^ the radius of curvature of a normal section of an 
ellipsoid, and if the lines of curvature are taken as coordinate lines, B^ will be 
given by 
u\ 7? - ^^+^ o _ du 

Let the plane of the normal section considered be passed through the tangent to 
a Darboux line ; calculate X^ from (3), and remember that (Darboux, Th6orie 

G6n6rale, II, 379) 

n — _ V^<3^g(^ — '^y . ij/t _ ^ahc{u — vf 

f{uw-f{u)f{vy -/{v)v-/{u)Avy 

then 



where Bi and B^ are the principal radii of curvature at the point considered. 
We have here a result stated by Enneper: The radius of curvature of the 
normal section of an ellipsoid having the same tangent as a Darboux line is 
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» 

proportional to the 4th root of the product of the principal radii of curvature at 
the point considered. 

Prom this result follows another still more interesting. If we calculate 
the distance from the origin to the tangent plane at any point of an ellipsoid, 
we find 

Taking account of (6) and (6), and remembering that for Darboux lines the 
radius of curvature of the normal section through the tangent is equal to the 
radius of the osculating sphere, we have 

that is, the radius p of the osculating sphere is inversely proportional to the dis- 
tance from the center of the ellipsoid to the tangent plane. A better way of 
stating this same fact is : the product of the radius of the osculating sphere and the 
distance from the origin to the tangent plane is constant. 

(7) p5 = const. 

If the Darboux line be a polhodie, 5 = constant, and hence p = constant. The 
line is therefore spherical, and also (Th6orie G6n6rale, II, 381) each normal 
section tangent to the Darboux line at one of its points is superosculated at that 
point by a circle. 

For the paraboloids i^= ^^ + i^ — Z— z= 0, we find the distance 
d to be 



Equation (7) then takes the form 

pS = constant .2; . 

4. Equation (2) has a very interesting geometric signification, communi- 
cated to me for the case of the ellipsoid by Mr. Pell, and which I believe is new. 
Suppose the surface of the 2nd degree considered be of the form 



1 
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then (2) gives 

which, since -^ , -^ , -^ are the direction cosines of the tangent at (», y, «), 
as as ds 

may be written 

/ov rcos* a , cos* /3 , cos^yn 

If we denote by d the semidiameter whose direction cosines are cos a, coSj9, 
cos y , the coordinates of its end points are d. cos a, rf . cos ^, d. cos y ; and, since 
these coordinates satisfy the equation of the surface, 

(,) i.[£^ + ^ + ^ = x. 

(8) and (9) combined give 

d = constant. 

That is, if at any point of a Darhoux line of F=^0 a tangent be drawn, and if voe 
construct the semidiameter parallel to this tangent, the length of this semidiameter is 
constant along the considered Darhoux line. 

6. The different Darboux lines on surfaces of the 2nd degree are obtained by 
giving different values to the constant, x which enters (3). Suppose in this 
equation we make ;e = , then 

udvf vd'if _ ^ 

where U={a* — u){h* — u){(? — u) and V= {a^ — v){h* — v){(? — v). But we 

have 

, o u — vru du^ V cto*i 

hence efe^nrO. 

That is, when x = the Darboux lines are lines of length zero on the surface. 
If in (3), after extracting the square root, we put x= oo, we find 



] 
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which is the equation of the right lines on the surface. This may be verified as 
follows : the equations of the right lines on a quadric are 

— = — i . COS d> di sin ^, -r- = — i . sin ^ zt cos ^. 

a c ^ ^ c ^ ^ 

Prom these 

"^■^^ + '?"-^' 

which, on substituting for dx, dy^ dz their values in terms of du and dv, 
becomes (10). 

6. Consider now an ellipsoid with three unequal axes a ]> 6 ]>"c, and let us 

determine for what values of x the Darboux lines will be real. The elliptic 

coordinates which enter our equations symmetrically may be distinguished by 

taking 

c«<w<6«; V<v<€f. 

Under these conditions -= is negative and -=r is positive, and consequently in 
order that the differential equation 



du Y — ff— = dv Y 



V — X 



of the Darboux lines be real, we must have 

u — x<CO, V — xy>0. 

That is, the constant x must satisfy the inequalities^ 

(11) (?<x<a\ 

That the lines of length zero and the right lines on an ellipsoid are imaginary 
would appear from (11) if it were not otherwise obvious. 

According as the constant x has different values the following cases may 
arise : 

1. 6*>x>c», 

2. V<x<a\ 

3. X* = a*, or 6*, or <?. 

38 
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Now if 61 be the angle made by the tangent to the considered Darboux line and 
the axis of x of a trihedron constructed as in §1, we have 

co8o=V^^, sino = ^/G^, tano = V^^; 

determining -j- from (3), we find 

(12) tana, = -^/fi»^) 

u ^ V{v — X) 

Case (1). x has a u-value x = t«, which, substituted in (12), gives 

tan6> = 0, = 0. 
That is, the Darboux line ;c = w is perpendicular to the line of curvature ti = x. 

Case (2). When x has a t?-value x = Vy equation (12) gives 

tan(d=oo, (d=90®. 
That is, the Darboux line x = t; is perpendicular to the line of curvature t? = x. 

Case (3). To fix the ideas, take x = 6^ The differential equation of the 
Darboux lines becomes 

(a» — v){(^ — v) dti' = (a* — u){<f — u) d^, 

which is the differential equation of the real circular sections on the ellipsoid. 
For x^ = a* or c* we get the other two systems of circular sections, imaginary of 
course. (Darboux, C. R., 1871.) 

7. In the differential equation of the Darboux lines if we consider u and v 
as the coordinates of a given point M of the curve, the equation for a given value 
of X determines the direction of the curve at M. Conversely, if the direction be 
given, the equation determines the value of the parameter x. Write 

then, calling ^ the inclination of the Darboux line to the curve t? = constant, 
we have 

(13) ta.n^=h^, where h = /J—. 
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From the equation of the Darboux lines 



Combining (13) and (14), wq find 

t?tan»4> _ r tan^4> t 

Suppose that for the circular sections we write 4> = %, then since x = 0, 

V tan^ X 

and 

(15) x = nyf-tenU3^ 

^ tan* 4> — A* 

When ^ = or 90**, ;c = w or t;, as should be. Formula (15) enables us to cal- 
culate X for any given point and any given direction. 

8. The results of §2 can be arrived at in the following manner: If the 
coordinates x^y, z of the surface on which the Darboux lines lie be given in 
terms of two parameters u and t;, equation (1) takes a very long form, but one 
which simplifies when the u and v are taken as the parameters of the lines of 
curvature on the surface. In this latter case we have 

3 [E— pD] ducPu + S[G — Zy'p] dvcPv 
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the symmetry of which is remarkable. If the lines t; = const, satisfy (16), we 
must have 

where pi is one of the principal radii of curvature at the point considered. Then 

Pi=/iW- 
Similarly, when the lines ti= const, satisfy (16) we have 

9% — M^)^ 

Reasoning just as in §2, we find again the result there obtained. Most of the 
results obtained by Darboux and Enneper follow immediately when the equa- 
tion of the Darboux lines is expressed in terms of t^, t? coordinates. 
Baltimobe, March 18, 1898. 
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Sur Vintegration hydraulique dea equations 

diff^rentielles. 

Par M. Michel Petbovitch h Belgrade (Serbie). 



1. Tou8 les int^graphes et les appareils pour rint6gration grapbique des 
Equations difif6rentielles, proposes jusqu' aujourd'hui, sont fond6 sur Temploi de 
certains principes cinematiques, p. ex. sur les propri6t6s des roulettes. On en 
trouvera la liste et la description dans le Catalog mathematischer und mathe- 
matisch-physikalischer Modelle, Apparate und Instrumente, von Walther Dyck, 
Munchen 1892-1893. 

Je me propose de montrer ici brifevement comment de telles integrations 
peuvent se faire h I'aide des principes d'une nature tout-S.-fait autre, facile k 
reaJiser pratiquement, conduisant k des appareils tr^s simples et pouvant int6grer 
des types assez g6n6raux d'6quations diff6rentielles du premier ordre. 

Supposons que Ton fasse immerger un corps solide Jf (Pig. 1) plus ou moins 




profondSment dans le liquide contenu dans un vase B. Le niveau du liquide 

montera ou s'abaissera d'apr^s une certaine loi dependant de la forme du corps 

M et du vase B et ces formes une fois fix6es, la variation de la bauteur du 

niveau y, compt6e k partir d'un plan horizontal fixe, p. ex. a partir de la face 

inf6rieure du vase B ne d6pendra que de la distance x entre I'extr^mit^ e de la 

tige e/ei la face inf6rieure du vase B, 
39 
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DSsignons par z la distance entre le niveau da liquide et le plan PQ et 
Boient ^ (y) et F{z) les aires des sections horizontales du vase £ ^ la hauteur y 
au-dessus de sa face infgrieure et du corps if ^ la hauteur z compt^e k partir du 
plan PQ. Les fonctions ^ et jP dependent de la forme du vase B et du corps 
if et ces formes une fois fix6es, ces fonctions seront bien d6t6rmin6es. 

On obtiendra la relation entre a; et ^ de la mani^re suivante. 

En faisant immerger le corps Jf de sorte que x se change en x — dx et y en 
y + dy,le volume du liquide qui s'est 61ev6 au-dessus du niveau y sera 

[<P(2,)-F{z)}dy. 

Ce volume est 6gal au volume du liquide d6plac6 par le corps M quand 
celui-ci sera immerg6 de dz, c'est-^dire h, 

F{z)dz. 
On en tire l'6quation 

[<P{y)-F{z)']dy = F{z)dz (1) 

et comme Ton a k chaque instant 

z = x — y (2) 

on aura l'6quation 

*(y)^ = J^(*-y)- (3) 

C'est l'6quation difif6rentielle du probl^me. En rint6grant on aura la rela- 
tion entre les variables x et y. Le rdle de la constante d'intSgration joue la 
hauteur initiale du niveau. 

Sur ce principe simple on pent fonder une m6thode d'int^gration graphique 
des certains types d'6quations diff6rentielles du premier orcjre. On conpoit aussi 
la possibility de construire plusieurs ^sp^ces de nouveaux int6graphes de construc- 
tions simples, oii des appareils pour le trac6 continu des diverses courbes alg6- 
briques ou transcendantes. 

Remarquons que dans la pratique il est le plus commode de donner au vase 
B et au corps M des formes cylindriques (Figs. 2 et 3) ayant deux faces planes 



et paranoics au plan de la figure, deux autres faces courbes, cylindriques et per- 
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pendiculaires h ce plan, et la face inf(5rieure plane et horizontale. On aura alors 

F{z) =^e{z) } ^ ^ 

oil a et ^ d6signent les distances des faces parallMes du vase B et du corps M] 
i>iy) et 6{z) d6signent leurs largeurs aux hauteurs respectives y eiz. 

On peut ainsi r6aliser de telles formes des fonctions ^ et que I'on voudra ; 
sur une plaque p. ex. m^talique on tracera les courbes correspondantes, ayant 
comme ordonn6es horizontales respectives p{y) et d{z), h, I'aide desquelles on 
formera facilement le vase B et le corps M. 

L'6quation difiSSrentielle deviendra 



«^(y)-^=^«(«-y)- 



dx 



(6) 



On peut faire varier la distance x de diverses mani^res, dont je n'indiquerai 
ici que les plus simples. 

2. Imaginons p. ex. un cylindre vertical E (Fig. 4), tournant autour son axe 




et une poulie D tournant autour de son axe- horizontal, perpendiculaire au plan 
de figure. Supposons le cylindre et la poulie li6s par uii fil de mani^re que si 
rextr6mit6 g du fil se meut du haut en has, le cylindre toume dans le sens 
indiqu6 par la fleche, les chemins parcourrus par g et un point quelconque de 
r6nveloppe du cylindre 6tant 6gaux. 

A I'extr6mit6 g est fix6 le corps solide M. A rextr6mit6 8 d'une autre tige 
rsj ne pouvant aussi que glisser verticalement, se trouve fix6 un flotteur qui fera 
monter ou descendre la tige h m6sure que le niveau du liquide dans le vase B 
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monte ou descend. Enfin, h rextr6mit6 r de la meme tige fixons un crayon qui 
va tracer la courbe int6grale sur Fenveloppe du cylindre. 

En faisant immerger le corps M plus ou moins profond^ment dans le liquide 
contenu dans le vase B, le niveau montera ou s'abaissera d'une mani^re continue 
et le crayon r tracera sur le cylindre la courbe int6grale de l'6quation 

Oil X et ^ seront Fabscisse et TordonnSe d'un point quelconque de cette courbe. 
La courbe ainsi obtenue sera I'int^grale particuli^re de cette 6quation prenant 
pour a;= A la valeur y=^k, h et h d6signant les valeurs initiales de x et de la 
hauteur de niveau au-dessus du plan R8. 

L^appareil servira done pour ^integration graphique des equations diffSren- 
tielles de la forme 

%=f{y)H«-y)) (6) 

on donnera pour cela au vase B une forme telle qu'on ait 
et au corps solide M une forme telle qu'on ait 

oii a et j9 d6signent les largeurs respectives de B et de M. 

Si les rayons de la poulie D et du cylindre E n'6taient pas 6gaux, I'appareil 
servirait h, l'int6gration graphique des Equations de la forme 

^=/(y)^(«^-y)- (7) 

Envisageons deux cas particuli^rement simples qui peuvent se presenter. 
V. Si le corps if est prismatique, de sorte qu'on ait 

Q (2) = const. = ^', 

on aurait a P^ / v , 

et Pappareil servirait comme int6graphe pour la courbe d' intersection du vase B 
avec le plan de figure. 
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T. Si le vase B est prismatique de sorte qu'on ait 

^ (y) = const. = a't 

I'appareil construira les courbes intSgrales des Equations de la forme 



En 7 posant 
I'equation devient 

d'oft 






X 



^{z) 



et I'appareil servira aussi dans ce cas comme int^graphe. Mais comme le crayon 
r d6crit la courbe (a?, y), cette courbe une fois construite, pour avoir z, corres- 
pondant h une valeur donn6e de x, on retranchera y de x. 

3. Au lieu de la disposition du paragraphe.^pr6c6dent, imaginons deux cylin- 
dres verticaux D et ^ de meme diam6tre, li6s entre eux de mani^re (Fig. 6) que 



t^ icbj 




si le cylindre E se meut autour de son axe, le cylindre D le fait aussi. Fixons 
le corps solide M h Textr^mitfi / de la tige ef ne pouvant se d6placer que verti- 
calement et ayant h son extr6mit6 sup6rieure un clou m6talique, qui touche a 
chaque instant Fenveloppe du cylindre D. A Textr^mit^ s d'une autre tige rs 
ne pouvant ^galement se mouvoir que verticalement, fixons un flotteur qui fera 
monter ou descendre la tige k m6sure que le niveau du liquide dans le vase B 
monte ou descend. Enfin, h Fextr^mit^ r de la meme tige fixons un crayon qui 
va tracer la courbe int6grale sur Tenveloppe du cylindre. 
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Supposons que sur le cylindre D soit*enroul6 un papier, sur lequel est trac6e 
la courbe 

»7 =/(!), 

I'abscisse ^ ^tant comptSe le long de la p6riph6rie de la base du cylindre et 
rordonn6e ri le long des g6n6ratrices, a partir du plan fixe de la base du vase B. 
En faisant toumer les cylindres p. ex. ^ I'aide d'une manivelle et assujettis- 
sant rextr6mit6 e de la tige efh, se trouver k chaque instant sur la courbe 

(par exemple en la guidant par la main, ^ m6sure que la cylindre toume), on 
aura h, chaque instant 

et la hauteur du niveau, considSr6e comme fonction de ^, sera donn6e par l'int6- 
gration de I'^quation diff6rentielle 

o.Hy)% = ^^UiS)-y\f{^)^ (8) 

oii I'int^grale pour i^= valeur initiale de I'abscisse, p. ex. ^ = 0, doit avoir la 
valeur y = valeur initiale h de la hauteur du niveau, qui joue le role de la con- 
stante d'int6gration. Cette int6grale sera done trac6e sur I'enveloppe du cylindre 
j&par le crayon r. 

Si p. ex. le corps Jf est prismatique de sorte qu'on ait 

Q {%) = const. = a , 
la courbe d^crite par le crayon r sera Fint^grale de T^quation 



d'oii 



-^[/(l)-/(o)]=/4>(y)%. 



En donnant au vase £ et ii. la courbe >7=/(^) des formes convenables, 
I'appareil pourra servir a Sffectuer le trace continu de la courbe 

oi * est une fonction donn6e k Tavance, lorsque la courbe >7=/(^ est con- 
struite etc. 

II est facile ^ voir que I'appareil pent servir de diverses mani^res comme 
int6graphe. 
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4. Concevons le meme appareil que celui d6crit dans le paragraphe pr6c6- 
dent, mais avec les modifications saivantes : 

l^ Les cylindres D ei E toument par action d'un m6canisme d'horlogerie, 
autour de leurs axes verticaux avec une vitesse uniforme, de mani^re qu'un point 
des leurs enveloppes respectives parcoure I'unit^ de longueur pendant Funit^ de 
temps. 

V. Le liquide contenu dans le vase B s'6coule continuellement i travers un 
orifice pratiqu^ sur la face inf6rieure du vase B^ dont on pent r6gler la largeur ^ 
volont6. 

Le crayon r d^crira alors sur Tenveloppe du cylindre E certaine courbe, 
dont on aura l'6quation difi*6rentielle de la mani^re suivante. Si dans I'intervale 
de temps dl on fait immerger le corps M de sorte que x se change en x — dx et 
^ en ^ + ^^) la* quantity du liquide qui s'est 61ev6e au-dessus du niveau y sera 

[a<p{y)-pB{zj]dy 

et cette quantity est 6gale h, la diff6rence de la quantity du liquide deplac6 par le 
corps M quand celui-ci sera immerg6 de dz et celle qui s'est ecoul6e par I'orifice 
pendant le temps di , c'est-^-dire k la difi)^rence 

^e{z)dz — Ji\/'ydt, 

ou X = (i£lV~2g 

{(i 6tant le coefficient de contraction du liquide, A I'aire de I'orifice et ^ la 
constante de gravitation). On en tire I'^quation diff6rentielle 

[a^ (y) — ^6 (2)] dy = ^e (2) dz — Wydt 

et comme I'on a ^ chaque instant 

z = x—y = /{t) — y, 

r^uation diffSrentielle du problfeme sera 

<^i>iy)^ + ^^/'y-af{t)=o. 

L'int^grale de cette Equation, qui pour < = prend la valeur y=^h, 6gale h 
la valeur initiale de la hauteur du niveau, repr6sente la loi de variation de cette 
hauteur avec le temps. Le crayon r tracera la courbe intSgrale sur I'enveloppe 
du cylindre E. 

On a ainsi rint6gration graphique des Equations differentielles de la forme 

^ + if'(y) = <I.(y)tp(„) 
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{oh F,^,^f sont des fonctions positives dans Tintervale consid6r6 des variables) 
et de celles qui s'en d6duisent par les changements de la forme 

il n'y a pour cela qxx'h choisir convenablement les fonctions ^(y), ^(2) et 
/(<), c'est-J^dire la forme du vase 5, du corps M et de la courbe tracee sur le 
cylindre D. 

En donnant p. ex. au vase B une forme telle qu'on ait 

et au corps if une forme telle qu'on ait 

^0 (z) = const. = a 

et en trapant sur le cylindre D la courbe correspondant h 

f{t) = afx{t)dt, 

la courbe (y, t) trac6e par le crayon r sur le cylindre E^ sera telle qu'i chaque 
instant la valeur \/y {t) est 6gale ^ la valeur correspondante de I'intfigrale u {t) 
de I'Squation de Riccati 

qui pour < = prend la valeur /i/h,h 6tant la hauteur initiale du niveau. 



Des principes analogues s'appliquent ^ bien d'autres types d'6quations. On 
aurait des types nouveaux d'6quations int6grables graphiquement en faisant 
p. ex. varier I'aire de Fouverture suivant les lois donn^, ce qui est facile & 
faire i I'aide d'un troisifeme cylindre ^ Taxe horizontal, sur lequel serait tracee la 
courbe correspondant ^ la loi donn6e. 



On the Hyperelliptic Sigma Functions. 

By H. F. Baker, St. John^s College, Cambridge. 



Introduction. 



It is known of what importance for the development of the theory of elliptic 
functions is the equation 

It becomes therefore a matter of interest to enquire whether an analogous equa- 
tion holds for higher cases. Denoting a theta function with half-integer charac- 
teristic Ahj ^{u; A), and a theta function whose characteristic is the sum of 
the half-integer characteristics -4, -B, by 3(w; AB), it is known that there exist, 
in the general case of Abelian functions, ip{p + 1) equations of the form 



g^iog3(„.^)=2:c,?5!n^' 



wherein A is an arbitrary characteristic, P,. is one of a group of 2^ characteristics 
over which the summation on the right side is to extend, Gr is a constant, and 
v^, Uj are any two of the p arguments m^, . . . . , Wp (Frobenius, Ore He LXXXIX, 
1880). These equations furnish ip{p+ 1) conditions for the expression of 
the 2P — 1 quotients ^^{u; APr)/^*{u] A) in terms of functions of the form 

^ — ^ — log3(ti; A). If these equations were capable of solution, we might 

expect, by means of the addition equation of the theta functions, to be able to 
obtain the function 3 (w+t? ; A)^{u — v; A)/y{u'j -4) 3' (t? ; A) in terms of func- 

tions p. ^ log 3 (ti ; -4) . Except in case ^ = 2, in which i p {p+ 1 )= 3 = 2F — 1, 
40 
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it is not however obvious* that the equations are capable of sohition. It is there- 
fore of interest, and it is the final (though not the only) purpose of this paper 
to prove, that in the hyperelliptic case, for any value of p, the required expression 
can be effected. To be more precise, it is shown below, that if Qi be any one of a 
certain group of T characteristics, then, in the hyperelliptic case 

^(u + v; Q,)^{u-Vi Q,) 
can be expressed as an integral polynomial in the p{p + 1) functions 

I have desired to arrive at this result, starting only from the general results 
associated with Riemann's theory of Abelian functions, and without assuming 
properties for which, though in some cases their general character is already 
well known, I was not able to give a precise reference to the existing literature. 
In some cases, to save space, I have ventured to give references to my recent 
book on Abelian ftinctions; these references are printed thus, [B. 25]. An 
analysis of the steps of the argument which leads to the final result, is prefixed 
to the development. The formulaB in Nos. VII and VIII of this analysis would 
also appear to be of importance in the theory of the hyperelliptic theta functions. 

Analysis. 

I. — Of the method of the paper. 

We suppose the fundamental algebraical equation to be 

y»=4P(a:)g(x), 

wherein Q {x) = (a; — Ci){x — Cj) .... (a: — c^){x — c) , 

P [x) = (x — a^{x — Ojj) . . . . (a; — ap), 

that is, we suppose one of the branch places to be at infinity. We suppose the 
cross lines of the Riemann surface, by which we pass from one sheet to the 
other, to be c^ai, c^2y • •• • t Cp«p» ^^t where a denotes the branch place at 

* Apart from the general theorems announced by WeierstrasB, Crelle, LXXXIX, 1880, p. 7, from 
which Buch a result was to be expected. 



Baker: On the Hyperelliptic Sigma Functions. 



303 



infinity, and we call c^, aj, c^, o^, • . • • Cp, a^, c, a, the ascending order of the 
branch places; we do not however suppose the quantities Ci, ai, etc., to be real 
The dissection of the surface, whereby it is changed into the i>-ply connected 
surface on which the Abelian integrals are single valued, is taken to be that 
denoted by the annexed diagram. Other methods of dissection are discussed 
below; from the discussion the reasons for the adoption of this method will 
appear. 




Fig. a. 



[The period of any Abelian integral at a period loop is the constant by 
which the value of the integral on the side of the loop which is on the left when 
the loop is described in the direction of the arrow-head exceeds the value of the 
integral on the other side. The loops themselves are called by the letters 
(61), (ai), .... here placed in brackets. The loops (oj), (ag), .... are called the 
first, second, • • • . period loops of the first kind, the loops (&i) , (62) > • • • . are 
called the first, second, « . • • period loops of the second kind. In the figure 
p — 2 pairs of loops are not shown.] 

The finite branch places, taken in the ascending order, are frequently 
denoted, respectively, by 61, ftg, ftg, 64, . . . . 6|5^_i, 6,^, ftj^^j. In some cases, how- 
ever, where no misunderstanding can arise, a batch of k finite branch places, 
taken in the ascending order but not necessarily beginning with the branch 
place C|, is denoted by &i, &2) • • • • > ^fc- 
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It is known that any one of the 2^ theta functions arising from the funda- 
mental algebraic equation 

is associated with a decomposition of the integral polynomial /{x) into two 
factors, in the form 

in what follows we are primarily, though not exclusively, concerned with those 
2^ functions which arise for all decompositions in which i^'*'^'^*'' has a fixed 
factor of order p + Ij namely, the factor which we have denoted by Q (x) . Cf. 
below, No. VII of the Analysis. 

II.— 0/ two signs depending on the dissection of the Riemann swrfaoe. 
If 

be two characteristics of half-integers, we use (after Frobenius) the abbreviations 



r=l 



Further, h denoting any one of the 2pH- 1 finite branch places, and 2^,., », 2fi)^, < 
denoting the periods of an integral of the first kind, ul' ^, at the i-th period loops 
respectively of the first and second kind, if 

(so that, as is known, ^j, . • . . , j3p are integers), we put 

In regard then to the 2p + 1 half-integer characteristics, B^ thus arising, it 
is important to consider the values of the two quantities 

wherein -B|, -B^ are any two of the 2p+l characteristics in question. The origin 
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of these two quantities will be seen in the two following Nos. Ill, IV respec- 
tively. These signs may be replaced by the single one 



but this is practically not very convenient. 

III. — On the fundamental radical functions. 

On the jp-ply connected dissected Riemann surface upon which the Abelian 
integrals are single valued, there exist 2p + 1 single valued functions, of which 
the squares are the 2p + 1 functions x — J, 6 denoting any one of the finite 
branch places. Supposing the values of y to be beforehand allocated to the 
places of the Riemann surface, they shall be defined by the facts, (i) that at 
infinity the ratio of any two of them is unity, (ii) that their product is equal 
to 4y. We denote them by the symbols \/x — b. We are then able to define 
the symbols \/6i — bj as the value of \/x — bj at the place bi. With this defini- 
tion we are able to prove the equation 



which holds for any method of dissection of the Riemann surface. 

IV. — Of the expression of a certain theta-quotient. 

If wj' ^ . • . . , 7j^* * be a system of linearly independent integrals of the first 
kind, and, as usual, ax, • • • • , o^ being the branch places before described, 

W,z=t^'Ma. ^ .•.. +ti*p'«i», (r= 1, 2,....,^) 

then the theta quotient 

^^u\B^Bs)^^(u) 
^\u\B,)^\u\B,) 

where F{x) = {x — Xi){x — x,) .... (x — Xj,).' 

(Cf., for instance, Bolza, American Journal, XVII (1895), where, however, the 
sign of the right side is not made precise.) 
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V. — 0/ ihe dissection of the Riemann surface. 
It is possible to take the period loops, on the Riemann surface, so that, 
when i >y, the value of each of the quantities \Bi, B^\, ( Jj shall be indepen- 
dent of i andy. This is manifestly a convenience. These two quantities are 
however independent ; it is possible to choose dissections in which their values 

form any one of the four combinations (+ 1, + 1), ( — 1, — 1), (+1, — 1), 
( — 1 , + 1) . We adopt as our standard method of dissection one in which when 

\B,,Bj\ = -\Bj,B,\ = + i, 

(t)=-(IO =+'■ 

Then we have, when i >y, 

^/bj — bi = — i^/bi^^Jy 

VI. — BesvMing preliminary formulcB. Introduction of sigma-functions. 
and let the value, when the arguments t^, • . • • , ti|p are zero, of the expression 

m wT^SA +.-'^+ •••• +'^-4;)3(»K). 

wherein Ar is the half-integer characteristic associated with the half-period u^ ^ , 
be denoted by X,. ; herein, as always in what follows, iV/'(a,.)/4 is written to 

denote 

is/ Or — Ci Va^ — Oi \/a7— ^ .... ^^a^— c» 

the symbols s/ar — Cj, etc., being as in No. Ill ;* then, for a proper determination 
of the sign of the denominator, we have 



^^^ (- ly-'^P^jar) _ ^/(- ly-'P^jar) 



(iV/(a.)/4)* {V{- ir-'^^r{ar)l4.y' 



X 
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where \/P {a^ denotes 



\/ar — ai^ttr Og . •. • VOr — tt. 



^p, 



the symbols \/a^ — aj, etc., being as in No. Ill, and V'( — lY'^'P (a^) denotes 



Further we have 

^(«iA) _. v(- !)>-'+ ^i^(a,) _ vj^T) ^/ ixp-r, yZM 

where 



\^( — l)^~''+^jP'(a,.) = Va,. — arj. .. . V^a^ — x^^i^^/xr — a^ .... V^av» — ^ri 



\/F{ar) = Va,. — a?! . . . . V'a,. — Xp ; 



we have previously (No. Ill) defined the sense in which the symbols \/x — b 
are used ; it is convenient also, as here, to introduce symbols denoted hy \/b — x; 
we define then the symbol Vb — x, wherein b is any one of the 2p + I finite 
branch places, by the equation 



^/a; — b^= — i ^/6 — 



X. 



Such formulsd as these have of course been given before (e. g. Eonigsberger, 
Crelle, LXIV (1866), for the case when the branch values Ci, ai, c^, .... . are 
real) ; but, I think, without the precise determination of the signs of the square 
roots involved which is necessary for the deductions to be drawn in this paper. 

Further, £,., £«, denoting as before the characteristics associated with the 
half-periods u^'\ u^'\ and B^B, denoting the sum of these characteristics, 
tDithovi reduction^ we put 

^(t.|5,)^(t.|5,)-^^'^^^ ^^X'fy^x,-br){x,-b.)F\x^V 

where \ ^ 6, is written, instead of br — 6,, to denote that in the ascending order 
of the branch places, b^ has a higher place than &,, and z^, $ is a square root of 
unity, in fact defined by this equation, which we do not determine. 
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Then we find, if ^^^ i^= €r^,\/br^b,, a notation which will be frequently 
employed, that 

It is to be noticed that ^r, • = ?•. r> ©tc, as follows from the definition. 

We now suppoise 6^, 6, , 6< to be chosen from the branch places aj, . • . . , ap ; 
and we introduce the definitions 

Sr, § 
Or, .. . (W) = + . ^'\ ^ (U\ja^,)/^ (0) , 

wherein J^ is the characteristic associated with the half-period u^^^, and A^A, 
denotes the sum of the characteristics -4^, A^, without reduction, etc. Then, 
bearing in mind that the argument % is given by 

we find that the first terms in the expansion of Cr {u) in a series of integral posi- 
tive powers of U| ,..••, 2£p are the linear terms which may symbolically be 
denoted by 

provided we replace the powers of the symbolical quantity ^ according to the 
definitions 

l*-' = Mi, $" = «.; (» = i, 2, p) 

that is, the linear terms are 

Similarly the first terms in the expansion of <;,, , {u) are linear terms given, 
symbolically, by 

,-^^^-— V = ^'-* + ^-A + e-*5, + ....+ 5p-*, say, 
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and the first tenns in the expansion of Cr, ,, < (u) are quadratic terms given sym- 
bolically by 

where /^x P(^) 

and, after the division has been carried out, we are to replace the equivalent 
symbols ^, ^ according to the laws 

The function Oriu) is one of p functions; the function <yr, f(w) is one 
ofip {p — 1) functions ; the function Cr^ ,^ < {u) is similarly one of \p{p — l)(p — 2) 
functions. 

These expansions show that the functions agree with the hyperelliptic sigma 
functions considered by Klein. Cf. Burkhardt, Math. Annal., XXXII (1888), 
p. 442. 

VII. — New expression of theta functions of three or more suffixes in terms of 

functions of one or two suffixes. 

Let bif b^j ' • • • , b^n-^i^^ ^^7 finite branch places, taken in any order ; let 
the notation being as before, and put 

Vll....fc = ?l, 8^1, 8S», 8^1, 4S», 4S8, 4 • • • • S 1, » b2, * • • • • Sfc-1, fcj 

let the suflSxes 1, 2, . . . . , 2n be divided into two sets rj, . . . . , ?v ^^d «i, . . . , ««, 
and put 

I>.= {br.-br,)....{br,-brXK-br,)....{K,-br:)....{K^^^ 

K={b., -bj.... (6.. -6J(6.. — 6J .... {bs,-bj .... (6,_^ — 6. ); 

then, if ^j^, ....j(t^) denote ^{u\Bj^B^ . • . . 5^), where Bi . .. . Bj, denotes the sum, 
without reduction, of the half-integer characteristics associated with the half- 
periods w*' *',•... , u^ ** , we have the theorem 



^'-H^)^18....2«(t*) = 






41 



^vf,, ^1 



'•i..»«' 



1>r, 



Vl2....8» 
DnK 



1 
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Further, if the suffixes 1, 2 , 2w+l be divided into two sets rj, • < 

and «i, . . • . , «»+i, and D^, be defined as before, but 

then we have the theorem 



• ,rn 



^«(w)3„....„+,(«) = 






Vl2....8n-H 
-0*^11 + 1 



In these equations ^,, is written for 3(i^|5,J, and ^r,% for 4>^^,(tA). 

We now suppose the branch places ij, • . . . , 6,a4.i to be chosen from among 
the places o^, • • • • , a^ ; and we put 



a{u) 



"12 ...«ti + iW zz ^TTvi > 

Vi«....»n+i ^\y) 

wherein A^. .. . A^^ denotes the sum of the characteristics associated with the 
half-periods t***'*', . . . . , w"****, and 2n+ 1 is supposed not greater than p, so 
that we define, hereby, 2^ sigma functions. Then we find 

o("-^>(w)-(ri3....,n(u): 



DnE^ 



and a" (w) (Tu .... «« +i^ (w) = (T,.,, ,. (w) , <T^„ ,^^, (w) 

These expressions bring into evidence the fact that o^ig.... a(u) vanishes to order 
\hy or i (Aj + 1), when the arguments i^, . • • • , t^p are zero, according as A; is 



^n^n + l 
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even or odd; and they show that the first terms in the expansion of <yi8....a»(^) 
in powers of t«i, • • • . , tip, are those given symbolically by 

-^4^(fi)---.4^(UA(^i,....,$„), 

where <^ (f ) = P (|)/(f — «i) • • • • (^ — «f») , A (^i ,...., f^) denotes the product 
of the squares of the differences of £i, • • • • , ^^^ and, after the divisions have 
been carried out, we are to replace the powers of the equivalent symbols 
fii • • • • > f* according to the law expressed by 

«■'-='*■■ «•=»■■ G= J J: ::::;;) 

Similarly, with ^(f) = P(f)/(^ — a^ • • • • (^ — ««n+i)» the first term in the 
expansion of <yi,....8n + i(^) is given by 

(n + 1)! ^^^^^ ^(fn+i) A(fi , $^+i). 

Cf. Burkhardt, Math. Annal, XXXII (1888), p. 442. The function <yi2....2n(w) 
has the ' algebraical characteristic ' given by 

^f +! + »'*= (2(x).(aj-aO....(x-a,J, 
and the function 0^13.... (a* + i) (w) the algebraical characteristic given by 

^' (» — «!)••••(» — «»» + l) 

4j + i + »'^ = (a5-a)g(a;)(x — ai)....(aj — oan + i). 



VIII. — New expression for the square of a theta function of three or more suffixes 
in terms of the squares of functions of one and two suffixes. 

It is known that the skew symmetrical determinant of 2n rows and 
columns, of which the (i, jf^ element a,, j is such that ^i,^ = — a,-. 1 , «i. 4 = , is 
the square of a rational polynomial of degree n in the elements of the determi- 



312 Baker: On the Hyperelliptic Sigma FunctUma. 

nant ; this polynomial — called by Cay ley a Pfaffian — we denote by (123 ... . 2w); 
it may be defined by the equation 

(12 .... 2n) = ai,(34 .... 2n) — ai8(245 . . . . 2w) 



+ ai4(235 .... 2n) — .... + Oi, 8^(23 ... . 2w— 1), 
where n = 2, 3, 4, ... . 

With this notation we have the theorem expressed by the two following 
equations 

y^*-^>(t.).3f«....^(w) = (l2....2n), 

^*"(^)-^fs....(^ + i) (v) = (012 . . . . 2n+ 1), 

where, if 5i, • . • • , &2»+i ^^ ^^7 finite branch places, and B^B^ . . . . B^ denote 
the sum (without reduction) of the characteristics associated with the half- 
periods w*' *s . . . . , ti^' ''», 

^i2....*(w) = ^(w|A^».--.A), 
as before, and 

a^ = ^\^ {u) when i </, a^ = — 3J^ (t^) when i >y, 

«o, i = ^i (w) » «<, = — ^« («*) • 

These equations enable us to express the quotient 3i|....fc(u)/3'(u), in 
which A;>2, as a rational integral polynomial in the i2>(|? + l) quotients 
^\{u)l%^{u), 3Mu)/y(t*). 

In the applications which are here to be made of these expressions the 
branch places ^i, • • • • , i&»»H-i ^^^ ^ chosen from among ai, • . • • , Op. 

IX. — On an addition equation for the hyperelliptic theta fu/ncHom and the 

resulting proof of the expressions of the quotients ;^*(w|^)/y (ti), 

y(w|^iJ^)/y(u) by means of functions Pr. t(^)- 

Let Ai denote the half-integer characteristic associated with the half-period 
w*' ^, and let Q denote any one of the group of 2" characteristics formed by the 
addition of 0, 1, 2, . . . . , ^ of the characteristics ^i, . . . . , -4^ . Further, let 
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Then we have the addition equation (given by Eonigsberger, Crelle, LXIV) 
^'{0)^{u + v)^{u-v)=^^{u\Q)y{y\Q). 

Now suppose that in this equation, for small values of the arguments v^ both 
sides are expanded in powers of these arguments, and the coefficients of the 
quadratic powers of these arguments on the two sides of the equation are equated 
to one another. As follows from No. YII, the only terms on the right side 
wherein the lowest powers of the arguments v are not of higher degree than the 
second are those involving functions of one and two suffixes. The left side is 
equal to 



Hence we obtain \p{p + l) equations whereby the ii>(p+l) quotients 
^*(u I ^<)/y(w), ^{u\AiA^I^^{u) are expressible linearly by the functions 

Utilizing the results of No. YI to solve these equations, we find, if 

3:^ = 1 + i 2 Yi^ii ^< ^^ + ' 

that 

where, with the meaning explained in No. VI, 

Mr=WjrW)l^. (r=l, 2, ....,jp) 

and a,. ^ a, is written instead of a,. — a, to indicate that in the ascending order 
of the branch places Oi, • • • • , a,, a,, has a higher place than a^ , or in other 
words, that r >«. 

Results of this form have been given before. See, for instance, Wiltheiss, 
Math. AnnaL, XXXI (1888), p. 417, and Bolza, American Journal, XVII (1895), 
and the references to Brioschi and others there given. 
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In these equations, and in the previous Nos. of this Analysis, the function 
^ {u) is that given by 

n, =s— OB »^ =— 00 

where vi, . .. . yVp are Biemann's normal integrals of the first kind, the periods 
of Vr being 

, • • • • , , 1 , , • • • • , , '''r, 1 1 '''r, 8 > • • • • > 'I'r, pi 

vn denotes ViUi +....+ VpWp, rr? denotes 22r^ n^n,, (t , i = 1 ,...., i>) , at** 
denotes 22a<jU<?/^, (i,y = 1 , 2, . . . • , jp), wherein a^^ = a^^, and the i/> (p + 1) 
quantities a^^ ^ are those occurring in the equation 

iti jti '' ^a t/c ys 4 (X — 2J)' 

where JJ*^ " is Riemann's normal elementary integral of the third kind, and 
F{xj z) is any symmetrical integral polynomial in x, z, of degree p+l in each, 
which satisfies the equations 

/■(.,z) = 2/W, [^^(>=,4=^/». 

The coefficients c^ j are determinable by the fact that 

where the meaning is that after the division on the right-hand has been carried 
out (as is always possible), we are to put 

fr^ = t*,=fi-\ f?=i*i=s. (i=i, 2, p) 

In particular we may take each of c^ to be zero. 

X. — A fundamental theorem. 

If Q be used, precisely as in No. IX, to denote one of a certain group of V 
characteristics, then we have the theorem 

^{u + v\Q)^{u—v\Q) 

^ rational integral polynomial ^.iog^(u|0, ^\og^iv\Q). 
m the p{p+l) functions dutduj ° ^ • ^^ dvi dvj 

This follows immediately by combining the results of Nos. VIII and IX. 
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Two examples may be given; let <yia....fc(w) denote the function defined in 
No. VII; then 

(a) for »= 2, if , x 9* i / \ 

^^ ^ *'«(«) = -g^^^log<r„(w). 

we have 

- ^'"^"^(^i^irr''^ = *'" (") - *'" w + («^ + «* + <^)^^^ («) - *'» (^)) 

+ («!«« — CuXPjb («) — Pn (»)) + Pai («) Fa (») — Fai («) P»» («) • 
In particular, when, with 

fix) = o^ + » = 4 (as» + 6^1^* + lOA^ + \QA^ + 5^4» + A) , 

we take, as we may, 

F(»,2)=2o^ + 'aJ+», 

we find «i + Oj + Ca= — 2-4i, Ojag — Ci, = ^; 

and when, with 

we take, as we may, with %, = 4, /I, = 0, X, = 0, 

p+i 

we find Oi + Oj, -f Cj8= 0, aio, — c,g = 0. 

(/8). For2>=3,if 

we have 

_ <yi28 (^ + ^) <yig8 (^ — ^) 

= [Psi W — Psi W]' — [P38 (^^) — P33 W] [Pn (w) — l?n W] 

+ [Pa (w) — fPzi (v)] [Pw (^) — ViB W] — [P;» (w) — Pa (v)] [Psi (w) — Psi (t^)] . 

Equations of this form, in each of which there occurs only one function, and 
its second logarithmic derivatives, appear to be of importance, not only for 
the theory of theta functions, but also for the general theory of periodic func- 
tions of several independent variables. 
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Of the functions of u occurring on the right side of these equations, every 
p+ 1 are connected by an algebraical relation ; and they can all be expressed 
rationally by means of p + 1 functions having the same periods, and so con- 
nected. The discussion of these properties is reserved* — here the expressions 
are given in the form in which they naturally present themselves in the first 
instance. 

On the Hypeeelliptic Sigma Functions. Development, 

Section I. — Prelimmary lemma. 

A certain factorial function in general. 

I. On any Riemann surface, dissected to a /?-ply connected surface in the 
ordinary way, by (a)-cuts or period loops, and (6)-cuts or period loops, there 
exists one and only one single valued function satisfying the conditions, (i) of 
being infinite to the first order, with a residue equal to + 1 , at an arbitrary 
place c, (ii) of vanishing to the first order at an arbitrary place z, (iii) that its 
value shall be the same at any two opposite points of an (a)-cut, while its value 
at a point on the left or positive side of a (6)-cut, say (6^) , shall be ^'^^^ ' times 
its value at the corresponding point of the right side, vf ",...., ^' ® being 
Riemann's normal integral of the first kind. 

That there cannot be two such functions is clear, since their quotient would 
be a single-valued function without factors at the (a) and {b) cuts, and without 
infinities, and having the value unity at the place c. 

While, on the other hand, if ^ be a properly chosen quantity, independent 
of X , and n^; c ^^ Riemann's normal elementary integral of the third kind, with 
z and c as infinities, chosen so as to vanish at the place %, the function is clearly 

given by Ke^* . 

There are reasons however why this form is not convenient ; we therefore 
introduce another. Let 

where nu denotes UiUi +••••+ Wytiip, m* denotes XXttjn^nj, and the summation 
is in regard to each of Wj, . . . . w^ over all integers from — <» to + <»; further, 

* lAdded, September, 1808. The reader may refer to a note in the Proceedings of the Cambridge 
Philosophical Society, May Term, 1808 (vol. IX, Part IX)]. 
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let \£i be any odd half-period, that is, a set of p simultaneous half-periods, of 
which one element is given by 

J(n),. = «, + r<,ifi{+ .... +r«,pfi;, (i=l, 2, .... ,p) 

then, assuming as known the fact that the function of x expressed by 
{v*' • + \£i) has p zeros of the first order, one of them at the place z and the 
others independent of s, and has no infinities, the factorial function in question 
is clearly given by 

p 

wherein 2(^<)«®< (i^) represents the value, at the place c, of the difierential 

i=i 
coefficient of the function (t;*' * + \£i) . 

II. For the function /(a ; «, c) we have the property 

namely, the value at any place 2/, of the function defined in (I), with c as pole 
and z as zero, is the negative of the value, at the place 2, of the corresponding 
function with the same pole c but a different zero 2/. 

This is immediately obvious from the representation given, l^earing in 
mind the equation 

where efxf' ' is, for abbreviation, put for a^T^^ ' -f- . • . . + ^p^p '• This equation 
expresses a fundamental property of the function . 

III. The proof of the property in (II) can be given in a more elementary 
way in terms of integrals of the third kind only. For that purpose we require 
a result contained in the following proposition : 

If Fl\ 5 represent any elementary integral of the third kind, with infinities 
at z and c, and chosen so as to vanish at h, and if x, x^^ x^, x^ be any places 
whatever, we have 

P%X + Pl\X + P'aX = ^^^ integral multiple of ni. 

To prove this we notice first that it is sufficient to prove it for the case where 
the integral of the third kind is taken to be Riemann's normal elementary 
42 



318 Baker: On the Hyperdlijpiic Sigma Functions. 

integral of the third kind ; the more general statement immediately follows 
from this. Now if {x, z) be used for shortness to denote the function 
©(»"•• + Jil), it can be easily proved, by comparing the zeros and poles of the 
two sides of the equation and the factors at the period-loops, that the following 
equation holds : 

' [Ml 



hence we have 






e"=' 






and, in virtue of the equation [a;, z] = — ^^^^^ [g^ a;] ^ already quoted, the right 
side is equal to — 1 • 

Cor. 1. Putting a; = a^ and, for greater clearness, replacing aj, x^, ar, respec- 
tively by «, a, 6, we have the result 

This includes the general form of the proposition. 

Got. 2. In order to use the result of (III) to prove the result of (II), notice 
that, ^ being an arbitrary place. 



and therefore 
while also 



/(x> g. c) _ X I /(x ; g'. c) _ nJ'.*<. 

/(^;g,«)~ ' /($;«', c)~ ' 
/(g';g,c) - /(^; g,c) X'"*-"''.*' • 

/(2;2'. c)-/(^;2',c)' 

/(x; z, c) _ n:-.^. 
/(x;g',c)-' ' 



thus /(g/; g. c) _ ^n«; J, + n*!,*. + n*; J' _ _ . 

/(g;»/,c)-' - '' 

which is the result we desired. 

This proof of the result in (TI) is to be preferred to the former one, because, 
although the theorem for integrals of the third kind upon which it depends has 
here been deduced from the properties of theta functions, that theorem is, I 
think, clearly capable of a more elementary proof by contour integration. 
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Gor. 3. It is easy to see that 

/(x; 2,c)r''''*+/(a/; z', c)^" '''':' = 0. 

In case a, x' coincide respectively with a/, z, this becomes the proposition in (II). 
The results in this Section I are of a preliminary character, and in what 
follows will only be used for the hyperelliptic case. 

Section II. 

0/ methods of dissecting the hyperelliptic Rienuinn Surfojce. 

The fundamental algebraic equation is taken to be 

y*=4(» — Ci)(a5 — Oi) .... (a — Cp)(a — ap)(a — c), =/(x), 

wherein C|, o^, . . . . , e,, a,, c are given (complex or real) quantities. Over the 
X plane we suppose a two-sheeted Riemann surface to be constructed, with i? +1 
cross lines, between the places (c^, a^), (c,, Oj), . . . . , (c,, ap), (c, oo). We 
suppose the branch values and the branch places C], a^, . • . • always to be taken 
in the order 

^ii ^i> ^» ^> • • • • > c,., a,., . t • • , Cp , Op, c, 00, 

and shall often denote them respectively by 

using throughout the symbol a for the branch place at infinity. By the standard 
case we mean that in which C|, a^, . . . • , a^, c are real and in ascending order of 
magnitude ; by the difference \ ^ hj we mean that in which the h of less suffix is 
subtracted from that of greater suffix, namely, {>>/; thus in the standard case 
hi '^ hj will be positive as well as real. We suppose the Riemann surface to be 
changed into a jp-ply connected surface in the ordinary way, by means of p 
period-loop-pairs, the sides of each of these pairs constituting a closed curve, and 
speak of the resulting surface as the dissected Riemann surface, using sometimes 
by analogy the word cuts in place of period loops. 

Let t*J' ",...., wj* " be any p linearly independent integrals of the first 
kind, single-valued upon the dissected surface ; denote the periods of ul' "* at the 
first and second of the i^^ pair of period-loops, namely, at the loops (a<) , {h^ , 
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respectively by 2©^^^, 2{o^,^. Then if b denote any one of the (2p + 1) finite 
branch places, we have 

where /?ii • • • • , /Sp are integers, which are immediately obvious by inspection 
in case of any specified dissection of the surface ; these equations we denote by 



«^'=i(f), 



upon the properties of the (2^ + 1) half-integer characteristics thus arising 
depends the definiteness of the determination of the signs of certain square roots 
arising here. 

If Q, ^be any two half-integer characteristics given by 

«=*(0=*(l;::::::t)' ^=i(l)=Kt.:'.::t)' 

we use the abbreviations 



^ "^ r=l r=l 

\Q,K\=qkf-g>k='^iqX-q'A), 

'-"■"=(l)(f). -""=(1)' 



SO that 



further, we denote the characteristic associated with the half-period ti**^ by -B<; 
for our purpose the values of the 2p (2p -f 1) quantities 



(bO' i^"^^i 



will be found to be of importance. 

It is convenient to choose the dissection of the Riemann surface so that, 
provided i^j\ the values of these quantities shall be independent of i and j\ 
we give therefore below examples of methods of dissection whereby 

(I) when i >/, 

\B,,Bj\= 1, (f*)= 1, and therefore |5,, 5,1 = — 1, (|^) = — 1, 

(II) when i >y, 

\B,,Bj\ = — l, (^')= 1, and therefore 1 5^,5, 1 = 1, (^^) = — 1, 



/ 
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(III) when « >y, 
\BuBi\=. 1, (g|)= — 1, andtherefore |5„5,|= — 1, (f;)= 1, 

(IV)when»>y, 
\B^, 5,1 = — 1, (^*)= - 1, and therefore |5„ B,\ = 1, (^^= 1. 

namely, such dissections are represented diagrammaticallj by the four following 
figures respectively : 





(ID 
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(in) 




We find for these dissections respectively, 

-•■=*(?)'"'(})(S)'"'. -=*(?)• 
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,11) ...=*(;)'-'(->)(«)-' 

— *(J)'-(-!)(S)'-' -=*(J)' 



from these the facts stated above as to the values of the quantities | £<, B^\, fn) 

can be immediately verified. 

If we denote the periods of an integral u'^ *, for the case (I), at the i^ period 
loops of the first and second kind respectively, by 2a>,., i, 2^^, i> and denote the 
corresponding periods for the dissections (II), (III), (IV) respectively by 

we immediately find, supposing of course that the values of y are the same, at 
any the same place of the surface, in all the four cases, that 

[ttr, Oa = — tor, l> [6>r, Js = " < <» * [^r, J4 = < <. /r = 1, 2, , p\ 

[^r.i]«=— <t» [<0a= «*r,<, [<.]4=— %,<! M=l, 2, ,^/ 

thus the matrices associated with the linear transformation (^.531) from case 
(I) to the cases (II), (III), (IV) respectively, are those denoted by 

( — i)' (— 1 o)' (i oj- 

It is to be observed that from each of the four dissections (I), (II), (III), (IV) 
we can immediately derive another by changing the direction of every (a) loop 
and every (6) loop. Thus, from (1) we can derive a dissection in which the 
periods are exactly equal to those arising in (II) — in which however the charac- 
teristics associated with the half-periods w**^, ti*'*', w"** will have all their 

elements negative. The quantities |-B<, -B,|, T »') are> however, unaltered by 

the alteration of direction of every (a) loop and every (6) loop. 
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Section III. 

0/ the constTvctum of the functicna 6. 

Denoting the characteristic associated with a half-period w*' ^ by i T ^ j and 

the matrices of the periods 2(iv. «, 2(0^, « respectively by 2a>, 2J, we obtain the 
normal integrals v and the symmetrical matrix t by the equations 

then the function © (w|ti*' *) or Q{u\B) is given by 

n 
P 

where v{n + i^) denotes ^^r (^r +i Jr) > '^ (w+i j')* denotes 

p p p 

2 S'^r.tK+ijrK^f+ijO* ?(^ + i?') denotes 2?rK+i?r). and the summa- 

tion^^ is in regard to each of ni,. • • • , n^^ over all positive and negative integers. 

n 

It follows that, for the same values of the arguments t?, the function is unaffected 
by the addition of integers to the half-integers iqi, • • . , i^p occurring in the upper 

line of the characteristic if); thus tbe function (u | vf*' *) as defined by the 

dissection (II) differs from the function Q{u\u^^) as defined by the dissection (I) 
only in the sign of the arguments v] that is, the even functions in (II) are equal to 
those in (I), but the odd functions have a different sign. Similarly the functions 
constructed for the dissection (lY) are derived from those for the dissection (I) 
by a formula given B . 558 ; the ratio of any function (I) to the corresponding 
function (IV) consists of a factor independent of the characteristic, multiplied by 
6, where f is 1 in the case of the even functions, and i in the case of the odd 
functions. 

It is clear that the theta functions arising for any one of the four dissections 
will be unaltered by changing the direction of every (a) loop and every (6) loop ; 
for this change alters the sign of the characteristic and also the sign of the 
normal integrals. 

Further, if -B^ = J T ^ j , -^» = i T z. ) be the two characteristics associated 
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respectively with the half-periods u'^ *' , w** *• , and 

5; + *;=2ifJ + A,;, qr + kr=2Mr + K. (r=l, 2,....,i>) 
where X^ K are integers each =0 or 1 , and Mr, Ml are integers, then, by the 
reduced characteristic B^B, is meant the characteristic i f o } - ^^ ^ desirable 

to compare the dissections (I), (II), (III), (IV) in regard to the values of the 
integers {M, M') ; we have the equation 

«["l(^)+*(0]=^'"«(-Ki'))* 

hence, denoting the factor c'*^' as the reduction factor for the places br, 6,, we find 
that for the dissections 

(I) and (II), the reduction factor is — 1 for all cases in which the less of the 
two values 6^, 6,— that is, the one of these occurring first in the ascending order 
of the 2jp + 1 finite branch places — is one of o^, • • • • , a^, and is otherwise + 1 . 

(Ill) and (IV), the reduction factor is — 1 when the places 6,., b^ are such a 
pair as c^ and a^, and is otherwise -f 1 . 

In order to avoid the consideration of the reduction factor we shall fre- 
quently in what follows use (m | -B^ B^) to denote the function in which the 

characteristic is not reduced, namely the function © [w i T' ll i* )1 » ^^^ ^^^ *^^^ 

purpose we shall reverse the ordinary rule : Unless the corUrary is stated it will be 
intended in the function {u\BrB^) that the characteristic is unreduced. 

Section IV. 

Of the fundamental radical functions en the Riemann surface. 

On the dissected surface, if b denote any one of the finite branch places, 
either one of the square roots of a: — b is single-valued ; this follows from the 
fact that X — b vanishes to the second order at b and is infinite to the second 
order at infinity ; to fix the value of this square root it is only necessary to 
specify the sign for some one value of »; we suppose the sign chosen for a:= oo, 
and that this sign is the same for each of the 2/> -f 1 functions in which b is in 
turn every one of the finite branch places ; supposing that the values of y have 
43 
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been allocated to the places of the surface before dissection, and noticing that 
the sign of a product of 2/> + 1 factors is altered if the sign of every factor is 
altered, we agree that the signs of the functions considered, which functions are 
henceforth to be denoted simply by symbols Vac — 6, shall be such that for a 
point in the lower sheet at infinity, the ratio 

r=sl 

shall be equal to -f 1 ; since this ratio is a single-valued continuous function 
whose square is + 1 > it follows that, for every place of the surface. 



that is, y = 2*^x — Cj Va; — ai . . • . s/x — o^ s/x — c. 

Further, for the sake of definiteness, we suppose the sign of the infinitesimal at 
infinity, which is such that a; = <"*, so chosen that at infinity, for each of the 
functions s/x — 6, 



lira {t s/x — 6) = + 1 , 



CsO 



We may further suppose for real infinite a:, anci in the lower sheet of the surface, 
that Hs a real positive quantity. Thus in the standard case, for all real values 
of a? greater than 6, ^/x — b would be positive as well as real. 

Suppose now that, in the abbreviated notation before explained, 

and let J £1 denote an odd half-period — that is, a set of p elements each of the 
form 

i(«i + ^<, i«i+ +np«i). (*'=!» 2 ,jp) 

wherein «i, • • • • , «j,, ^i, • • • . , «p are integers ; then, on the dissected surface, the 
function 

*=1 
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wherein the second factor of the denominator denotes the value at infinity of the 
dilSerential coefficient in regard to the infinitesimal of the function ©(tf* *+ iH), 
is single-valued and continuous, and has no zeros or infinities ; at the r^ period 
loops respectively of the first and second kind the square of the function has the 
factors 

each of which is equal to unity ; thus the square of the function, being equal to 
+ 1 at the place infinity of the surface, is everywhere equal to + 1 • Thus the 
function itself, which is also equal to + 1 at infinity, is also everywhere equal 
to + !• Hence, in the notation employed in Section I, we have 



Va — fe = e'^'^y(a; 6, a), 

and this result is independent of the method of dissection of the surface. 

It follows that the factors of Vx — 6 at the r**' period loops respectively of 
the first and second kind are 

this fact we shall denote by 



Vx — 6« C^O' 



and it will be found that this relation may be supposed to express another fact 
also. The factors of Vx — h at the period loops are immediately obvious 
geometrically by considering the number of revolutions about the branch- place 
h involved in taking the function round the period loops. The analytical proof 
has been preferred because it brings into greater prominence the fact that the 
result obtained is the same for any method of dissection. 
Let now d be another finite branch-place such that 



»-=»(*), 



let the signs s/d — 6, s/h — d denote respectively the value of the function 
^x — h at df, and the value of the function. Vac — d at h ; then it follows from 
Section I that 
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and therefore 

^/d — b _ _ *wi[a'09+Tr)-p'(«+T«o]_ ^-*»<|2>, Bi 

where ^ = ir^)» ^ — HaJ' ^^ squaring it follows that for every method of 

dissection 

|5, i>| = l, (mod. 2) 

and therefore that, also for any method of dissection, 



^d — b 



_ ^*irf I J), J I 



^/b-d 

Hence, in all methods of dissection /or which, when i >►/, \Bi, Bj\ =1 (mod. 4), 
toe have s/b^ — 6<= — is/bi — ^\ *^ ^^ methods of dissection for which, when 
i'^j, 1 5|, -B, I = — 1 {mod. 4) , toe have Vij — 6* = + * *^h — 6,-. 

With more precise conventions we may use the result somewhat diflFerently, 

namely, if for two half-integer characteristics ^rrj^^y 5^z=|k j, the 

symbol \/( J) denote ^^'\ we h ave^y/^^) V5^=^ = \/(^) Vfe^^- 

In what follows any one of the p {2p + 1) signs ^bi — bj wUl be used to mean 
(he value of the fwwiion a/x — fej when x is at bt] and, in accordance with the 
established practice in the elliptic case (Schwarz, ''Formeln u. Lehrsatze," p. 24; 
Halphen, "Fonct. Bllipt," I, p. 192), we shall take for the normal method of 
dissection one in which, for i >/, |5|, Bj\ = l (mod. 4), as in the methods (I), 
(III) above (pp. 320 and 321) ; such a method may be described as a negative 
method, those in which |5<, Bj\= — 1 (mod. 4) being described as positive 
methods of dissection. 

It is easy to see geometrically, in the figures (I) and (III), in what way the 
negative sign arises ; let a continuous line be drawn in the lower sheet of the 
surface from + oo to — oo — indicated by the dotted line in the figures — so as to 
pass near all the cross lines of the surface ; in reaching a branch-place this line 
may be supposed to describe a semicircle in the clockwise direction; thus the 
description of the semicircle near a branch-place b gives for the function ^^x — 6 
a factor — i. In the dissections (II), (IV) the corresponding semicircles are 
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described in the counterclockwise direction, and give a factor + i for ^x — h as 
the describing point passes round the branch-place h. 

The question may arise whether the method of proof just given, depending 
on the theta functions, maj not be vitiated in the hyperelliptic case owing to 
the occurrence of even functions which vanish for zero values of the arguments ; 
it is for this reason we have, in Section I, given an alternative proof, depending 
on the fact that if Pl\\ denote an elementary integral of the third kind, with its 
infinities at a?i , ^2 , then 

Pl\X + Pi,X + P^*\X = ^^^ integral multiple oini\ 

though we have deduced this property by means of the theta functions, it appears 
clear that it is capable of an elementary proof. 

We shall for convenience introduce, beside the function denoted by sfx— 6, 
a function denoted by ti^h — x^ and defined, for every one of the finite branch- 
places 6, by the equation, holding for every value of a, 



but some care must be exercised in regard to it ; the value 



{s/h,-x\^,^, =(^V»-feO.=^,=*V6,-fe, = , i6*'*«^>'^*iV6,-6;, 



is equal to s/hi — hj only when 15^, B^\ = l (mod. 4); that is, if for i>y, 
1 5|, Bf\=:\ (mod. 4), V6< — h^ can he interpreted as the value of \/i, — x when 
X is at bj only if, in the ascending order of the hranch-placee, hi has a higher plaice 
than hj. It is for this reason we introduce, and shall retain, the convention of 
using \^bi — hj only as the value of ^x — h^ when a; is at 6^. 

The function s/x — 6, when x is near to &, has opposite signs in the conju- 
gate places of the Riemann surface — as is obvious by considering that we pass 
from one of these places to the other by a path going once round the branch- 
place h. But for values of x which are near to any other finite branch-place, 
the conjugate values of Vx — h are not different, since the function would other- 
wise vanish at this branch-place. The question then arises of specifying the 
range of values of x for which the conjugate values of the function Va; — h are 
the same ; knowing the factors of s/x — 6 at the period loops, it is easy to do this. 



^ 
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Let AB be a portion of a period loop, P, Q being two places on opposite 



sides of this loop, in the same sheet as the loop, P being on the left side of the 
loop ; let P^ Q be their conjugate places ; let 6 be the factor of s/x — h at this 
period loop, ^g (= ± 1) be the ratio of the values of Vx — h at Q and Q, and 
^p the ratio of the values at P and P, then we clearly have ^p = a^g. By this 
remark it is easy to prove the following rule : Let the period loops be projected 
upon the plane below the Riemann surface ; the projections will form a network 
of closed curves which, for the moment, we may distinguish, from the period 
loops themselves, as harriers; let the conjugate places of the Riemann surface 
which project, on to this plane, into a point lying within the barrier arising from 
any period loop, be called the places vMhin this period loop ; then, if in the 
relation 

^/x — b « [%,J , 

formerly employed, there occurs a tmity in the 7^^ place of the upper line of the 
symbol on the right, and a zero in the r^^ place of the lawer line, it means thcU the 
values of ^x — b are the same for the conjugate places within the hop (6^) ; if (here 
occurs a unity in the r^^ place of the lower line of the symbol on the right, and 
a zero in the r"* place of the upper line, it means that ihe values of Vx — b are 
the same for the conjugate places within the loop (a,.) ; if there occurs a unity in 
the r^ place of both the upper and the Unoer lines of the symbol on the right, it means 
that the values of s/x — b are ihe same within the loop (a,.) , and also within the loop 
{br), except for that region which is within both (a^) and (6^), where the conjugate 
values of Vx — b are different. For all regions not specified in this enumeration the 
conjugate values are different 

For instance, if we take the dissections (I) or (II) and denote the barriers 
which are the projections of the period loops (a,.) and (6^) respectively by (a^) 
and {J)[) , 
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the function \/x — c^ has its conjugate values equal for all values of a within 
the non-intersecting closed curves formed by the barriers (a^), (6i)> • • • • , (*r-i) i 
for other values of a; its conjugate values are opposite; 



the function Vx — a^ has its conjugate values equal within the barriers 
(a!) J (61), . . . . , (6i), save in the region common to the closed curves (a^) and (6^), 
where thej are opposite ; for values of x not enclosed by any of these barriers 
(«0 > (*i)» • • • • > (*r)» *^® values of ^x — Ur are opposite ; 



the function \/x — c has its conjugate values opposite except within the 
closed curves formed by the barriers (ftj), . . . . , (6^). 

These facts follow from the values of the half-periods ti"' *% uf*'^, w** * given 
on pp. 322 and 323. The corresponding results for the dissections (Til) and (IV) 
can be obtained in the same way, or are geometrically obvious from these. 

To every function \^x — b there are then certain characteristic period 
loops, namely, those at which its factor is — 1 . On the Riemann surface the 
function \/x — b does not take every value, for it can take the values ib B only 
when » = 6 + -B*, and it may happen that for this value of x the conjugate 
values of \/x — b are the same. If, however, we take two precisely similar and 
equal exemplars of the Riemann surface and make opposite conventions for the 
sign of Vfic — b on these two surfaces, so that at any two corresponding points, 
one on each surface, the values of ^/x — b are equal and opposite, and join these 
two exemplars into one surface by converting the characteristic period loops of 
the function >/x — b into cross lines between the two surfaces, we shall obtain a 
surface of four sheets whereon Vx — 6 is continuous and single-valued, and tak^s 
every value twice. The behavior of >/x — b on either of the exemplars is such 
that if the values of Vx — b arising thereon be mapped upon a plane, the plane 
will be covered once with the exception of k holes, corresponding to the points 
of which no values of \/x — 6 arise — 7c being the number of characteristic loops 
belonging to \/aj — 6. 

We have proved that the product of the 2^ -|- 1 functions Vx — b is iy. 
It follows that for every value of x there is an even number, or none, of these 
functions, of which the conjugate values are the same. 



1 
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Appendix I to Section IV. Application to the Elliptic case. 

Replacing the letters Cj, aj, c which have denoted the branch places, respec- 
tively by fig, «!, 6], and taking a dissection of the type (T), we have 



^ — ^ — ^^ 

ti«'*» = (o = i(J), ii-'^ = (o + a>' = i(}), ^•'•• = o' = i(J); 

also 

\/x — ^i» * ( o) ' ^^^ factor — 1 at loop (6) ; its conjugate values inside (6) are 

equal, 

Vx — Cgj^TiJi has factor — 1 at loops (a) and (6); its conjugate values are 

the same inside (a) and inside (b) except for values of x inside both 
(a) and (6) , where they are opposite, 

Var — eg, «(-.)> has factor — 1 at loop (a) ; its conjugate values inside (a) are 
the same. 

— , in the two sheets of the surface, (i) outside both 
*f 
the loops (a) and (b) are, for conjugate places, u and — u; (ii) inside loop (a), at 

conjugate places, are u and — u — 2a); (iii)* inside both the loops (a) and (6), at 

conjugate places of the surface, are u and — u — 2u — 26)'; (iv) inside the loop 

(6), at conjugate places, are — u — 2cj'; hence putting 

the statements in regard to the three radical functions are easily seen to be 
summed up in the statements that aji(^)» Zzi^)^ Zsi"^) are odd functions with 
the respective periods, (i) for ;ci(t^), 26), 46)'; (ii) for aj«(^)> 4^» 26) + 26)'; 
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(iii) for ;^(ti), 4(o, 2a>'. These facts can be immediately verified by the ordinary 
formulad of elliptic functions. 

Further, on the surface thus dissected the function 



8n(Wei — 6,), z=:V€i — e^/\^x — e^ 

does not take all values, because the values of the argument u and — u—2<d give 
the same values for the function. To get all values we take two exemplars of 
the Riemann surface, defining the sign of Va — e^ diflFerently in these, and join 
them into one surface by making the loop (a) a cross line between them, so that 
the left edge of this loop in one exemplar becomes continuous with the right 
edge of this loop in the other exemplar, and vice versa. 

DO D 



A J B 4' Bf 



In other words, if we take as the fundamental surface a parallelogram with 2w, 
2o' as contiguous sides, so that the opposite sides AD^ BO represent respectively 
the right and left edges of the period loop (a) , the function sn (uV^i — ^3) does 
not take all values within this parallelogram because the values in the triangle 
AOD are equal to the values in the triangle OAB] to get all values we must 
take another equal parallelogram wherein the value of sn {u^/e^ — e^ at any 
place is the negative of the value of sn {u*k/ei — 65) at the corresponding place of 
the first parallelogram, and then join BO with AD and AD with BO'. We 
thus get the ordinary period parallelogram with 26)' and 40 as sides, in which 
sn (m\/ci — e,) takes every value twice over. We may then also join DODO' 
with ABAID, so obtaining an anchor ring upon which sn {us/ci — e^ is single- 
valued, but takes every value twice over. 

Another point may be noticed in this elliptic case ; similar remarks apply 
in general; taking the dissection as before, and supposing ^,6^,63 to be real, 
and further supposing that for real large positive values of a; , in the lower sheet 
of the surface, the functions Va — e^^ s/x — e^ , ^x — e, are positive, as well as 
real, then the half-period 

r dx _ r* dx 

e, y •'«. 2^/05 — €1 ^x — e, V^"-^ 
44 
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is recU and poaUvoe, while the half-period 

^H y 

is + * times a real positive quantity ; thus R (^--\ is positive, while, as we have 
seen, Vc, — ei = — tVcj — 63, etc. If, however, we had taken a dissection such 
as (II) we should have obtained R T^ J = negative, and, correspondingly, 
V63 — ei = + i^ei — c,, etc. 

Appendix II to Section IV. — On a certain prime function. 

If in be an odd half-period such that (cf. B. 302) 

ill = iK« + T*') = t?^' * — !;•*'•*» — .... — 1;*^-»« ^-S 

then (B. 427) we have, in the function, 

^/ (x — n^ .... {x — «p-i)(z — Wi) • • • • (2 — ^V-i) ^y* 

wherein C^ is a certain constant, and x, i denote the places conjugate to x and 2, 
a function which, as appears from the first form (n^, • . . • , fip.i being branch 
places), is single-valued on the dissected Riemann surface, and has no infinities ; 
the function vanishes to the first order when a; is at z, and to order jp — 1, as a 
function of «, when a; is at infinity. Replacing any factor x — n^ by Xi — n^x^^ 
where x^Xi/x^, we have a prime form, with no infinities, and only one zero, at 
a; = z. We consider, however, only the function. After what has been given, it 
is easy to determine the factors of this, regarded as a function of x, at the period 
loops. For if 

o»'"' = i(a, + Ta;), 



so that 



Va:-n,o:(^j), 



then i ft = v^' ^' + . . . . + t;^ "^-^ — v*** "*' — .... —v"^"^ 



-4^2a;\_. /I, 1 ,...., 1\ 
~^\Xar) ^\p,p-\,...., ij' 
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where the dissection is supposed to be of the kind (I) ; hence 

8 = Xar—{p,p— 1, . .. ., 1), «' = 2a^ — (1, 1, .... , 1). 

Thus the factor at the k^^ (a) loop 

_e^ts, _ _ - . 

and the factor at the k^^ period loop of the second kind is 

g— 2ffl (fft;' + ir»,»)^-7rt>* 



gTTiZa,. 



=:(_l)p-fc+le-3^»M' + *r.,J. 



In particular we may take ni, n,, • . . . , Up^i = a^, o^, • • • • , ap_i, and Jfl = w'**'*' ; 
then, with the dissection (I), the function o/x given hy 



^{x — aj)... .{x — ap_i)V(2 — aj). .. .(z — a^^i) 

hxia the foUavoing properties : (i) t< vanishes when the plax^e xis at the place z, to the 
first order, and vanishes p-^1 times at infinity ; (ii) it has no infinity ; (iii) m(a-, z) 
= — w{z, x)] (iv) ai every hop of the first kind it has the factor — \] at the kf^ 
loop of the second hind it has the factor 

In the elliptic case the function is the odd theta function ; in case jp = 2 it is 

Section V, 

On the construction of the function 3. 

If Bile be an elementary integral of the third kind, with 2;, c as infinities, 
chosen so as to vanish at the place k, and be further such that 22^; ^= ^; |, then 
there will be an equation of the form 

wherein JJ'' * is Riemann's normal elementary integral of the third kind, 
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ti"* ^ • • • . , t^* ^ are any linearly independent integrals of the first kind, and the 
coefiicients a«^^ are constants such that ai^^^^aj^i. Taking then arguments 
t^i, • • . • , u, , of which the periods of Ur are 26)^^ i, . . . . , 2o,^ p , 2a)^^ i, . . . . , 2^^^ ^ , 
these being supposed to satisfy the necessary relations (B, 197, 285), and deter- 
mining the arguments v^ • .• • , Vp and the matrix r by the equations denoted by 

the function ^ i ^ i T ) ) is given by 

wherein au* = SSa^t^t^,, etc., and the summation is in regard to each of 

Wi ,...., rip from — oo to + oo. Thus the function is equal to c"**' © Tt? U C^j) - 

Associated with the functions ^{u) there are, beside the periods 2^, 2q>, certain 
other quantities 2)7, 2)?' which are the negatives of the periods of the integrals 
of the second kind ij' *,.... , ZJ' • which arise (B. 194) in the equation 



i=i 



wherein (2, «), (c, d) are the values of {xy y) when x is at the places «, c respec- 
tively. 

The general form of jBJ; J in the hyperelliptic case is 



!?.,»_ rr^* dz 2yg + i^(cr, g) 
''''~JicJc T'T' 4(a; — z)» ' 



^ y ' 8 ' 4(05 — zf 

where F{xy z) is any rational integral polynomial, symmetrical in a;, 2, of order 
p+ 1 in each, which satisfies the two conditions (B. 316) 

in case the fundamental algebraic equation be 

it can easily be verified that a possible form for the function F{x,z) is that 

given by 

p + i 
/{x, z) =2a5V 12X,, + ^i^i{x + z)y, 
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and any other form for F{xy z) differs from /(a, a) by an expression of the form 

{x — z)\x, 2)^.1, 

wherein (a?, z)^^i denotes an integral sjrmmetrical polynomial of order p — 1 in 
each of a and z ; conversely, the ip{p+l) coeflScients in {x, z)p^i are the arbi- 
trary constants of the integral i^;^; by the suitable choice of these the quanti- 
ties a^ in the definition of the functions ^ may be made to take any assigned 
values. 

Another possible form for the function -F(a;, 2), than the one /(sc, z) above 
given, is that given by 

4[P(a')C(2) + i'(«)«(a:)], 
where 

P (x) = {x — a,) .... (x — ttp), Q{x)=^ {x — Ci) . . • . {x — Cp){x — c). 

Still another form for F{xy z), which is of great importance, may be most 
shortly defined thus : in the equation ^=/(x) put x = Xi/x^, and write it in the 
form y*a^+' = aj'+', the notation on the right being the ordinary symbolical 
notation for binary forms; then a possible form for F{xj z) is that given by 
2aS+^a;+V^f ^^^■*"^- The advantage of this form is that the resulting integral 
JB;;^ is covariantive under cogredient linear substitutions of the variables x, z 
(cf for example Klein, Math. AnnaL, XXYII (1886), p. 467). 

In what follows we shall, unless the contrary is stated, suppose the arbi- 
trary coefficients in the polynomial F(x,z) to be left undetermined. Writing 
then the expansion 

we may suppose the coefficients c<, ^ to be at our disposal. 

Skction VI. 

T%e expression of (he quotients 0/ the ^ /mictions with one suffix by means of 

algebraic functions. 

In this section we suppose the Biemann surface dissected in one of the ways 
(I), (II), (III), (IV). We shall however ultimately adopt (I) as the normal 
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method of dissection. We use the following notations, other than those already 
introduced : 

P{x)={x — ai) (x — a,), §(») = (aj — Cj) {x — c,)(x—c)i 

2^=4P(x)g(x).=/(x); 
F{x)=(x—Xi){x — Xs) .... (x—Xp)', 

«,= «•"•• + «?•"«+ +t^'*, (t=l, 2 p) 

wherein , » /^ »*"*<& 

•'* If ' 
F,= FJ»- +!?••-•+.... + FJ*'*, (t= 1, 2, p) 



where 



* P'{ai)Ju x — a^ly 



and *Jf (oj) ^ 2Va( — Cy»</ai — OiVo< — ^ .... Voj — c, 

i" («() = («« — OiX<»< — a») • • • • («<—<»») ; 



then 



„.. »_ 2ai r'«, * _L I 2qp yn, k 

V/' (ai) V/' (a,) 



and 3_2/a,^8, . »_i 3 \ 

(» = 1, 2 ,i)). 

Further, putting 

P(a;) = «»• + AiSB"-^ +....+ A,, 

we have 

ZM = a!J'-i + (a, + Ai)a:'-»+ .... +(aP-»+M-«+ .... +Ap_0 

= a'"^ + «i K)a5^""' + ..••+ Xp-\iflr\ Bay, 

80 that 

«f"' + «iK)ar-'+.-.. + ;Kp-i(ar)=0 or P'(ar), 

according as i :^ r , or i = r ; 

.1 P' (a) 
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we shall, immediately, introduce a constant Xr, given, for a proper determination 
of the sign of the denominator, by 

(iV/'(aO/4)* ' 

with this we have 

IfX,(i denote either linear functions x — 6, b — sc, or differences such 

as &< — bjj between values of x at the finite branch places, we mean by ^/X/Lc .... 
the product ^/a^^//L^. . . . , where VT, ^//Lc,.... have the values previously 
assigned to them. We have already introduced V/^ (a,.) defined according to 
this rule. 

If, in the variable T^, we suppose a^, . . . . , Xj, to be respectively near to the 
branch places ai, , Op, and put «< = a< + <J, we easily find that F,*'' *" van- 
ishes to the third order when r^i, while T7*'**= <«; hence when a?i, . . . . , ajp 
come to Oi ,...., Op , the variable F, = <<. 

For the integrals FJ see B. 169; they are more convenient for our purpose 
than Weierstrass's integrals (B. 326-6). 

We find the following equations to hold for the dissection (I) : 

V(— 1)^-^/^(0,) ==t^-VFKr , ^^{-l)'"'^'P{Cr) = i''^'•^WT(^ , 
V (_l)P-r.ng(^ =t^~^+V"^(^, ^ /(-l)p-^^g(a, ) =i^--+VgK)", 
V(_l)p-'-+ij^(^^^ _(_^-)p-r+vjP(^^)^ ^/(— l)'-''+ii^(c,) ={-iy-'^WF{cr), 

where in each case, except the last two, the expression under the square root on 
the left side is merely an abbreviation for a product in which each factor is a 
positive difference, that is, for a difference in which the branch value subtracted 
has a lower position in the ascending order of the branch places than the branch 
value from which it is subtracted ; for instance, in these equations, ( — iy^^'P (a,.) 
is an abbreviation for (a,. — Oj) .... (ar — «r-i)(«r4-i — «r)- • • • (^p — Or)* The 
same equations hold for the dissection (III). In the cases of the dissections (II), 
(IV), the i occurring on the right side of these equations is to be replaced by — i. 
The expressions (— l)'-^+*i^(a,), (— l)'-"'+^i^(c,), in the last two of the equa- 
tions above, are abbreviations for 

(a,. — xi) {a^ — Xr^^{xr — a^ (xp — a,.), 

(Pr — aJi) {Cr— »r-l)(«r — Cr) (Oj, — C,.), 
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respectively ; they are introduced merely to enable us to write the formul® more 
conveniently. In the standard case, when the branch values c^, a^, . . . • are real 
quantities in ascending order of magnitude, the expressions occurring on the 
left sides in these equations, except the last two, are real quantities. 
Consider now the functions 



The quotient 



o7, (u) / ^a^i-c.....Vx,-c. 



is, on the dissected Riemann surface, a single-valued continuous function of each 
of Xi, . . . . , Xp, without zeros or infinities (B. 309) ; its value when the arguments 

u vanish, that is, when x^ = a^, , Xp == a,, is + 1 . As the square of this 

function is + 1 , the function itself is + 1 . Thus, in the case of the dissections (I), 
(III), we have 

_ V(— l)'-^+^J?'(c/) 
V(-l)'-'+>P(c,) 

(cf. Weierstrass, Math. Werke, I, 1894, p. 330, remembering that the branch 
places are here numbered in the reverse order. Cf. B. 569). 
The function 



"^^^""^ T{^/ ^(0) ' 



when »!, x^ approach respectively to ai, • . . . , o^, is equal to t^] hence the 

quotient 



alr{u) 



\/xi — g^ . . . > Vgp — ar 
woy—CL^ .... Vop —a,. ' 



wherein, in the denominator, there are p— \ factors \/a« — a,., is (B. 309) equal 
to + 1 , namely, for a dissection (I) or (III), 



^ ^ (- *)-* (»r- VP' (a,) - ^ *^ Vi* (a.) ' 



V(— i)>-'+^i?'K) 

V(-l)p-'P'(a,) • 
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From these results we can deduce values for the quotient 

we limit ourselves to the dissection (I). 

We have !*;»• «« + t*?* «• + + tif* <» = O , (r = l, 2, . . . . , jp) 

and (B. 285) 

»(!*+lfhK))_^... ^ 



»("+*"J " »(«l»(«))' 



if, therefore, in the expression obtained for clr{u), we put Xi, , . . . , x, respec- 
tively at Ci , . . . . , c,_i , c, c,+i, c,, in which case «< = t^* *', we obtain 

y(0) _/'_,\F-r+iA ^^(c^— c,)(q,— c,) . . . (<V-i-c,)(<>— c,.)(c,h.i— c,) . . . fa— c,) 

from this equation we define one of the square roots of V/'(c,)/4 by the equa^ 
tion 

and hence obtain 

^(«) (^^/'fa)/4)*' 

and we put similarly 

(V(_l)»-»r + »/r(c,)/4)» or (»*-*- + V7n(^* 

equal to (- %)' - + » (V/ (c,)/4)» ; 

that is V(— l)'-' + 'P(c,) » (0)/3 (0 1 «•• '^) 

46 
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and 80 obtain ^{u\u^^^) _ V(— l)^"^-^^i^(c,) 

Cf. Weierstrass, Math. Werke, I, 1894, p. 135. 

Next, if in o^. (u) we put ajj, . . . . , ajp respectively equal to Oi, . . . . , a,..i , a, 
Or+ij f <^py and therefore u equal to w*' **, we obtain 

where {DV,\t is the value when a; = f~*, and t is small, of the integral 

/>(«,)./. x — Or 2y ' 
and is therefore equal to 

hence we ha™ ^'"^ 

'b;(0)|t^»')J ^f(ar)/4' t 

— 1 :/ l\t>-r + l.-. V(«l— gr) («r-l — ar)(«r.|.l— «r) K — ^r) 

We define now one square root of Wf {ar)/^ by the equation 

(»v/'(a,)/4)*=i(- i)'-vp>;)^(o)/3;(o|u«'«'), 

and hence obtain 

3(«) (iV/'(a,)/4)'' 

further, we put 

(V(— l)»'-«'+y'(a,)/4)*, or (t*-«'+V/'(a,)/4)* 
equal to (—»)'" '(*V/(a,)/4)*, 

that is, to i»-'- + VP'(a,)^(0)/3;(0|«^'^), 

or tVC-l)'-' 'P'(a,)^ (0)/^^ (0 1 «»• '^) , 
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Cf. Weierstrass, Math. Werke, 1, 1894, p. 135. 

The results thus obtained may be summarized as follows : 



Let ., _ (— l)''~Vi*(ar) _ Vi-iy-'Pjar) ■ 

' ~WFWW (v(-ir-*'+y'K)/4y' 

where the signification of the denominator is determined by 



3;(o|m».'».) _ 



also let 



so that 






then we have 
3 






f^ri 



Appendix to Section VI. — The Elliptic case. 




Bepladng c,, ai, c respectively by c^, e^, e, we have 

t* = tf*' *« = «"•*« — «'"•* = w + o' — ZT", say, 

»(u|««'*0 = ^(« + «'-^|*(o))= '^(-^|*(i)) = 
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where the notation is that of Weierstrass (cf. Formeln u. Lehrsatze, or Halphen, 
Fonct. Ellipt., I, p. 262), and b is e-<' + ''><^-*- -*-'>; also, iiuj^i — Vr 

_ ^{ 

where ^ is the quantity so denoted by Halphen, p. 269. 
Therefore our results give 

— *3i72q^/ (e, — e,)(ei ^^ = ^o = » _ * ^ 

A=« — ^^^8 — % _ ^«i — ei 

"S7 ^ CV(ei-e.)(«x-«.)r 
and 



Comparing the forms for 3^/3,, 3j/^„ 3o/3, with those given by Halphen, 
Fonct. EUiptiq., I, p. 258, we immediately see that the determinations adopted 
by us for the square roots are given by 

W{et—^)^^ — Ot)y = — ^«» — «»'^«i — ^. 

(-s^Cci— «i)(ei — c*))* = x^ei — e.'C'ei — «i, 

and that, with these determinations, the values found from our formulsB for the 
quotients 3,(v)/3,(t'), \(v)I^{v), ^t{v)l^{v) agree with those given by Hal- 
phen, p. 260. 
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It is to be remarked that the formulaB of Halphen contain one, namely, 
j^ei — tf, = Y-|5- ^81 of which we have not put down the generalization. This 
is given by Thomae, Crelle, LXXI (1870), p. 216. 



Sbotion VII. 

I%e expreasion of 3 functUma of two or more euffixea algebraically. 

If in general the quotient ^ (w | w** ^« + . . . + t^» ^)/^ (u) , where 6i , . . . , 6|, 
are any finite branch places, and the characteristic is not reduced, be denoted by 
?»!». .... »» W » *^^ for A; > 1 , the quotient, of two determinants of the p^ order, 



Tzir 



!••••!•'? 



I • . • • , 1 



wherein % — ^Jc—l ori(i— 3), /i«=ji— 1 — Ji or p — ^{h+\), according 
as A; is even or odd, and ^ (as) = (a — &|) . . • • (x — 6^) be denoted by ti^, ... ^^ ; 
then (B. 312) we have 

namely, 

.7-1 I *r »••••!**» * 



^(M|«»''")3(tt|u'»''»') ^ ^ 



where C7 is a constant. We proceed to determine the value of O*. 

Let tt* *» = i (^^ J ,«**• = i K V the notation being as previously explained. 
Then ift> = t» + ti^*'+ IV ,. , where £i^ ,. denotes a period, we have (B. 
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where the characteristic denoted by t^» ^» -f ti^ *■ is unreduced, namely, is 

and if t? = t^'>' «• + .... + v^*^ ^^ 

i^(a;) = (a5 — Xi)....(a? — »,), 
<?(»)= (a — »i) ••••(« — 2p)> 
the right side is equal (Section VI) to 

Now from t^'*' *' + ... . + «*'• ^ + t*^** * = ft^ ^, , 

it follows that z^^ . . . . ^ z^^h^ are the zeros, and x^, . . . • , x,, a are the poles of 
a rational function, therefore given by 

(cf. B. 318), and hence it follows that 
and therefore that 






►»(«|««-*')^*(«K*') ~ \ V^ ' ^'-♦Zd (SB, _ J,)(a^ _ 5,) ^/ (jB,) J ' 



where for A = * (j^) , ^a = * (^) we have (|») =e-«''. 

This equation is true in the case of either of the dissections (I), (II), (III), 
(lY) ; supposing the dissection to be of the kind (I), and that, in the ascending 

order of the branch places, 6| is higher than 61, we have (]f){^\ — ^«) 

= 6, — 61. Hence, retaining the notation t**- »• + «». n for the sum, tokhota 
reduction, of the characteristics denoted by u"* "■ and i**' ^, we may write 
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where e^^^j^ is ±1, but is perfectly definite. We do not here determine its 
value. ' 

Now let &i, &a, b^ be any three finite branch places, which, for definiteness, 
we suppose to be in ascending order. Then we can determine in a similar way 
the constant factor in the algebraic expression of the square of the function 

For denoting ^ (u | w*' *» + 1*** *• + w*« *») momentarily by ^i^ (u) , etc., and putting 

where the sign = indicates that the expressions on the two sides may difier by 
a period, the function 

_ /5«> 



- {b^^- ^'^t* 2 {z,-b,)(z,-b,) & {ziii 



where «< is the value of jf when x is at Zt, and Zi, . . . . , z, are zeros of the 
rational function 

expressing that z^ • • • . , 2*p are zeros of this function we derive that 

9 

,?x(2r-&.)(^-J,)<yW 

~ ,ti(2r-6,)K-i.)0^K),t{(a^-M(«V-x,)^(x,) 

^ _ VV (g,-6,)^(g,)y, / 1 1_N 

" ~ V=ii ll (X* - b^x!- h) F' (x.) [^'- *» + (*»- *») G(^] 
~" 6,-68 G^(ft,) "'*• 6,-6, (7(6,) '**•»•' 
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now we have seen that 

therefore 

if ____f!_____=: 2_(^J L.\ 

= __2_y ^* 

^.i, ^.». iti («i — M(«i - 5,)(ai - ft,) F' (xt) 



y(u 



Hence we have, for either one of the dissections (I), (II), (HI), (lY), 
u«. >. + u«. >. -t- 1^ *.) y (n) _ ^ (a) y (t«) 
K^*')y(«|w'''')y(«|W'*0 " ^(u)is(»)^5(») 

_ y»,(ti)^(«)^;,(«)y(u) ^(u)y(u) 
~ ^L («) »i; («) sf (u) ^ (u) • ^ ^u) ^j (u) 

which, in the case of the dissection (I), is equal to fl 

i(6a-6.)(6»-&i)(**-*i)<v.; 
we can therefore write, on the whole, 

>,(«)^,(«)^,(«) 

wherein the ± sign denoted by ^its is perfectly definite, it being remembered 
that in ^mC^) the characteristic is the sum, toithoiU reduction^ of the character- 
istics in ^1 {u) , S| (t*) , ^s (w) . 

We now proceed to show that 

*ia = — ^ss % ^u > 

where 612 = e^i, % = fi8» % = Cts ^^^ the signs before introduced. 
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For denoting Tt^^b, as 7ti2(^), ^^^ remembering that it is a periodic function, 
we have found that 

while also, in case of the dissection (I), 

-r«^ - 2^_ ^«»(t>)^(t>) _ 2fa 3u,(«)^(«) 



__2^_ icu8?t»8 (") V(^8 — b,)(h— bi)ibs—bi) 



— 4e>8 6u8 ^la («) 
eu«i8 tu(w)ni8(w)' 

and comparing this with the former result we have the equation in question. 
The obvious equations 

'*18 ''m = (^ — ^) "iMt 

(6, — 6,)n«, + (6, — *i)'t8i + (ii— 6f)»t„= 0, 
give 

-(6,-6,)(J,-6,)(6i-6,),^ = (J,-6,)74 + (J8-ii)»4i + (*i-*»)»4. 

and therefore, for the dissections (I), (II), (III), (IV), 

-®(t)®^w»i.(») 

= (§) ^ («) ^ («) + (I;) 3S. (») ^ W + (^ Si. W ^ W ; 

in particular, for the dissection (I) we have 

y («) ^!a («) = ^J (t*) ^is («) - ^1 («) 3}i («) + ^ (w) 3*„ («) , 

an equation which, for our purpose, is of importance. 

The corresponding expressions for functions of four suffixes may be set 
down here. We have 

and hence we find 
and 

46 



1 
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thence we deduce 

(6. - h){b, - J,)(6i - h){b, - b,){b, - b,){bs - b,) T^ 

= (h-b,){b,-b,)74,7e,,+ {bs-b,){b,-b,)7i,7i,^ 

Section VIII. 

The first terms in the expansion of a function of one^ two or three suffixes. 
Putting 
^{u\v!^^)-^{0)\_A,u^+ .... +P,w^ + (t/i, . . . . , w^), + (wi, A)8 + ••••] • 

where (wj, , t^^)* denotes an integral polynomial in Wi, . . . . , Wp of order fc, 

we have from the results of Section VI, taking -Xi, . . . . , a, near to Oj, . . . . , a^ 
respectively, and Xk = a* + 5, the equation 

= ^ K + ^~ia:i K) +....+ v^Xp-i K)] ; 

hence the first terms in the expansion of 

^' 3(0) ' 
that is, the linear terms, are 

this may be symbolically denoted by 

EH, 

I — a,' 

where, after the division of P{^) by | — a,, we are to replace $*"' by m, and 
P by «!. 

Consider next 



/ 
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and suppose that hi, h^ are taken from among the p branch places a^, , a^ 

and are in ascending order, it will be sufficient to consider the case when they 
are respectively a^ and a,; then denoting Sa^^^ by bi% and supposing »*. = a^ + 4> 

for jfe = 1 , , py the quantities <i, , <p being small, we have to the first 

approximation 



so that if 



= WbVoj — ai jj^ (/IJ F, — Xf Fj) ^^_^ 

«i — Oa -■ 

the expansion of the function 

Va, — ai 3(0) 

begins with 

this expression may symbolically, as just explained, be denoted by 

that is, by P(|)/(^_a,)(^_a,), 

where, after division, we are to replace ^'""^ by Ut and ^^®^ by i^. It is to be borne 
in mind that in this statement the characteristic denoted by ti**' *» + u""' *« is 
unreduced. 

Putting now 



?28=«M^a« — «f. ^Sl=%^^a3 — «!« ?M=%^^«8— «li 
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where a^, Ot, a, are in ascending order and chosen from among the p branch 
places aj, . . . . , Op , and e„ = Ca^, etc., as before, consider the equation 

which has already been established (Section YII). Writing for the moment 
we have 

— <l\2tqz ry yi y Vi i 

and, for small values of the argumente the first terms of this expression, as 
follows by what has just previously been established, are those symbolically 
denoted by 

2 1 rP(^) P{i') _ P(f) P(g) -1 

a,-a, Xx X,X, U - a, • (f -ai)(f - a,) $' - a, (? - aO(^ - a,) J ' 

where ^' is a symbol equivalent, in its interpretation, with ^ ; hence, if we put 

the first terms in S^ (t^| w*' •' + t^*' •• + w** **)/^ (w) are those symbolically 
denoted by 

^^«'(f)4'U0[(e-«8)(«-«i)U-«.)-(^-«.K^'-«i)(^'-««)]/(«.-«.); 
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now, 80 far as the interpretation is concerned, 

(f-a.)(^-ai)(|-«.)-(?-a,)(r-«i)a'-a,) 
= (f-«.)(r-«i)(f-a.)-(^-«.)(«-«i)(f-«») 
= Ka - «i)Ur - a.)(^ -«.)- (e' -««)(«- a.) } 

-(f-«i){(^-a.)(f-«.)-a-«.)a'-a.)n 
= *[(«-«i)(«-{')(«.-«.)-(f-«i)(^-^')(a,-«,)] 
= *(«-«')'(«.-«»). 

Thus, finally, we may state the result by saying that the function 

has for the lowest terms in its expansion those of the second degree in t^ , • . • , u, , 
which are symbolically denoted by 

Thus, for example, when jp = 3, 4> (^) = 1, and the function begins with the 
terms denoted by + i (^ — 10*> namely, 

while, for j> = 4 , 4> (5) = ^ — a^y and the function begins with 

-*a*(f+r-ir-ef) 

Cf. Schottky, " Abriss einer Tbeorie der Abelschen Functionen von drei Yariar 
beln" (Leipzig, 1880), p. 149, and Burkhardt, Math. Annal., XXXII (1888), 
p. 442. The form ^ (x) = P (»)/(» — Oj) . . . . (a; — a^) is in fact that denoted, by 

Klein, by ^ + *-*', associated with 3'(u|t«**' + 4-«^*). 

The results obtained in this section may be summarized as follows : Let 

/..x _ ^ >t. ;i, ^ (u I M^ •' + ««•* + tt*^ *) 



1 
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where the characteristics are unreduced; then the first terms in the expansions 
of these functions are, respectively, those denoted by 

' P{i)l{i-ar), P(^)/(|-a,)(^-a.), i ^ (^) 4, (e)(| - f % 

Section IX. 
Expreesion of the function ^{u\u^'^' +.... + u^^ **) in terms of /mictions 

We have, for the dissection (I), and when the characteristic -denoted by 
u*' *' + t^*"' *• is unreduced, and the places &i, &i, ^si are in ascending order, 

we write 

»..(„)=^("i'^;+"--), 

the characteristic being unreduced. Further we write, for the present, 

S.,(t«) = ^ («!«•'»'). ^8 = ^ («!«"• *' + »••*•). etc. 
Then we have found 

and '<is — '«»=(*i — *8)'«u8. • 

80 that 

1 ^ig(M)3-(t*) L ^(tt)3-(«) _ \—\ ^i»(«)y(«) 

or 



— b 18 b SI b U 
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and it is manifest that the function 

^1 («) »«s (^) — ^« (^) »u (^) ^ 
61 — 6g 

being equal to 3'(tt) 3'i28(«)/^»8?si?w. is unaltered by the interchange of any two 
of the suffixes 1, 2, 3. Further (B. 286), if a'- »• = (^) , m*^ *• + ««• *• = (^) , 



_J^(«)-!W„/y r ^1 («) »»3 («) — ^ («) »» (") . 



we make frequent use of this fact in what immediately follows ; for the sake of 
brevity the right hand will be denoted, more shortly, by 



Also we put 



Via....fc = S12S18S28S14S»4b»4'* • • blkbl* • • • • b*-l,»» 



where any symbol ^,, = 6„.V^6r — *«> the diCFerence being taken so that 6,, br 
are in ascending order. 

Consider now 2n indices 1, 2, 3, , 2w ; divide them into two sets 

Z),= (6,,-6J....(6,,-6,J(6,.-6J...-(6,,-6J,...(6^^^ 

^» = (^, — K) — (*#i — 0(*i4 — M — (*•.— M — (^.-1 — *J; 



then we proceed to show that 






4>r;., 4^1 



rn8i TrnMt 



1>^ 



Tmtn 



Vl«. 



.(»•). 



^.i^n 



and further, taking (2n+ 1) indices 1, 2, 3, , {2fn+ 1), and dividing them 

into two sets ri, ...., r^ and ^^ ^s > • • • • » ^n+i i ^i^^ putting 
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as before, and 

-EL + i = (*«, ~K) (K — *«.+i)(*». ~K) 

= ^n{bg, — i*.+i)(ft«, — *«.+,) (&8. — *8»+.), 

then we proceed to prove that 



^<-'(«)^.. ..»-+«(»»)= 






DnK + l ' 



the latter result has been shown to hold for w = 1 ; we deduce that if the latter 
result holds for any value of n, then the former result holds for the value n+1 , 
and that if the former result holds, the latter result holds ; by combining these 
we have the truth of the theorems in general. 

If in the latter result we increase u by ii^'\+i, we obtain, dividing out by 
a certain exponential factor, 



^i:V.(^)^m....(8n+2)(t*) 



i?.ig.+i - 



Vl«....(2n + l) 



»••••» Sr,^.i%^i4^r,^i«,+i 






^-ftr. 









ftr— 6r 
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and hence 



^"(«)^K. ....«» + »)(«) = 









^'•.+i»i ••••^',+l«.^ 



Vl8....(8n + 8) 



Further, assuming 



^^-nt*)^, ...(».)(«) ^"^" 



Vl» .... C8w) 






we obtain, increasing u by w«»^««+,, and dividing out by a certain exponential 
factor, 

^i:-"(«)^,....e.+,(«)-Ai = 

Vu .... (t») 



*.. — *^.+. 



K-K,. 






>''i«.4.i • • • • Sr.«. + ia»i» .. + i • • • • >«.». + i *^«. + i 

■" (*..- i^,.). •••"(*.. -*^ J ^"^ 






4>r^.f » 4>V.. 4>r,«. + i 



SO that 



^"W^12 ...». + lW = 



47 



S'Hj f • . • • > ^«, > S'g^ + i 



Vl» .... (gn-H) 
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Summary of Section IX. 



These results may be summarized as follows: Let ^Ij , vlj, . . . . be any quan- 
tities whatever ; let 

where bi,....,bj, are any finite branch places, and the characteristic is unre- 
duced; let ^n = ^r/^K — 6^, where the difference is to be taken so that &«, 6^ are 
in ascending order; let Vi....* ^^ the product of all the ^1c{h — 1) quantities ^„ 
in which r , 8 are a pair of different suffixes chosen from 1 ,...., A;; then putting 



<j{u) 



^(0)' 



<^12.... (Sn 



Aj/ig 



Vl2.... l»«) ^(0) 

+ !)(») = ^'j"""^ ^-'- ^^•••oTJ:"^"^ (n = 0, 1, 2,...) 
V«....(»t + i) »''v"; 



we have 



(Jl''-"(«)<T,3....(J!,)(W) = 



and 



<T<")(«)(ri2....,8„+ !,(«) = 






I>»K' 



^«^« + l 



where, in the former, if rj, . . . . , r„ and «i ,....,», be any decomposition of the 
indices 1, 2, .... , (2n) into two sets of n each, then 

■D„ = (6,, — 6,.) (6r, ir.) if>r, *r.) (^r. " *r.) (*r._, — ^r,) . 

K = {h-K)'--'(Ps.-K){K-hy'.-{K-K)"--K--K)^ 

and in the latter, if ri,..,., r„ and «i, . . . . , ^n + i be any decomposition of 
1, 2, • . . . , (2n + 1) into two sets of respectively n and n + 1 terms, then D^ is 
as before and 

E^^^ = E^ {b,^ — 6«,^i)(*8. — K+d • • • • (*«• — K^i) • 

In these results, as already stated, fti, . . . . , ftgn + i are any finite branch 
places, and, correspondingly, ^i, . . . . , /l3n + i are arbitrary quantities. 
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But in the application which we make of the formulaB, Jj, , &i» + i will 

he chosen only from the p branch places ai ,...., a^, , and^ correspondingly ^ 
Jli, . . . . , Jlgn + i wUl have the valves before assigned to them {Section VI). It 
follows then from the form of these equations that, in the expansion of the a 
functions in powers of Ui, . .. . , Up, the function o'i2.... (2n)(^) will begin with 
terms of degree n, and the function o'i2....(»n + i)(^) will begin with terms of 
degree (w + 1). In other words, <T„....jfc(t^) vanishes to order ^k or i{Jc+ 1) 
when the arguments Ui,....,Up vanish^ and has parity ( — 1)**, or ( — 1)*'* + ^) 
according as k is even or odd. We shall obtain presently the actual forms of the 
leading terms in the expansions of the functions, from which it will appear that 
the functions agree with those considered by Klein. In fact, for k=^ 2n the 
function P{x)/{x — a^) . . . . (x — a^) is to be identified with that denoted by 
Klein by ^^J"*"^"^, the additional factor being x — a which is here to be 
replaced by 1 ; the i A; is to be identified with the symbol (i used by Klein ; in 
other words, the function (Tig .... (8„)(w) is that whose algebraical characteristic is 
given by the decomposition 

{x — a)P (x)/{x — ai) (x — ajfc) ; Q{x).{x — ai) {x — Oj,). 

Similarly for A; = 2n + 1 , we have (i = i[k+ 1) , and Ci^ .... (an+i, (w) corresponds 
to the decomposition 

P{x)/{x — ai) .... (x — %); (x — a) Q{x){x — ai) . . . . (x — a^). 

(Compare B. 436). 

We now obtain the leading terms in the expansions of each of the functions 
^18.... (0»)(^)» ^12.... (»ii + i)(^)- The deduction is an immediate consequence of the 
fact (Scott, "Determinants," Cambridge, 1880, p. 121) that the determinant 



Xi — ai Xi — a^ 



is equal to 



xi — an 



x^ — ai' x„ — Og ' ' Xn — an 



{-iy^^^-'^l[U{x,-Xj)l[l[{a,-aJ)/^^^ 

i<J i<J i=l 
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From this we find (cf. Section VIII, Summary) that if ^i, . . . . , ^« be equivalent 
symbols, to be afterwards interpreted by the rule 

f;-^=:t*„ kT = u^, (i= 1, ..., n; r=2,...,2>) 

and ^{x)=P{x)/{x — «i) • . . . (a: — agj, then the function (Tig.... (,„)(w) begins 
with the terms denoted by 

where A (^j, . . . . , ^,.) is the product of the squares of the differences of the quan- 
tities fi, , fn- While similarly the function (Th .... »» + !) {u) begins with the 

terms denoted by 

(n+ 1)! ^^^^^ ^ (fn + i) A(fi, , . . . , f„ + i), 

where ^{x) = P {x)j{x — Oi) . , . .{x — agn + 1) • Cf. Burkhardt, Math. Annal., 
XXXII (1888), p. 442. 

Section X. 

Expression of the square of a theta function of three or more suffixes in terms 
of the squares of the functions of one and two suffixes. 

The results of the present section are conveniently representable in terms of 
the algebraical expressions known as PfafiSans, in regard to which, therefore, 
some preliminary remarks should be made (cf. e. g. Scott, ''Determinants," Cam- 
bridge, 1880, p. 74). 

Let (12) denote any algebraical quantity, and (21) = — (12), and let 
(12 ... .^) denote the integral rational expression, of order k in the quantities 
(rs), which is defined by the equation 

(12 A:) = (1 2)(34 k) — (13)(246) k) + (14)(235 ....k) 

— .... + (1A;)(234 ft^=T) 



= (12)(34) ....{k—lk)± , 

where the other terms of the latter form are obtainable from the one written 

down by interchange of the indices 2, 3, 4, , with proper changes of sign. 

We suppose k to be even, = 2n ; when k is odd the function vanishes identi- 
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cally. The square of the function is equal to the determinant whose {i,j)^ 
element is (ij) when t<y, and — (ji) when i >y. 

In regard to this expression we utilize the two results : 

(I). If in the expanded result every element such as (12) be replaced by 
{xyl2), that is, by 

{xy){12)-{xl){y2)+{x2){yl), 

X and y being indices other than 1, 2, , 2n, the result will be 



(xyY"^ {xyl 234 2n — 1 . 27i), 

namely, we have 



{xyl 2){xy34) . . .{xy2n — l .2n)± . . . = {xyf-^ {xyl 234 . . . 2n — 1 . 2n) . (I) 

For instance, n being 2, it is easily verified by direct calculation that 
{xy\2){xyM) - {xyn){xy24) + {xylA){xy22) - {xy){xyl2M) . 



(II). If in the expanded expression of the Pfaffian (yl23 27i+l), 

namely, 

(yl)(23)(46) .... (2n.2n+ 1) ± . . . . , 

we replace every element whose symbol does not contain the index y, such as 
(23), by a Pfaffian of four indices (xy23), and replace every element involving y, 
such as (yl), by the corresponding element in which x replaces y, namely (a;l), 

the result will be 

{xyY{x\ 23 2n+ 1) , 

namely, we have 



{xl){xy22){xy4b) {xy2n . 2n + 1) ifc = {xyY{x\ 23 . . . . 2n + 1) . (II) 

For instance, when n = 1 , we have, as is easily verified, 

(xl)(xy23) — {x2){xyl2) + (a:3)(a:yl2) = (a^)(xl23). 

To prove (I), notice that the expansion 

[(xy)(l2) - {x\){y2) + (ar2)(yl)] .... [(xy)(x/3) - {xa){y^) + (x/?)(ya)] .... 

[(xy)(2n— 1 . 2n) — {x2n — l)(y2n) + (a2n)(y2n— l)] ± 

is {xyy{12S....2n) 

+ (a^y)*"' (12)(34) .... (2n - 1 2n)(x/?)(ya) =1= . . . . 

+ (xy)"-» (12)(34) .... (2/1 - 1 2n){x^){ya){x^'){ya^) ± . . . . 

■^ • • • • 

+ {xfii){pefit) .... (x^»)(yai) (yaj ± . . . . , 
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wherein, in the second line, the product (12)(34) .... (2n — 1 2w) does not con- 
tain the factor (a/3), and in the third line the product (12)(34) . . . . (2n — 1 2n) 
does not contain the terms (a/?) , (a'/?') , and so on. 

Now the aggregate of the terms in the last line, which are those in which no 

factor (xy) enters, is zero ; for to every term {xfii) (a:/?.)(yai) .... (ya^) we 

may make correspond another term, also occurring in this line, which differs 
from this one only in the interchange of two of the indices j^j ,....,/?„ ; on 
account of this single interchange this corresponding term will have a different 
sign from that of the term written down, and the two terms will cancel one 
another. 

A similar argument applies to every line of the expansion except the first 
and second ; for instance, in the third line corresponding to the term 

(x^)"-' (12)(34) .... (2n - 1 2n){xfi){i/a){xfi')(ya') 
there is a term 

(xyr-»(12)(34) .... (2/1 - 1 2n){x(i%ya){x^){ya') , 

which, on account of the interchange of fi and ^', has a different sign from that 
of the term written down. 

The first and second lines together clearly give 

{xyY^^ [(xy)(l 23 2n) — {xl){y2S 2n) + {x2){yl3 2n) — ] 

= {xyY-^{xyl2.... 2n), 

which proves the theorem. 

The result (II) can be deduced from (I). In virtue of that theorem, the 
expression on the left side of equation (II) is in fact 

{xl){xyY'-'^{xy2S 2n + l) — {x2){xyy-^{xylS 2n + 1) + 

+ {x2n + l){xyY-^{xyl2 2n) 

= {xyy-^ l{xl){xy23 2n + 1) — (a;2)(xyl3 . . . . 2n + 1) + 

+ {x2n+ l)(a:yl2 2n)] 

= i^J/T"^ [(a^yl2 2n + l) + (a:y)(a:123 2n + 1)] 

= (xyY{xl2S 2n + 1) , since {xxyl2 2n + 1) = ; 

and this proves the result in question. 

In the applications now to be made of these theorems (I) and (II), we 
put S'r, (w) to denote ^{u\u^'^+ u^'^), where ft,., b^ are any two finite branch 



X 
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places, and, more generally, ^^.,„jc{u) to denote ^(w|w*'** + +«•• ^*), and 

we put, for the elements (ra) of the Pfaffians which occur, 

when r < 5 , (r^) = ^J. (w) , with (Os) = ^J (t^) , 
r>s, {r8)=z—y,,{u), with (rO) = -^J(w); 

for the sake of brevity we replace S^J, (u) simply by S'J,, and ^l(u) by ^f. 
The results to be obtained are those represented by the equations 

^«<-"(«)y„....«. («) = (12....2«). („=i,2.3 ) (III) 

which hold for the dissection (I) of the Riemann surface by means of which the 

theta functions are defined. 

The method of proof is by induction. We have already proved (Section 

VII) that 

• ^^(ti)y«,H = ^»(n)^i3(^)-^IW%(t.) + ^i(u)^!,(u), 

or, as we write it, 

y^a = (0123); 

we assume that 

y* ^!«....(8» + i) = (012 .... 2n. 2n+ 1), 

and we deduce that 

y^ % .... (8n + 8, = (123 . . . . 2n + 1 . 2n + 2), 
and 

y^+'^L ... («» + 8) = (012 . . . . 2n + 2 . 2n + 3) ; 

these suffice to prove the results (III) in all cases. 

It is worth while to illustrate the nature of the proof in detail by deducing 
from y ^,3= (0123) the next following case, namely, the equation 

^S ^ — ^2 ^2 ^2 ^2 I ^2 ^2 

^ <^284 — ^2 *'^34 ^18^54 1^ <^M ^28- 

We have, as cases of the equation ^^^123 = (0123), the following, where 1, 2, 3, 4 
are associated with any four finite branch places in ascending order, namely, 

^2 ^2 — ^ ^2 ^2 ^,2 I V ^,2 

a2 ^2 ^ ^ V ^.2 I ^,2 ^ 

•^ »a84 — •h •^ ^8 ^14 r ^4 <^3 » 

^2^2 — V ^>3 ^^ ^ -U W • 
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from these we deduce 

but from y^f^zzz (0123), by increasing the argument by the half-period t*"'**, 
we deduce 

^« ^2 _ ^2 ^2 ^2 ^2 a_ ^2 ^ 

^4 •'1284 — ^14 •^284 ^^ ^184 T" <^ <^24 > 

hence the result in question follows. In other words, the functions ^{u) ^m{'^)^ 
y (-m) ^5,34 (m) are square roots respectively of the determinants 



, 


^, 


31, 
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0, 
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0, 
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-31. 
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-3L, 


-31,. 






Similarly, for the next case, we deduce from ^'^234 = (^ 234) that 

^b •02846 — •'^126 <^346 ^186 ^iM T"<^146 ^286 1 

and hence, by substitution of the Pfaffian expressions for y^f^, etc., 
^^^12846= (012345), which is a square root of the determinant 

> ^1 f ^3 > ^8 > 3^4 , ^5 

^ , , a>i2 , ^18 , 

3^» ^121 , ^8, 

^,2 V <^ <^2 

^2 ^2 ^ ^2 

•^S* ^161 ^6> -^f 



that 



^4f ^6 
^> ^26 
^84f 3'86 
•^46 





-^f 



0, 



We pass now to the proof of the general formulsB (III) ; if in the equation 
^*'^i2....(2n4-i) = (012 271 2n 4- 1), namely, 

^,2» ^2 — ^2 ^2 ^2 o- 

•'^ •'^W .... (2n + 1) — •^l ^^ • • • • <^2».2« + 1 =^ .... I 

we increase the argument by the half-period u"* ^•"+*, we obtain 

•'^ •^n + 2^12....(2» + 2) — <^2n + 2«*'^ •'^2S2ii + 2''-«»^ *'Sn.2ii + 1 .2n4- 2 ^ • • • • , 

here the right side is 

(1 . 2n + 2)(023 2n + 2) . . . . (0 . 2n • 2n + 1 . 2n + 2) ifc • . . . , 



= [(aJl)(»y23)(a;y46) ... .{xy 2n2n + 1)± . . . .']{— 1) 



iH + l 
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where x is put for 2n + 2 and y for ; by the theorem (II) of this section this 

is equal to 

(_ l)« + i(a;y)*(a;123 2n + 1), 

= (0 2w+2f(l23 2n+ 2), 

= ^l: + 2(l23....2n+2); 

thus ^*"^i2 ....(««+$)= (123 . . . • 2n + 2). (or) 

Replacing, in the last obtained equation, w by w — 1 for convenience of writing, 

we have 

V(*-^)V — ^.8 V V I. 

<^ ^12 .... 2m — ^12 0^34 • • • • ^2m — l,tm :!-.•••> 

and hence, adding a half-period u^^+^ to the argument, 

^8m ^^8 (m — 1) ^» — ^« ^2 ^. ^ V ^.« -4- 

<^ «^2m + l ^12 .... («» + l) — ^ <^12.2»+ l<^8<^l2m + l •••• «^ «^a» — 1.2».2ii» + l =*=••• > 

= (012 2m+l)(034 2m + l) ... (0 2m — 1 2m 2m + l)zfc . . . , 
= {xyl2){xyZ4) ...{xy 2m — 1 2m) it: ... , 

where x,y replace and 2m + 1 respectively; by the theorem (I) of this 
section the right side is equal to 

(a:y)'*""^(aryl234 2m — 1. 2m) 

= (0 2m + 1)"*-^ (01234 .... 2m. 2m + 1) 
= km + i^ . ( 1 2 . . . . 2 m . 2m + 1 ) ; 

hence, dividing by ^liTVi*^ and replacing m by n + 1 , we have 

^'''' + ''^1, .... (2„ + 3) = (012 . . . . 2n + 2 . 2n + 3), (/?) 

Now as the first of the equations (III) is identical when n = 1 , and the 
second of these equations holds for n = 1 , it follows from the equation (a) that 
the first of the equations (III) holds when n= 2, and thence, from the equation 
(/?), that the second of the equations (III) holds forn = 2 , and so on. 

Two remarks are to be made : 

In the first place the two results in equation (III) are not to be regarded as 
independent ; since if in ^fg .... (2n + i) (^) we suppose the branch place b.^„ + i to be 
the branch place a, at infinity, the function becomes the function ^i»....in(«^)> 
while similarly the results for smaller values of n are to be regarded as particu- 
lar cases of the results for larger values. (Of. B. 473, 525.) , 

In the next place, in the applications which are here to be made of the 
equation (III), it will be supposed that the branch places ftj, ftg, . . . . are chosen 
from among the p places ai ,...., a^ . 
48 
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Section XL 

Proof of an addition equation for hyperelliptic theta functions. 

The equation in question is given by Konigsberger, Crelle, LXIV (see also 
B. 467). Let B^ denote the characteristic associated with the half-period u^^, 
br being one of the 2p + 1 finite branch places ; let A be an arbitrary half 
integer characteristic. Denote the 2^ characteristics -4, ABi .... Bj,, formed by 
adding the characteristic A to any combination of 0, 1, 2, . . . . , 2> of the charac- 
teristics Biy , Bp by ^1, Qi, , C where s = 2^ Then if (7 be the 

characteristic associated with the half-period w*" '^ + . . . . +u^\ every one of 
the quantities S' (0 1 CQi Qj) , where i is not equal to j\ vanishes in the hyper- 
elliptic case, though the characteristic CQi Qj is not necessarily odd. 

For 

{CQi Qj = u''^^ «* + .... H- ti'" «' + w'- • 4- . . . . + w^*- «, (0< A?>jp) 

= t^*''" — w=^»»»x— .... — u^-»'*'-s 

provided 

(a*!, . . . . , ajp_-i, a) =(a, a, . . . . , a, Oj^^j, . . . . , bp), 

wherein, in the bracket on the right hand, the number of letters a is ^, and 

is not zero. In other words, by taking ari, i a>_i respectively equal to 

ai, . . . . , a , 6» + 1 , . . . . , bp — where the number of letters a is & — 1 — we can put 
the half-period with which the characteristic CQi Qj is associated, into a form 
differing only by periods from 

this proves (B. 258) that the function ^{0\CQiQj) vanishes. 

Now, since 2^+1 theta functions of the second order and of characteristic 
zero are connected by a linear equation, there exists an equation 

a^(u + v)^{u-v)=^a,^'{a\Q,), 
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wherein a, ai, . . . . , a, are constants. In this equation increase u by the period 
£ic + £iq^ ; then it becomes 

therefore, putting w = , we deduce 

a ~ y (0 1 a+2g,)6-*'*<^+ «'>««• ' 
and therefore, assuming that ^ (0 1 w*'* *' + ..,.+ t^*" "") is no< zero, 

a ~^ y{0\G) ' 

so that 

which is the addition equation in question. In regard to the assumption made, 

the half-period 

w*''*' + +1^''""' 

can be congruent to an expression of the form 

w*^' "' + + u^^p-'^ ^-» + w*' "' 

only if a be among the set 6i, , 5p ; as we have excluded this possibility, the 

function 3^(0| (7) does not vanish (B. 260). 

In what follows we consider only the case when the branch places Ji, . . . , 6p 

are the p places Oi, a, ; and we take the characteristic A to be zero ; then 

the two results we have obtained are : 

(i). Let Ai denote the half integer characteristic associated with the half- 
period vf' *, and consider the 2^ characteristics 

, ^1 , • • • • , Ap , Ai A^ ,...•, Ap^i Ap , . . . . , AiA^ , . , , Ap ; 

if Q denote any one of these characteristics, other than the first, the function 
^{u\Q) vanishes for zero values of the argument, though the characteristic Q is 
not necessarily odd. This result holds for any hyperelliptic case. 
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(ii). We have, in the hyperelliptic case, 

where the summation extends to the system of 2F characteristics enumerated 
in (i). 

Section XII. 

Proof tlmt S' (ti + v) S' (ti — v)\^{u)^(v) is expressible as an integral polynomial 
in each of tlie sets of ip {p + 1) functions 

and deduction of a set of -V formulas of this Tdnd. 
We put 

and, in the equation, proved in Section XI, 

wherein ^< (w)- denotes ^(w|w"'**), etc., we suppose u^, ,u^ to be small, and 

expand both sides in powers of t/^, . . . . , m^, and then equate coeflBcients of the 
same powers of Wj, . . . . , w^, on the two sides, up to the second powers of 
these quantities. On the right side the functions of three or more suffixes do 
not give any powers of Wj, . . . . , Uj, below the fourth (Section IX), and therefore 
the coefficients in the expansion of such functions do not enter into the resulting 
equations. Supposing that 

g4^ = 1 +i(cn^*i+ + 2c„UiW2 + )+ , 






{iyj= 1, 2, ,p) 
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the developed equation, as far as it involves second powers of t^^, . . . . , t^^,, is 
1 — 22 UiUjfp^ (v)=l + XXCijUiUj 

and by equating the coeflBcients we have the following ^p{p + 1) equations for 
the determination of the ip {p + 1) quotients 

2;(t,)=^?(«)/y(t,), ?M«)=^U»)/^'(»). (i.y=i. 2 p) 

as integral polynomials in the quantities fij{v), 






<./ 



-S.1 -iPpAv) =^PiA^i{v) + 'Zl^Pi^^^Mi 

the solution of these equations is given in the next section. 

Substituting in the addition equation of Section XI the values for ^{u), 
9\{^)f 2o(^)» 9^(^)» which result from these equations, it takes the form 

wherein (tF>^(u), iPuiv)) denotes an integral polynomial, linear in each of the 
two sets of ip{p+ 1) functions f>y(«), ?«(»); but, now, it follows from the 
formulae (Section X) 

y<»-" {u)^....^i'u) =^,^.... ^,_,^ ± 
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that the quotients ^^jt ... (^)> of three or more suflSxes, are expressible as integral 
polynomials in the quotients ^{u), q^{u) of one and two suffixes, and therefore 
as integral polynomials in the ^p{p + 1) functions fij {u). 

Hence the function ^{u + v)^(u — v)/y (u) y (v) is expressible as an integral 
polynomial inthep{p+ 1) quantities f^ (u) , f>y (v) . 

We pass to a further consequence. Suppose that in the addition formula of 
Section XI we increase the argument u by H^, where Q is the half integer 
characteristic associated with a half-period of the form 

«•'"» + + M*' •* ; 

then the formula becomes 

y{0)^{u + t;| g)^(ti- 1;| Q) = ^ (t.| Q) y{v) + Xy{u\ QQdy{v\ Q,), 

where Qi becomes in turn every one of the V — 1 characteristics formed by 

combinations of 1, 2, , p of the fundamental characteristics Ai, , J,; 

hence 

y{0)^{u + v\Q)^{u-v\Q) _ yjv) .^y{u\QQ,) y(v\Q^ , 

here, on the right side, every theta quotient which occurs is of one of the forms 

where Qi is one of the group of 2** characteristics previously considered ; 
now we have showu that every quotient ^ (t*| C0/^*(") ^^ expressible as an 
integral polynomial in the functions 2^\og^{u)/dUiduj'j it follows that every 
quotient ^ {u\QQi)/^^{u\Q) is expressible as an integral polynomial in the 
functions 

we have therefore the result : 

Let Q be any one of the group of V characteristics 

, -flLi !••••, JXp I ilj ilg } • • • . I ^1 ^2 • • • • "^k I • • • • > 

he/ore considered ; let fij {u\Q) = —2^ log^{u\ Q)/du^ duj ; then the function 

^{u+v\Q)^{u-v \Q) 
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is expressible as an integral polynomial in the p{p + l) functions t?^(t<|C), 

Section XIII. 

Explicit determination of the ii>(jp + 1) theta quotients gj (w), q\j (u), in terms 

of f mictions fp^jiu). 

To solve the equations of Section XII we notice that, as follows from Sec- 
tion VIII, the dissection of the Riemann surface being (I), we have 

Ar + a,B,+ ....+aV'^P, 

= ^ [;Kp-i(«r) + ai;tp-2K) + . . . ^+ar'Xi{<^r) + ar''], 
= 0, when i^ r, 



= ^P' («r) = ♦X,\//'(a,)/4, when i = r . 
and 
Ar. + a,B„ + .... + afPr, 

= — jj^ ['^p-iK, «,) +«i'^p~f K, a,) + . .. + aP-^,{ar, a,) + ar^^ioy], 

= 0, when t=/=r, i=#=«, 

= _^ f>A^ when f = r, r:/=«; 

therefore, taking the last 2? of the equations before given (p. 369), and remember- 
ing that P„ = for every value of r and *, we have 

— U«P, + «'«.(«)]«r'+[c„_,+P,.p-i(w)] «;-» + .... + K + «'p.i(«)]} 



= P,»X,V7'(a,)/4sJ(«) 



= iV/'(a,)/4Yr(«); 
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also, from the same equations, 

p 
=2[^' + «r5« + . . . . + aJ-'PJCA + a. 5, + . . . . + af-ipj g»(«) 

< = 1 



1=1 i=l 






^V/(aJ/4y/'(a.)/4^.^(^^j^ 






where a^-^a,, = Tj^'JCa, — a,), denotes the difference so chosen that a,, o, are 
in ascending order. 

If then we write Mr = Wf {ar)/4 , so that P (a,) = X*Mr, we have 

"or, using the sigma functions (Section IX), 
<t;(«) _ 1 ' 

<T» («) ~ g (Or) Q {a,)Z, Z^«. J + J'i. J («)] «'" ' «^ '. 

where Q{x)=z{x — Ci)....(x — Cp)(» — c). 

It is to be noticed that if instead of the function S>(u) we use F(tt), 

= e*<"»'^(«), where Ctt» denotes a quadratic form in «, , «j„ =2 2<^««««i' 



<=i i=i 



i 
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then the quadratic form Jct^* occurring in the expansion, ^-^ = l + icM*+ . . . , 

is increased by J Om*, and the function p^(w), = — d"^ log ^{u)/^Uiduj is dimin- 
ished by Ci^ . In other words, the quantities c^ + jp^j {u) are independent of the 

particular exponential by which we pass from the functions ©(t^i(^))to the 

functions ^ T^ i T J J > ~ ^"'® (^ M^ Va 7 y * ^^^^ ^^ ^® ^* should be, because 
the quotients jrC^)* g'wC^) are equally independent of the exponential factor e**\ 
The quantities a^ occurring in the exponential c***', are such that 

^a ^c ys 4 (x — zf A-l«, c ^^ ^^ ^ 

where uf *,.... , uf " are the fundamental integrals of the first kind, JJ ' is 

Biiemann's normal elementary integral of the third kind, and F{x^ z) is a 
rational integral expression, symmetrical in x and 2, and of order jp + 1 in each, 
which satisfies the equations 

F{z..)=%f(z). [|^ ^(»'. =■)].. =4-^W' 

(of. B. 194, 315); conversely, any rational integral expression in x and z, of 
order p + 1 in each, which satisfies the equations just written, may be used in 
the integral 

^a •'c y8 4(x — Z)^ 

and will give rise to corresponding values for the quantities a^ ; for the differ- 
ence of two such expressions as jP(a;, z) is necessarily of the form 

{x — zY\x, 2]p_i, 

where [x, «]p_i denotes a rational integral expression symmetrical in x, 2 and of 
order p — 1 in each. Particular forms of such an expression F{xj z) are 

(a) if 



i=0 



J^(«. 2) = 2«*2'[2A,, + X„ + ,(x + z)] ; 



49 
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(i8)if 

/(x) = ar+», 

(y) 

F{x, e) = 4 [P (;r) Q{z)^P {z) Q («)] . 

When the expression F{x, z) is once made precise, or what is the same thing, 
when the quantities a^J are given, it should be possible to determine the coeffi- 
cients c^ occurring in the expansion 

||^) = 1 + i (c,i uf +..-. + 2ci, t^i ti, + ....) + .... ; 

we proceed to prove in fact that these coefficients are given by the equation 

ZZc^UtUj — — -^-_ ^-^g , 

where, on the right hand, after the division has been carried out, as is always 
possible, we are to put 

For this we may employ the formula 



<==i j=i 



4{Xr—Xsy 



which is independent of the particular form of the polynomial F{x, z) adopted; 
this formula is deducible by differentiation from the well-known formula 

Zi nii, ci ~ ^^ Le {tf^ « + V- *»* + .". . . + i/^^ «')/ (w*' «+ 1^^- «» + ... + w^ **') J ' 

where z<, c< denote the places conjugate to Zi and c< respectively. 
It is easy to see, by differentiation of the equation 
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that when the arguments are zero, 

hence, if in the formula quoted above we put a: = a, sti = aj, . . . . , ajp = a^, we 
obtain 

and, similarly, if we put x^:^ a^, jr^ =i Oi, . . . . , x,. = a,., . . . . , Xg = a , . . . . , 
Xp=^apj we obtain 



<«1 



from the Jp(p — 1) +i> = i2'(p+ 1) linear equations (5), (e), we can deter- 
mine the itp {p + 1) qujuitities c^ ; in order then to prove the formula 



h h"" 4-(^- .)» 

it is suflGicient to prove that it includes the equation (S), (e). This is immedi- 
ately obvious. 

In particular when, for 

fix) = ^ + ^^x+ ....+ ^x^ + i7?^'^\ 
we take 

we find 



p 
and therefore, if 



P(x) = x** + di 35''-^ + cZaic'-* + ....+ dp, 
we have Cp, < = dp- 1 + 1» 
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It follows from these results that the formulsd put down at the commence- 
ment of this section can be written 



=SS<4--'.-V„W-j^^; 



in the second of these the right side is (Section VI) equal to 

from the first of these we can deduce the equation satisfied by the values of 
Xj, , ajp which satisfy the inversion equation 

t4,= wj"*+ +u?^'^y (*=1, 2, ,p) 

for let the coefficient of 05^ + Mn jP(a, g) be 



then we have 
further 






where -4. = <i — tffili , 

and therefore 



hence (x — ari) . . . . (x — Xp), = -^(x), 

-P(x) \f ^('") -^K) 
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is (by Section VI) equal to 

^ P{x)K ^'(«K«i) 

= P(x) + inx)-Hl^ + A)P(x)~'2.'^-'r,,,(«); 
thus the equation for Xi, . . . . , Xj, ia 

inx)-^x'-'p,^,{u) = ^{t^ + A-4)P{x)i 
in particular when 



tssO 



2?^(«, 2) =5; x*2* [2X2, + X,, + 1 (a: + 2)] , 



and;iji^ + , = 0, X,p^i=4, we have 7(a;) = 4a^, <o= 0, <i = 4, J. = 4, and the 
equation becomes 

^ — ^'^Pp.p{u) — x'^^fp,p-.i{u) — ....-f^^,{u) = 0. 

(Cf. Bolza, American Journal, XVII (1895), and B. 324.) 

For the sake of completeness we put here also a particular case of a 
formula given by Bolza (Qottingen, Nachrichten, 1894); from the ip(p + l) 
equations expressed by 

|..,,(u)^-. =to.[^(-^], 

where ' M< = tiJ^'*' + H-w?"*^, (i=l, 2, , p) 

and Xr, x^ are chosen from xi, , a;,, we can obtain the algebraic expressions 
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of the ip{p+ I) quantities fpi^ (u) ; the result is that, for any values of x and z, 
we have, with F{x) = {x — Xi) . . ..{x — Xp), 

lF{x)P(z)-F {z)P{xy]lF(x) Q {z)-F{z)Q{x) -] . 
{z-zfF{xyF{z) 

to prove this it is sufficient to see that this last result includes the ^p{p + 1) 
equations before given. Now putting Xr, z, for x, z, the right side of the 
formula last written becomes 

i F{x)F(z) [(a,,_;„)(Jl2);F(^) + (x.-x)K-^)>Oo] ' 

-iJS±. ^(^) 1 /(«). IM + P{x)Qiz) + P{z)Q{x) 
*{x — zfF{z) *(x — 2)« F{xy (« — 2)* 

_ 4 [P(«,) <g(x,) +P(».) (g(x,)] -2y,y, 
4(x,-x,)« 



P P 



=2 2».^-'^-'+^%tf^F'. 

which is in accordance with ]ip{p — l) of the equations in question; while, 
dividing by x^^^ and putting z=zXr, we obtain 

2fc..M+<v..]4-'=pw=iiM.:^MewjLPWow, 



<=1 



which is in accordance with the last p equations in question. 

In conclusion we calculate the values of o^, c^j c^ for j9= 2, with various 
hypotheses in regard to jP(x, 2). 
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When 



J?* (a, Z) = 2 «* «* [2;^ + J^i + 1 (« + 2)] 

= 2:1 + ai(cc + 2) + CC2 [2X2 + ^bCx + «)] + ic^2? [2X, + 4 (a; + 2)] , 
we have already found 

^.l = ^1.2=ai«2» ^2,8=— «1 <h) 

thence from 

On + <h%{<ii + ««) + c,,aia, = — -^-J^^^ , 
we have F{ a^, a ^ ^ 

now 
F{x,z)~f{x)-f{z) 

= (X — Z)«[— Xs- X,(X + 2) — a,(x + 2)« — 4(X + 2)(X« + X2 + i8»)] , 

and therefore 

4cn = X, + ;i,(a, + 0,5) + ^^(ai + Og)' + 4 (a, + aa)(af + a,a, + aj), 

or, if we write 

/(x) = 4 (x» + 5A «* + lO^ljX^ + 10Ax» + hA^ + A), 

then Ca = 10^, + 10 Jg (a, + a,) + 6^1 (oj + Og)' 

+ (oi + a,)(aj + ai a, + <4) . 
If, however, with 

/(x) = a«=4i^5», 

we take ^(x , z) = 2a| aJ , 

then Cu + Cu (x + 2) + CjB xz, 

(x-z)» 
= A(pff)*(Px2'.+i>.!Z*). 

as can easily be calculated. Hence, putting 

fix) = 4 (x» + 5A1X* + 104bX« + lOAff + 5^4X + A), 
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we find, with ^1 = — a^ — 02, /i8=aia,, that 

c^=hi — 2Ai, Ci,= ^ — ^, Cn = — Af + 5AJj1i— lOAi^lg 4- Ai A, + e^laj- 
if we denote these by ^, cJi, c7i, and those just found by Cg,, c^,, Cn, we have 
Cgg — Cji, = 2J.i, C12 Cj, = -4^, Cji — Cii=4-43. 

In other words, the theta functions formed with F{x, z) equal to the former 
value are obtained from those formed with F{x, z) = 2a|aJ, by multiplying by 
the factor 

Section XIV. 
Evaluaiixm of ^{%i + v)^{u — v)/^* (w) ^ (t?) m certain cases. 

Putting 9i2 (^) = S' (w I w"' '"' + w*- "•) we work out first the case, in which 
^= 2,of 

^i» (^ + v ) ^1% ( ti — v) 

Prom the addition formula (Section XI), by adding the half-period 
i^«'*"t + w*'*« to the argument w, and dividing by ^w(w)^m(v) we obtain, on the 
hypothesis of the dissection (I), 

where 9^,3^1, denote ^(w), 3'(t^|ti*' *'),.. .. and d,di,.... denote ^(v), 

S' (t? I m''' *») Now if Zy be defined by 

= Pa (w !«"••• + «•'*•) + ««» 
we have (Section XI 11) 

— -^ = ^^^* [A»ax«» + Ai («i + 02) + Ai] ; 
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hence 

= (-^u — A'g) <h<h + (Ai — A'lXoi + <h) + Ai — A'l 

where iy is the same fuDction of v that Zy is of w ; and if we use jpy to denote 
Vii (u I it!^ *' + ti*' "•), and p(,. to denote Py (i; | w*' *» + w*' **•) , this gives 

(P» — Pm) «! «« + (iP%i — P2i)(ai + «2) + Pn — pii 

+ {Pn + C2l){»k + C22) — (P2I + C;5j)(P83 + C23), 

= Pii— Pii + (Pm — P^i)(ai+ «, + Ca) + (P2, — P^'aXaiO, -C21) + PaPw — PajPai- 

Recalling the definition of the <T-function (Section IX). we therefore have the 
result 

- ''"^"aM^iaSlrr''^ = "" (") - *'" (") + 1*'" (") - *'^« (")j(*> + '"^ + ''^^ 

+ IVa («) — I'm (»)] [«i «» — Cg,] 

+ Vn (") P»3 (0) - Pa («) P*i (») . 
Hence, if 

/(«) = A, + a,» + A,a:» + .... + \x* + 4a:», 

^(«. z) =2*'*^ [2a„ + A„+ , (x + z), 



i=0 



we have (Section XIII) 

- -~-^§^w^ " **" ^"^ ~ *'" ^''^ "^ *"" ^"^ *'" ^''^ ~ "^ ^"^ *'" ^'^ ' 

while if 

/{x) = 4 (a* + 5^135* + lOA^a? + lO^ga? + bA^x + A^) 

and F{x, z) = 2a|a;, 

we similarly have 

-'-^^j^r^ = '" w - '" w - ^^- f"- w - '» w] 

+ A Cp»» («) — fta («)] + Pm («) P«( (v) — Pa (») P»i («). 
60 
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In either of these the function Pij (u) is given by 

The forms here obtained for the right sides in these equations can be 
variously modified by utilizing the fact that the three functions Vn{y>), J^^OO, 
Vt2 (^) A^^ connected by an algebraic equation. 

Consider next the case, for j9 = 3, of the function 

where ^ (w) = 3^ (w | w"* •" + w*' •• + w** "•). We put, in the course of the work, 
^s8 fo^ ^S8 (^) ^^^ ^188 ^^^ ^U8 (v)y ^^ J further, we put 

and ^ = l^u — Pn» J^= J^a — »^ai» 

B = 9n — IPLt Gr = Vsi — Psu 

0=9^ — 1^38, 5^= 9l% — PlZ' 

We have, for the dissection (I), 
and therefore 

*a28 •riss *a88 •'^wa ^iza <^«3 •ojs 

also, by the addition formula (Section XI), by increasing the argument u by 
the half-period w"' ** + ti** *• + w"' *•, we have 

%3 S'lM ^123 ^128 ^128 ^123 ^l28 ^1,3 

I S^2 ^1 S^2 ^8 ^S^ % 

^88 6iJ3 3^128 ^123 S'ljs ^$8 

= (-^ _ Ay^L _ _^) _ (^ _ Ay_^ _ A) 

\ 3fj8 ^28^^^ ^28 ^28 ^ 
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now we have proved (Section XIII) that 

S'Ja(w) ^^ ^^'*'' — "^•^'-^ -£, _ r- ;:i3 






||^=-ir|<-[''..-s|kiog.M], 

hence if r, «, < denote 1, 2, 3, in some order, we have, the function Pij{u) being, 
as before stated, derived from ^gg (u) , 

V A, A,) $l^(u) Mr M, 2i ^2- <»' «• Lc« + F« («)J , 

thus, in the notation previously explained, 

M. M. if, ^1C^)^"3 (*i±*') ^»» («-p) 

' * ' ^Uu)y,^(v) — 

:;=2 (oj — aa)[(4G-{- aiF+GF]lA-{- £0^0, + C7aiaJ + ^0,0, (a, + a,) 

+ (?(a|+a|) + J7(a, + a,)], 

where the sign of summation refers to the three suffixes ai, a,, Os, to be taken in 
cyclical order, 

= («2 - 08)K — «j)(«i - <i,)lEF -BG—GA + Q*}, 
as can be immediately verified ; now we have seen (Section VII) that 

where ;^^ if, = P' (a,) = (a, — a,)(a, — a,) ; 

hence 

<ymiu + v)ai„{ u — v) (a, — a^Xa , — ai)(a,— a,) ^ (0) ^» (t* + p) ^ (" — 1>) 

<r!«,(«)a!«,(«) af;^x| ^(«)^!,8(«) 

ifi MtM„ y (0) ^m ju + v) ^ia jtt—v) . 

(a»— a8)(«8 — ai)(ai— ««) ^m («) ^m (») " ' 
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thus, finally, 

— [P83 (W) — P» (^)] [PU (w) — Pll W] 

+ [Pi2 (w) — Viz (t?)] [if>«i (t^) — 9t^ (t?)] • 

Other cases can be similarly worked out. In accordance however with the 
results enunciated by Weierstrass, Crelle LXXXIX (1880), every j9 + 1 of the 
functions Fi^(u) are connected by an algebraical equation, which is in fact not difficult 
to obtain. It becomes therefore proper to investigate the modifications following 
from the introduction of these algebraical equations. For the present paper it 
is sufficient to have investigated a method whereby the actual equations can 
always be calculated. 

Cambridge, September 10, 1897. 
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